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1 Introduction

General context Theories of equations over groups are a classical research topic at the
borderline between algebra, mathematical logic, and theoretical computer science. This line
of research was initiated by the work of Lyndon, Tarski, and others in the first half of the
20th century. A major driving force for the development of this field was a question that was
posed by Tarski around 1945: Is the first-order theory of a free group F' of rank two, i.e, the



set of all statements of first-order logic with equations as atomic propositions that are true in
F', decidable. Decidability results for fragments of this theory were obtained by Makanin (for
the existential theory of a free group) [Mak83] and Merzlyakov and Makanin (for the positive
theory of a free group) [Mak84,Mer66]. A complete (positive) solution of Tarski’s problem
was finally announced in [KM98|; the complete solution is spread over a series of papers. The
complexity of Makanin’s algorithm for deciding the existential theory of a free group was
shown to be not primitive recursive in [KP98]. Based on [Pla99], a new PSPACE algorithm
for the existential theory of a free group, which also allows to include rational constraints for
variables, was presented in [DHGO05]. Beside these results for free groups, also extensions to
larger classes of groups were obtained in the past: [DL04,DM06,KMS05,RS95]. In [DLO03], a
general transfer theorem for existential theories was shown: the decidability of the existential
theory is preserved by graph products over groups — a construction that generalizes both
free and direct products, see e.g. [Gre90]. Moreover, it is shown in [DLO03] that for a large
class of graph products, the positive theory can be reduced to the existential theory.

The aim of this paper is to prove similar transfer theorems for HNN-extensions (this kind
of extension was introduced in [HNN49], its definition is recalled by eq. (1) of Section 2)
and amalgamated free products (which is a classical tool in algebraic topology, its definition
is recalled by eq. (10) of Section 2). These two operations are of fundamental importance in
combinatorial group theory [LS77]. One of the first important applications of HNN-extensions
was a more transparent proof of the celebrated result of Novikov and Boone on the existence
of a finitely presented group with an undecidable word problem, see e.g. [L.S77]. Such a group
can be constructed by a series of HNN-extensions starting from a free group. This shows that
there is no hope to prove a transfer theorem for HNN-extensions, similar to the one for graph
products from [DLO03]. Therefore we mainly consider HNN-extensions and amalgamated free
products, where the subgroup A in (1) and (10), respectively, is finite. These restrictions
appear also in other contexts in combinatorial group theory: A seminal result of Stallings
[Sta71] states that every group G with more than one end can be either written in the form
(10) with A finite or in the form (1) with A finite. Those groups which can be built up
from finite groups using the operations of amalgamated free products and HNN-extensions,
both subject to the finiteness restrictions above, are precisely the virtually-free groups [DD90]
(i.e., those groups with a free subgroup of finite index). Virtually-free groups also have strong
connections to formal language theory and infinite graph theory [MS83].

Main results of the paper This paper is part of a sequence of three articles dealing with
transfer theorems for HNN-extensions and free products with amalgamation where the asso-
ciated subgroups are finite (see in [LS06] a survey of the full sequence). In [LS08] we studied
the membership problem and other related algorithmic problems about rational subsets of
monoids and subgroups of groups. Here we study the satisfiability problem for systems of
equations (possibly together with disequations and rational constraints) in monoids. In a
forthcoming paper ([LS05]) we study the validity of positive first-order formulas in groups.

The main result of this paper is Theorem 5: it states that the satisfiability problem for
equations with rational constraints in a monoid G, which is an HNN-extension of a cancellative
monoid H , with finite associated subgroups, is Turing-reducible to the same problem over
the base monoid H. Several variations and corollaries of this result are also derived:

— The same transfer property is shown for systems of equations with constants (Theorem 8)
and for systems of equations and disequations with rational constraints (Theorem 9);



— A similar theorem is proved for systems of equations and disequations with rational con-
straints in an amalgamated product (Theorem 12).

As a corollary, the satisfiability problem for equations and disequations with rational con-
straints in the fundamental group of a finite graph of groups with finite edge groups is
Turing-reducible to the join of the same problems in the vertex groups (Theorem 13).

Contents Section 2 consists of recalls and notation on the subject of monoids and groups,
rational subsets of monoids, equations in monoids and algorithmic problems in general. In
Section 3 we introduce the main technical tool allowing us to deal with equations in HNN-
extensions: the notion of AB-algebra. This notion is defined in general. We then study two
particular AB-algebras, denoted by H; and W, which are crucial in our reductions. The do-
main of the AB-algebra H; is essentially the set of reduced sequences of the HNN-extension;
the domain of W is a free product of the finite associated subgroups A,B with a free monoid
generated by all the possible “types” of sequences that might occur in Hl, quotiented by rela-
tions expressing the pseudo-commutations between each type of sequence and the elements of
AUB. In Section 4 we make precise our notion of system of equations with rational constraints
in a monoid and give normal forms for such systems. In Section 5 we provide a reduction of
equations over an HNN-extension G of a monoid H to equations over the AB-algebra H; and
equations over the base monoid H. In Section 6 we reduce equations over the AB-algebra H;
to equations over the AB-algebra W. The essential statement of this section, which is also
the key-step of the present paper, is Lemma 46 asserting that any solution o; of an equation
in H; factorizes through a solution of the same equation, but in the structure W. Most of
the technical lemmas of section 3 establish some algebraic properties of W and of H; in order
to enable the proof of this factorization lemma. In Section 7.1 we reduce equations over the
the AB-algebra W to equations over some finitely generated group E which turns out to be
virtually-free. In Section 9 we show, by induction over the size of the associated subgroups
A, B, that equations in E are algorithmically solvable. We then prove a transfer theorem con-
cerning groups only and prove finally our main Theorem 5 concerning cancellative monoids.
In Section 10 we adapt the proof-techniques developed in the previous sections in order to
prove some variants of Theorem 5 where the constraints can be positive only, in particular to
the case of equations with constants. In Section 11 we extend to equations and disequations
the reduction exposed in Section 5. We thus prove some transfer theorems for systems of
equations and disequations in HNN-extensions of cancellative monoids. In Section 12 we de-
duce from our previous results on HNN-extensions a transfer theorem for systems of equations
and disequations with rational constraints in free products with amalgamation of cancella-
tive monoids (with finite amalgamated subgroups). In Section 13 we synthesize two transfer
theorems obtained previously, one for HNN-extensions and the other for free products with
amalgamation, into a single theorem about finite graphs of groups.

2 Preliminaries

The power set of a set A is denoted by 24. For an equivalence relation R on A we denote
with [A]g the set of all equivalence classes of R. For C' C 24 we denote with bool(C) the set
of all boolean combinations of sets from C, which is the smallest boolean subalgebra of 24
containing C'. For a partial mapping f we denote with dom(f) and im(f) the domain and
image (or range), respectively, of the mapping f. Let us denote by B(Q) the monoid 29%® of



binary relations over the set Q and let B2(Q) = B(Q) x B(Q). For R € B(Q) and R’ € B(Q)

we define

Re R ={((p.r).(¢9:4) | (p,q) € R, (¢, ¢) € R'}.

We will use the following simple lemma:

Lemma 1. Let R, S € B(Q) and R, S" € B(Q'). Then (RoS)®(R'0S8") = (RQR)o(S®S5").

Proof. We have ((p,p), (r,7")) € (RoS)® (R o S’) if and only if (p,7) € Ro S and (p/,r’) €
R’ 0 §' if and only if there exist ¢ € Q and ¢’ € Q' with (p,q) € R, (¢,7) € S, (¢/,q¢') € R,
and (¢',r") € S" if and only if there exist (¢,¢') € Q x Q" with ((p,p'),(¢,¢')) € R® R’ and
((q,¢"), (r,r")) € S® S" if and only if ((p,p), (r,7")) € (R R') o (S® S"). 0

For a string s € X* and I' C X we denote with |s|p the number of occurrences of symbols
from I' in s. For a tuple @ = (a1,...,a,) and 1 < i < n we denote with p;(@) = a; the
projection onto the i-th component.

In the following subsections, we recall all the needed definitions and classical results con-
cerning partial semigroups, semigroups, monoids, and groups.

2.1 Partial semigroups

Let (P, ) be a set endowed with a partial operation % : P x P — P. By dom(x) C P x P we
denote the domain of *. The structure (P, x) is a partial semigroup if for all p,q,r € P:

(p.q) € dom(x) A ((p*q),7) € dom(x) <= (g,r) € dom(x) A (p, (¢ 7)) € dom(x) and
(p,q) € dom(x) A ((p*q),r) € dom(x) = (pxq)*xr=px(q*r).
Let us notice that, when P is a partial semigroup, the structure (27, %) with

VR,Sc2F R+ S ={rxs|(rs) € (RxS)Ndom(x)}

is a semigroup.

Given two partial semigroups (P, *) and (Q, o), a partial semigroup homomorphism from
P to @ is a total mapping h : P — @ such that for all p,q € P with (p,q) € dom(x) the
following holds: (h(p), h(q)) € dom(o) and h(p * ¢) = h(p) o h(q).

Let A, B be two groups. We denote by PGI(A, B) the set of all partial group isomorphisms
¢ with dom(y) C A and im(¢) C B. Let

PGI{A, B} = PGI(A, A) UPGI(A, B) UPGI(B, A) UPGI(B, B).

The pair (PGI{A, B}, o), where o is the composition operator, is a partial semigroup.
The following property will be useful for dealing with product-automata.

Lemma 2. Let (S, ) be a partial semigroup and let Q and R be sets. Let n: S — B(Q) and
n:S — B(R) be two homomorphisms. Let us define p®@mn:S — B(Q x R) by

Vs € S:(n@n)(s)=pu(s)@n(s).

Then pu ® n s a homomorphism too.



Proof. Let (s,s’) € dom(x). We have

by definition)

since p,n are homomorphisms)

(n@n)(s*s") = p(s*s

by Lemma 1)
by definition),

o~~~ o~

which proves the lemma O

2.2 Monoids and groups

Let M be a monoid with identity element 1 € M. The product of two elements z,y € M is
just written as zy. The monoid M is called cancellative if (xy = xz or yx = zx) implies y = z
for all x,y,z € M. A submonoid of M is given by a subset A C M such that (i) 1 € A and
(ii) xy € A for all z,y € A. If for every x € A there exists y € A with zy = yxr =1 (i.e.,
A is a group), then we call A a subgroup of M.! With Hom (M, Ms) we denote the set of
all monoid homomorphims from the monoid M; to the monoid Ms. An anti-homomorphism
between monoids My and M, is a mapping h : M; — My that maps the identity of M; to the
identity of My and moreover satisfies h(xy) = h(y)h(x). If h is a bijection, then it is called
an anti-isomorphism. If moreover h?(x) = x for all # € M then it is called an involutive
anti-isomorphism.

Given a subset P C M x M, we denote by =p the smallest monoid congruence over M
that contains P. The following lemma is trivial.

Lemma 3. Let h : My — My be some monoid homomorphism and P C My x My. Then,
h(Ep) - Eh(P)-

Also the following fact is well-known, it will be useful for our investigations on equations over
cancellative monoids.

Lemma 4. Let H be a cancellative monoid and let |(H) be its subset of invertible elements.
For every x,y € H, if zy € |(H) then z,y € |(H).

Proof. Suppose that H is cancellative and that xy € I(H). This implies that zy has some
inverse z € H, i.e., xyz = 1. Hence, zyzax = x, so that by left-cancellation yzx = 1, which
shows that x and yz are inverses in H. Hence = € I(H). By a similar argument, y and zx are
inverses in H, hence y € I(H). 0

HNN-extensions. Let us fix throughout this section a monoid H (the base monoid) and
two finite, isomorphic subgroups A < H,B < H and an isomorphism ¢ : A — B. The
HNN-eztension

G = (H,t; ttat = (a) (a € A)). (1)

! Note that usually, a subgroup A of M is defined to be a subsemigroup of M, which forms a group. In
particular, the identity element of A may be an idempotent of M different from the identity of 1 of M.
Nevertheless, we prefer to use the term subgroup for our definition in order to avoid too many different
notions.



can be defined as the quotient monoid H * {t,t~1}*/~, of the free product of H and the free
monoid {¢,t~!}* by the smallest congruence ~ over H * {t,t~'}* such that:

tt et (2)
at ~ to(a) forallae A (3)
bttt o7 (b) for all be B (4)

Note that (2) and (3) together imply (4) but below we will need (3) and (4) without assuming
(2). There exists a canonical morphism

ng:Hx{t,t71}* = G,

where the kernel of g coincides with =.
An element of s € H * {t,t7'}* can be viewed as a word over the alphabet H U {¢,t~'}
which has the form
s = hot* hy---t“"h,, (5)

where n > 0,a; € {1,—1}, and h; € H. Such an element s € H % {¢,t71}* is also called a
t-sequence. The t-sequence s is said to be a reduced sequence if it neither contains a factor of
the form t~!at (with a € A) nor tbt~! (with b € B). Let

Red(H,t) = {s € Hx {t,t 1}* | 5 is reduced}.
For the further considerations, it is useful to define

A(+1)=B(-1)=A, A(-1)=B(+1)=B.
Note that ¢ : A(a) — B(a) for « € {1,—1}.

Definition 1. Let ~ be the congruence on the monoid Hx {t,t~1}* generated by all the rules
of type (3) and (4) above.

The congruence ~ coincides with reflexive and transitive closure of the binary relation A over
H + {t,+~}*, which is defined as follows, where s, s’ € H* {t,¢~1}*:

s~ s < JuveHx {t,t 71, a e {1,-1},c € A(a) : s = ut“v A 5" = uc 1%p(c)v.

Equivalently, if s = hot®'hy ---t%"h, and s = hgto‘/l Ry ---tomh!  (with n,m > 0, @, €
{1,—1} and h;, h}; € H), then s ~ &' if and only if n = m, a; = o] for 1 <14 < n, and there

exist ¢1,...,co, € AU B such that:

— hpcarr1 = coih), in H for 0 < k < n (here we set ¢ = copy1 = 1)
— cok—1 € A(ay) and co, = ¥ (co—1) € A(—ay) for 1 < k < n.

This situation can be visualized by a diagram of the following form (also called a van Kampen
diagram, see [LS77] for more details), where n = m = 4. Light-shaded (resp. dark-shaded)
areas represent relations in H (resp. relations of the form at = tp(a) (a € A) or bt™! =

=17 (b) (b € B)).
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The elements cy, ..., co, in such a diagram are also called connecting elements.
The set Red(H, t) is saturated by the congruence ~, i.e.,

/

s~s = (s€Red(H,t) < s € Red(H,1)).

Just notice that, since A and B are groups, aha’ € A <= h € A for all h € H,a,d’ € A
and bhb € B <= h € B for all h € H,b,b’ € B. This property would fail if A and B were
assumed to be merely submonoids of H.

One has ~ C =. Moreover, for reduced sequences the following fundamental lemma holds.

Lemma 5. Let s,s' € Red(H,t). Then s = s" if and only if s ~ s'.
See [LS08, Appendix A] for a proof. Let us define the quotient monoid

Hy = Hx {t,t 71}/ (6)
Lemma 6. If the monoid H is cancellative then the monoid Hy is cancellative too.

Proof. We will only prove right-cancellativity, left-cancellativity can be shown analogously.
We first prove that sh ~ s'h implies s ~ s’ for all s,s" € Hx*{t,t~'}* and h € H. Assume that

s =hot® hy ---t*h, and s = ROtV - tOmA]
Hence, sh ~ s'h implies
hot® Ry -« - % hyh ~ ROt R - - - t%m B! .

This implies n = m and «; = o for 1 <i < n. Moreover, there exists a van Kampen diagram
of the following form:

h1 2 h2

. S o
ho =
1 |2 €3 |ca € 0 Cn-l
, /
T Lo o
hy T hy

In particular, we obtain the H-identity h,h = co,h! h. Since H is cancellative, we get h, =
canhl,. Thus, the above van Kampen diagram can be turned into a diagram for s ~ s'.

Next, assume that st® ~ s't®. Again, we get n =m and a; = o for 1 <i <n and a van
Kampen diagram of the form

h1 tCVQ h2 10 GRRRR LT hn

ho o
|2 €3 |c4 cs -0 Cop w
. £

O _____
tal h/l ‘ tCVQ hl 0 A h;q[

to




Since we must have ¢*(can4+1) = 1 we get capt1 = 1. Hence, again the above van Kampen
diagram can be turned into a diagram for s ~ s’.

Finally, since H is generated by HU{t, ¢~ '}, it follows that H is indeed right-cancellative.

g

A simple consequence of Lemma 6 and Lemma 5 is:
Lemma 7. If the monoid H is cancellative then the HNN-extension G is cancellative too.

Proof. We only prove right-cancellativity. Let g,¢’ € G. First assume that gt®* = ¢'t® in
G. Since t*t~* = 1 in G, we obtain ¢ = ¢’. Now assume that gh = ¢’h in G for h € H.
Choose s, s’ € Red(H, t) with 7g(s) = g and 7g(s’) = ¢'. Then, also sh, s'h € Red(H, t). Since
gh = ¢’h in G, we have sh ~ s’h. Lemma 5 implies sh ~ s'h, i.e., sh = s'h in H;. Lemma 6
implies s = ¢’ in Hy, i.e., g = ¢ in G. O

We define the norm of a given t-sequence s € H x {t,t~1}* by
Il = Islgze-13- (7)
Clearly, for all s,s’ € H * {t,t~1}*, we have
Iss'll = lIsll + [Is'[l and [|s|| =0 <= s € H. (8)
The boolean norm of a t-sequence s is the boolean value defined by

Isllp = min{L, [|s]|}- 9)

Amalgamated free products Let us consider two monoids H; and Hly, two finite subgroups
Ay < Hj and Ay < Hs, and an isomorphism ¢ : A; — As. The corresponding amalgamated
free product

G = (Hy,Hs; a = ¢(a) (a € Ay)) (10)

is defined by G = (H;*Hy)/~, where & is the congruence on the free product Hj *Hsy generated
by the equations a = ¢(a) for a € Ay. An (Hj, Hs)-sequence is an element s € Hy * Hy; it has
a unique decomposition of the form

S = hokﬁlhl e k‘nhn, (11)

where n > 0,hy, ..., hp—1 € Ho\ {1}, k1,..., k, € Hy\ {1} and hg, h,, € Hs. If, in addition, we
have hy,...,h,—1 € Hy \ A and kq,...,k, € Hy \ Ay, then s is a reduced (Hj, Hs)-sequence.
We denote by Red(H; Hy) the set of all reduced (Hj,Hs)-sequences.

The following statement can be found in [LS77, Theorem 2.6. p. 187] in the case where
H; and Hjy are groups and in [LS08] for an amalgamated free product of monoids with amal-
gamation over subgroups.

Lemma 8. The amalgamated free product G = (Hy,Hy;a = p(a)(a € Ay)) embeds into the
HNN-eztension
(Hy * Hy, t;t 'at = p(a)(a € Ay))

by the map with
hy st hit for all hy €Hy  and hy — hy for all hy € Hy (12)

Further basic terminology and results on amalgamated free products are given in [LS08,
Section 5].



2.3 Rational subsets of a monoid

Let M be some monoid. The set
Rat(M) € 2M

is the smallest subset of 2" which contains all finite subsets of M and which is closed under
the operations U (the union operation), - (the product operation), and * (the star operation,
associating with a subset P the smallest submonoid of M containing P). Note that in case M
is finitely generated, M itself is rational. We will need the following lemma.

Lemma 9. Let ¢ be an invertible element of Ml and let F C M belong to the boolean closure
of Rat(M). Then the subsets cF' and Fc belong to the boolean closure of Rat(M) as well.

Proof. Let F = bool(Rat(M)) denote the boolean closure of the set of rational subsets of M.
Let ¢ be an invertible element of M. Let us consider

Fe={F CM|cF € F}.
Then the following hold:

(i) Since {c} is rational and Rat(M) is closed by product, Rat(M) C F..
(ii) Let F' € F.. Since c is invertible, we have ¢(M \ F') = ¢M \ ¢F' = M\ ¢F, where cF € F.
But F is closed by complement. Hence, ¢(M \ F') € F, which shows that M\ F' € F..
(i) Let F,G € F.. Then ¢(FUG) = cFUcG. Since cF, cG € F and F is closed under union,
we have ¢(F'UG) € F, which shows that F'UG € F..

We have proved that F. contains Rat(M) (i) and is a boolean algebra ((ii) and (iii)). Hence,
it is included in the smallest boolean algebra containg Rat(M), i.e., F. C F. Thus, F is closed
under left multiplication by c. By the same kind of arguments one can show that F is closed
under right multiplication by c. O

We introduced in [LS08], in the particular case where M is an HNN-extension, a kind of finite
automata called t-automata, which recognize exactly the rational subsets of M. In Section 2.5,
we will introduce the basic facts concerning these automata.

2.4 Types

For this section, we assume all definitions from Section 2.2 on HNN-extensions. Following
[LSO08], let
To = {(A7 T)? (B7 T)? (17 H)? (17 1)7 (A7 H)? (B7 H)} (13)

Elements of 7g are called vertex types. Note that the first component p;(6) of a vertex type
0 € Tg is one of the three groups 1, A, B.
We define a finite partial semigroup

T ="T¢xB x Ts,

where B = ({0,1}, V) is the monoid of booleans with OR. The partial product on 7 is defined
as follows, where (6,b, p), (0",V,p") € Te x B x Tg:

0,6V, p) iftp=0¢

(14)
undefined otherwise.

(6,0,p)(0",0', ) = {

10



Fig. 1. The graph Bg

As we noticed in Section 2.1, 27 is thus a semigroup. In fact, 27 is a monoid, the neutral
element is {(0,0,0) | 6 € Tg}.
We define an involution I : Tg — Tg by:

(A, T)— (A H) — (A, T) (15)
(B, T)— (B,H) — (B,T) (16)
(LLH) — (1,1) — (1,H). (17)

We then define an involution Iy : 7 — T by:
70,0, p) = (Ir(p), b, I (6)). (18)

One can check that Iy is an involutory anti-automorphism of the partial semigroup 7. This
involution induces an involutory monoid anti-automorphism of 27 that will be denoted by I
too. We associate to every element @ of T an initial type 7i(0) € Tg, an end type Te(0) € Tg,
an initial group Gi(0) € {1, A, B} and an end group Ge(0) € {1, A, B}:

Ti(61,b,02) = 01, Gi(61,b,02) =pi(61), Te(b1,b,02) =02, Ge(0:1,b,02) = p1(02).

Note that
Gi(Ir(0)) = Ge(@) and Ge(I7(0)) = Gi(0). (19)
Elements of 7 are called path types. This terminology refers to the graph Bg exhibited in

Figure 1. The following 17 types are called atomic types; they correspond to the 17 edges of
the graph Bg:

(A(a), T,1,A(—a), H) for a € {+1,—1} (20)
(C,H,0,D,T) for C € {1,A,B}, D € {A, B} (21)
(C,H,0,1,1) for C € {1, A, B}, (22)
(0,0,0) for 0 € Tg (23)

This set is closed under [. The partial subsemigroup of 7 generated by the set of atomic

path types will be denoted by TR. It is closed under the involution I7. The only path types

used in this work are those from TR. The following four types are called T-types:
(A,T,1,B,H),(B,T,1,A,H),(A,T,1,A H),(B,T,1,B, H). (24)

H-types are all atomic types listed in (21) and (22). Note that some types from TR are not
atomic: for example the T-type (A,T,1,A,H) = (A,T,1,B,H)(B,H,0,B,T)(B,T,1,A, H)
is not atomic.
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2.5 Finite t-automata

Given an HNN-extension of the form (1), we have defined in Section 4.1 of [LSO08] finite
automata that recognize subsets of H * {¢,t~1}*. We recall here the main definitions and refer
to [LS08] for further details and proofs.

Let F C 25 be a set of subsets of H such that

Vee AUB : {c} € F.
A finite t-automaton, briefly fta, over H * {t,t~'}* with labelling set F is a 5-tuple
A=(L,Q,4I,T), (25)

where £ C FU{{t},{t"1}} is finite, Q is a finite set of states, | C Q is the set of initial states,
T C Q is the set of terminal states, and 0 (the set of transitions) is a subset of Q x £ x Q
such that

VgeQ3LeLlL:1€L A (¢,L,q) €6. (26)

We define
s={(p2,q) EQx (HU{t,t "W xQ|ILeL:z €L A (p,L,q) €5} (27)
The automaton 4 induces a representation map
pac:Hx{t,t7'}* = B(Q)
defined as follows: First, define 40 : HU {t,t7'} — B(Q) as follows, where x € HU {t,t1}:

nao(@) = {(a.r) €Qx Q| (g.2,7) €5} (28)
Note that Idq € pao(1) due to (26). For x € HU {t,t7!} and ¢,r € Q we will also write
q 5 4 7 instead of (¢,7) € pAo(x).
Now, let s = hot®*hy - - - t*"h,, be a t-sequence of the form (5). Then
1ra(s) = prao(ho) o pao(t™) o pao(he) - pao™) opao(hi) - pao™) o paolhn).
The subset of H * {t,¢7!}* recognized by A is
L(A) = {s € Hx {£, 71 | pua(s) 0 (1 x T) £ 0},
On the set Tg of vertex types, we define a directed, edge-labeled graph Gg = (7s,E&) by (we
write for instance (A, T,t, B, H) instead of ((A,T),t, (B, H)))
56 = {(A((X),T, ta7A(—Oé),H) ’ S {+17 _1}}
U{(C,H,H,D,T) | C e{1,A B}, D € {A, B}}
U{(C,H,H,1,1) |C € {1, A, B}}
U {(0,p1(0),0) | 6 € Te}.

The graph Gg is represented in Figure 2. We sometimes use also the graph Rg = (76, &f)
where

&= (& \{(A,H,H,A,T),(B,H,H,B,T))}) U
{(A, H,H\ A,AT),(B,H,H\ B,B,T)};
it is shown in Figure 3. One can check that the graph Gg (resp. Rg) endowed with the set

of initial states lg = {(1, H)} and the set of final states Tg = {(1,1)} is an fta recognizing
H * {t,t=1}* (vesp. Red(H, ).

12



Fig. 3. The graph Re = (T, )

Definition 2 (partitionned fta). A partitioned fta with labelling set F is a 6-tuple
A=(L,Q,T1,61,T), (29)

where (L,Q, 8,1, T) is an fta with labelling set F, T : Q — Tg assigns a vertex type to every
state, and the transitions in 0 and the sets | and T respect the types in the following sense:

For a partitioned fta A as in (29) and a state ¢ € Q, we denote by v(g) the subgroup

v(¢) = p1(7(q)) € {1, A, B}.

The following lemma follows directly from the structure of the graph Gg:

Lemma 10. Let 61,605,03 € Tg and let h,h' € H such that 6, £>g6 0 E—)ge 0s. Then (01 = 09
and h € p1(02)) or (B3 = 03 and b’ € p(6s)).

We define an additional function pus1 : 7 x Hx {t,t71}* — B(Q) as follows: For all s €
H* {t,t=1}* and (0,b,0") € T let

pa1((0:6,0'),5) = pa(s) N (r7H(0) x 771(9))- (32)

Note that the boolean component b from (6, b, §') has no influence on the value of 141((0,b,6'), s).
Let us define maps v, and 7; that associate to every sequence s € H * {t,t~1}* the set of all

13



path types that can be realized by s in the automaton Gg (resp. Rg):

v (s) = {0 lIs]ly, 0') € T | (6.8) € ngy(s)} € 27 (33)
Ye(s) = {(0,lIslle, 0") € T | (6,6") € pry(s)} € 27 (34)

Clearly, we have 7:(s) C v4(s). Moreover, note that

V4 (hot™ by - -+ 1% b ) = 4 (ho) v (6% )74 (ha) - - - 74 (2" ) v+ (A ) and (35)
Ve(hot™ by -+ %" hi) = Ye(ho)ve (t* )ve(h1) - - e (€% )y (o) (36)

Here, we use the multiplication in the monoid 27 that is obtained from the multiplication in
the partial semigroup T see (14).
Recall the equivalences ~ and ~ over H * {t,¢1}* defined in Section 2.2.

Definition 3 (~-compatible, ~-saturated, strict). An fta A is said to be ~=-compatible
if and only if
[L(A)]~ = [L(A) N Red(H, ). (37)

It is said to be ~-saturated if and only if
Vs, s € Hx {t,t 1} 1 s~ = puals) = pals). (38)

Finally, A is strict, if
L(A) C Red(H, ). (39)

Note that every strict fta is ~-compatible.

In [LS08] the direct product of two fta (which is again an fta) as well as the product of
two partitioned fta (which is again a partitioned fta) is defined. Let A; = (£1,Q1, 1,11, T1)
and A’ = <£2, Q2, 9, Io, T2> be fta. Then,

Ay x Ay ={L1NLy | Ly € Ly,Ly € L2} \ {0},Q1 X Qa,0,11 X 15, Ty x Ta),
where

d= {((p17p2)7L1 N L27 (Q17QQ)) ’ (plaLlaql) € 517 (p27L27q2) € 527L1 N L2 7& @}

If A; and A5 are partitioned fta, then the definition is the same, except that the state set of
Ar x Az is Ugers 1 1(0) x 75 1(9), where 7; is the type mapping of A;. The following lemmas
are shown in [LSO08]:

Lemma 11. Let A and A’ be (partitioned) fta. Then, L(Ax A’) = L(A) x L(A’). Moreover,
if A and A’ are both ~-saturated, then also A x A’ is ~-saturated. If A and A’ are both
~-saturated and =-compatible, then also A x A’ is ~-saturated and =-compatible.

Lemma 12. Let A be an fta. Then AxGg (resp. AXRg) is a partitioned fta with L(AX Gg) =
L(A) (resp. L(A x Rg) = L(A) NRed(H, t)).

Definition 4 (unitary, subgroup-compatible, multiplicative). The partitioned fta A =
(L£,Q,1,d,1,T) is unitary, if for every vertex type © € T we have

pao(l)n (7'_1(9) X 7'_1(6?)) =Idg N (7'_1(9) X 7'_1(9)).
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A is subgroup-compatible if for every vertex type 6 € Tg, there exists a right-action @ of the
subgroup p1(6) on the set of states 71 (0) C Q such that for all ¢, € Q, c € p1(0), and h € H,

m(q) =0 = ¢=4q0Oc (40)
() =0AqLur) = qoct Dar (41)
(T(r)z@/\qimw“) — quTQC (42)

Note that in case p1(0) = 1, these conditions are trivially satisfied by setting ¢ ® 1 = q for all
q with 7(q) = 0 ((40) follows from the existence of 1-loops; see (26)).

The partitioned fta A is multiplicative, if for all @ € vy (s),0" € v4(s") such that 66’ is
defined in the partial semigroup T :

M.A,l(ea,a SS/) = M.A,l(07 S) © :u'.A,l(e/? S/) (43)

Definition 5 (normal fta). A partitioned fta A is said to be normal, if it is ~-compatible,
~-saturated, unitary and multiplicative.

Lemma 13. Let A be a partitioned fta. If A is unitary and subgroup-compatible, then A is
multiplicative.

Proof. Let Q be the state set of the fta A. Assume that A is unitary and subgroup-compatible,
and let 0 € v4(s), 8’ € v4(s') such that 06’ is defined in 7. We have to show that

MA,1(00,7 SS/) = /’L.A,l(aa 8) © /’LA71(0/7 SI)'
We prove this identity by induction over ||ss’|| = ||s|| + ||5']|-
First assume that ||s|| = [|s'|| = 0, i.e., s = h € H and s/ = ' € H. We must have
0 = (6,0,0") and 8’ = (¢',0,0"”) for some vertex types 6,6',0” € Ts. Hence, 6 i>g6 o’ ﬁ—)gﬁ 0".

Lemma 10 implies (6 = ¢ and h € p1(0)) or (¢’ = 6" and I’ € p1(#’)). Let us first assume
that § = ¢’ and h € p1(6). We obtain for all (p,q) € Q x Q:

hh'
(p.q) € ua1((0,0,0"),hh')y = p —44q, 7(p) =6, 7(8") =¢

h _1~—1 h~1hH
= pHapOh=po (1) 5,0

Tp@h)=1(p) =0, 7(6") =4

— (p, q) € ,UAJ((@, 0, 9), h) o MA,I((H, 0, 9//), h/)

= Jrer10): (p,r) € pa1((0,0,0),h),(r,q) € pa1((6,0,0"), 1)

= 7(p)=0,7(q)=0"Irer1(0):p B ﬁl—m q

— (p) = 0,7(a) = 0", Fr € 70) i p M ar o h Mg
Since A is unitary, p .4 r©h~", and 7(p) =7(r) = 7(r®h™!) = 0, we must have p = r©h 1.
Thus, we get:

f)=6. @)= p™i0

ie. (p,q) € pa1((0,0,0"),hh'). The case that §' = 6” can be dealt analogously. This settles
the induction base.
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Now assume that ||s|]| > 0 or ||s’|| > 0. Let ||s’|| > 0; the case that ||s|]| > 0 can be dealt
analogously). We can factorize the sequence s’ as s’ = s1t*h with o € {—1,1} and h € H.
The path type 6’ € v, (s') must be of the form 8’ = (¢',1,6"”). Let 8 = (0, ||s||y,0’). Let us
assume that o = 1, again the case & = —1 can be dealt analogously. Since (A, T,t, B, H) is
the only t-labeled edge of Gg and A is partitioned, we have

1a1(0’,s") = par((0',1,0"), s1th)
= /’LA71((6,7 Hslea AaT)7 81) o M.A,l((AaT7 17 B7 H)at) o /’LA71((B7H707 6”)7 h)
By induction, we get:
14,10, 8) 0 1141 (6",8") = pai (9, [Islle. ), 8) © a1 (@', [[s1lle, A, T), 51) 0
/’LA71((A7T7 17B7H)7t) o M.A,l((B7 H’ 076”)7 h)

- /1’-/471((67 Hssluba AaT)7 831) o
pa1((A,T,1,B,H),t) o paa1((B, H,0,0"), h)

O

Note that the partitioned fta Gg and Rg are unitary and subgroup-compatible. For the latter,
define § ©® ¢ = 6 for very 6 € Tg and ¢ € pi(f). Hence, by Lemma 13, Gg and Rg are
multiplicative. This implies the following lemma:

Lemma 14. For all 0 € v,(s),0" € v,(s") such that 00’ is defined in the partial semigroup
T, we have 60’ € v, (ss).

The following two lemmas complement Lemma 11 by additional preservation properties.

Lemma 15. Let A and A’ be partitioned fta. If A and A’ are both unitary, then Ax A’ is a
unitary partitioned fta as well.

Proof. To show that A x A’ is unitary, it is enough to show that
paxao(l) 0 (T7H0) x 771(9)) S 1dg N (7H(8) x 77(8));

the converse inclusion follows from (26). If ((p,p'),(¢,¢)) € praxa o(1) N (r71(8) x 771(0))
then there exist a transition (p, L,q) in A with 1 € L and a transition (p/, L', ¢’) in A’ with
1 € L. Since A and A’ are both unitary, we get p = ¢ and p’ = ¢’. Hence A x A’ is unitary. 0O

Lemma 16. Let A and A’ be partitioned fta. If A and A" are both mutiplicative, then A x A’
is multiplicative as well.

Proof. Let A= (L,Q,7,0,1,T) and A" = (L', Q’, 7", ,I', T') be partitioned mutiplicative fta.
Let us consider the partial semigroup on the set

S=1{(0,s)]|scHx{t,t 1}*,0 € v.(s)}.

The product (0,s)(6’,s") is defined if 860’ is defined in the partial semigroup 7, and in this
case we set (0,5)(0’,s") = (00, ss"). Note that by Lemma 14 we have (06’, ss") € S. Also note
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that pa1: S — B(Q) is a homomorphism if and only if A is multiplicative. Thus, p4,; and
p.ar 1 are homomorphisms from S to B(Q) and B(Q’), respectively. By Lemma 2, 41 ® 41 is
a homomorphism from S to B(QxQ’). Hence it suffices to show that pax 41 = pa1®@p41. To
see this, let (0,s) € S.If ((p,p'), (¢,¢")) € paxar 1(0,s), then we clearly have (p,q) € p4,1(0,s)
and (p',¢") € pa1(0,s). Now assume that (p,q) € pa1(0,s) and (p',¢") € pa1(0,s). Let
D = Do, P1s---5Pn-1,Pn = q be the state sequence in a run of A on s leading from p to q.
Similarly, let p’ = p{,p},...,p),_1,Pn = ¢ be the state sequence in a run of A" on s leading
from p’ to ¢/. The crucial observation is that 7(p;) = 7(p}) for all 0 < i < n. This follows from
the fact that A and A’ are partitioned, and that in Gg there is a unique way of going from
one vertex to another vertex with a certain s € H  {¢,¢~1}*. The above observation implies

that ((p,p"), (¢,4")) € paxa1(0,5). O

Lemma 17. Let A, A’ be normal fta. The direct product A x A’ of two normal fta A, A’, is
normal too.

Proof. This follows from Lemma 11 (~-saturation and =a-compatibility), Lemma 15 (unitar-
ity) and Lemma 16 (multiplicativity). 0

Proposition 1. Let R C G.

(1) R € Rat(G) if and only if R = ng(L(A)) for some normal partitioned fta A with labeling
set Rat(H).

(2) If R € bool(Rat(G)) then R = mwg(L(B)) for some strict normal partitioned fta B with
labeling set bool(Rat(H)).

Proof. 1t is proved in [LS08, Prop. 33, points (1), (3), and (a)] that R is a rational subset of
G if and only if 75" (R) N Red(H, t) = L(A) N Red(H, t) for some partitioned, ~-compatible,
~-saturated, and unitary fta A with labelling set Rat(H). Moreover, the automaton A can be
chosen in such a way that it is subgroup-compatible: this follows from equations (39)-(40) in
the proof of [LS08, Prop. 22]. By Lemma 13, A is multiplicative and hence normal. Finally,
(37) implies

76(L(A)) = 76 (L(A) NRed(H, 1)) = 7 (ng' (R) N Red(H, t)) = R.

This shows point (1).

For (2), let R be a boolean combination of rational subsets K, ..., K, of G. By [LS08,
Prop. 28 and 33|, for every 1 < ¢ < p there exists a partitionned, ~-saturated, deterministic
and complete fta? C;, whose labelling set is bool(Rat(H)), and such that

L(C;) = mg ' (K;) N Red(H, t)

for 1 <4 < p. Since every boolean operation can be translated over partitioned, ~-saturated,
deterministic and complete fta (see [LS08, Lemma 15, 17, 18, and 20]), there exists a parti-
tioned, ~-saturated, deterministic and complete, fta A4, whose labelling set is bool(Rat(H)),
and such that

L(A) = 75" (R) N Red(H, t). (44)

Moreover, since L(.A) C Red(H, t), A is also ~-compatible.

2 The definition of a deterministic and complete fta can be found in [LS08], but the precise definition is not
really needed for the following arguments.
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By applying [LS08, Prop. 22] to this fta A and the set F = bool(Rat(H)), we obtain a
partitioned, ~-compatible, ~-saturated, unitary fta B with labelling set G := {cF¢ | F €
bool(Rat(H)),¢,¢ € AU B} such that

L(B) NRed(H, t) = [L(A)]~ N Red(H, )
= [rg'(R) N Red(H, )]~ N Red(H, t)
= 75 (R) N Red(H, t). (45)

By Lemma 9, G = bool(Rat(H)), so that B is labelled over bool(Rat(H)). Equality (45) implies
R = ng(L(B)) by the same argument as for (1). Moreover, by equations (39)—(40) of [LS08],
B is subgroup-compatible. Thus, by Lemma 13, B is multiplicative. By [LS08, Claim 26],
L(B) C [L(A)]~ = L(A) (since A is ~-saturated), while by (44) L(.A) C Red(H,¢). Hence B
is also strict. Thus, B is strict and normal. O

The fta Gg and R are clearly partionned with 7 the identity mapping. Moreover, these fta are
~-compatible, ~-saturated, unitary, and subgroup compatible. For the latter, we choose for
@ the trivial action. Hence, by Lemma 13, G and Rg are also multiplicative. As a corollary,
we obtain:

Lemma 18. For all s1,s5 € Hx{t,t71}* we have v (s1)71(52) C V4 (s152) and v¢(s1)ve(s2) C
Y(s182).

Proof. Let us prove the statement for ~y, the same proof also works for ;. Let s1,s9 €
H * {t,t71}*, 61 € v, (s51) and O € v, (s2) such that 0102 is defined. We have to show that
0102 € v (s182). Since Gg is multiplicative, we have

HGe,1(0102, 5152) = pigg 1(01,51) © fige,1(02, 52). (46)

Let 01 = ((91, Hsle,Gg), 92 = (62, H32Hb793)7 and 9192 = (61, H3132Hb793)- Since 01 < ’Y+(81),
we have (61,62) € pugy(s1) and similarly (62,03) € pgs(s2). Hence, (61,02) € pgs,1(61,51) and
(02,03) € pgg1(02,s2). Thus, (46) implies (01,03) € pgs1(0102,5152). This implies 0162 =
(01, [[s152[]p,03) € 74 (s152). O

Given a normal fta A and an element g € G we set

M.A,G(g) = ,U'A,l((lv H, HSHbv 1, 1)7 8)7 (47)

where s is any reduced t-sequence representing g. Since A is ~-saturated, the value of
pa1((1, H,|s|lp,1,1),s) does not depend of the chosen reduced representative s of g.

2.6 Equations and disequations over a monoid

Let M be some monoid and let
ccoM

be a class of constraints sets. A system of equations and disequations over the monoid M is a
subset & C U* x {=,#} x U*, where U is the set of variables of S. Instead of (u,=,u’) € S
(resp. (u,#,u") € S) we just write (u =u') € S (resp. (u # u') € S). The system S is said to
be quadratic if
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— for every (u=u') € S we have |u| =1 and |u/| = 2, and
— for every (u # u') € S we have |u| = |u/| = 1.

A system of equations and disequations over the monoid M with C-constraints is a pair
(S,C), where S is a system of equations and disequations over the monoid M and C is a map
C:U — C. An M-solution of the system (S, C) is any monoid homomorphism

oy U — M
fulfilling the following conditions:

Viu=1u") €S : om(u) = oym(u') (48)
V(u#u') €S : oym(u) # om(u)
YU eU : om(U) € C(U).

(0g)

(u
(u

—~
SN
o ©
— —

The system S is a system of equations over M (with C-constraints), if
SCU* x{=}xU".
In this paper, we will consider three particular sets of constraints.

— C = {{m} | m e M}U{M}: In this case, a system of equations (and disequations) with
C-constraints is called a system of equations (and disequations) with constants, since the
variables U € Y with |C(U)| = 1 can be seen as constants from M, while the variables
U € U with C(U) = M can be seen as variables without any constraint.

— C = bool(Rat(M)), i.e. the boolean closure of the set of rational subsets of M: In this case,
a system of equations (and disequations) with C-constraints is called a system of equations
with rational constraints.

— C = Rat(M), i.e. the set of rational subsets of M: In this case, in order to emphasize the
fact that we do not use constraints that are complements of rational subsets, a system
of equations (and disequations) with C-constraints is called a system of equations (and
disequations) with positive rational constraints.

The following proposition can be shown by standard techniques:

Proposition 2. Assume that M is finitely generated. Let (S,C) be a system of equations
and disequations over M with variables from U and rational constraints. From (S,C) we can
compute a system (S',C') of equations and disequations over M with variables from U' and
rational constraints such that:

— &' is quadratic.

-ucu

— The solutions of (S,C) are exactly the restrictions of the solutions of (S',C') to U*

— If S is a system of equations (without disequations), then also S’ is a system of equations
(without disequations).

— If (S, C) is a system with positive rational constraints, then also (S',C') is a system with
positive rational constraints.

One sometimes also considers systems of equations and disequations with a partial involution.
This means that some variables u € I have a formal inverse ©~' € U/ and that a solution
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ou of the system has to respect the partial involution i.e. to map the variable v~! onto the
inverse of opg(u) (in particular, op(u) has to be contained in the group of units of M). Such a
system “with partial involution” can be reduced to a system of the form above by adding the
equations uu~' = 1 and v~!'u = 1 to the system and removing the explicit constraint that
ow respects some partial involution.

Let M be a monoid and let C C 2". We denote by EQ(M,C) (resp., DEQ(M,C)) the
set of all subsets of M which can be defined by a system of equations (resp., equations and
disequations) with only one free variable (common to all equations), and with constants and
constraints from C.

We denote by Defg, (M, C) the set of all subsets of M which can be defined by a logical
formula with only one free variable xy, and having the form Jz13dxs--- 3z, ¥, where ¥ is a
positive boolean combination of statements which are either equations with constants or of
the form x; € P (for some variable x;, 0 < i < n, and some P € C). The sets in EQ(M,C) are
called the equational subsets (with constraints in C). The sets in Defs, (M, C) are called the
positively definable subsets (with constraints in C).

Lemma 19. For every group H, bool(EQ(H, bool(Rat(H)))) C Defs, (H, bool(Rat(H))).

In words: a boolean combination of equational subsets of H (with rational constraints) is
positively definable (with rational contraints).

Proof. Every disequation u # v in H can be translated into the formula
F'FJw v =1Aw =wAweH\ {1}. (51)

Hence, if P is defined by a positive boolean combination of equations and rational contraints,
its complement is definable by a positive boolean combination of statements of the form (51)
above, of equations and of rational constraints. This positive boolean combination can be put
in existential prenex form, showing that H \ P belongs to Defs (H, bool(Rat(H))). 0

2.7 Reductions among decision problems

A Turing machine M with oracle Lo is a Turing machine with a distinguished oracle tape and
three distinguished states g7, gy, g, such that, when the current state of M is g», M makes a
transition that does not move the tape heads, does not print anything, and enters the state g,
or the state g, according to whether the word on the oracle tape belongs to Lo or not (see, for
example [HU79, Section 8.9, p. 209-210] or [Rog87, p. 128] for a more precise definition). Such
an oracle machine M is called a (Turing-)reduction from L; to Lo if the language recognized
by M, using the oracle Lo, is the language L;. When such a reduction exists, we say that L
is Turing-reducible to Ls. The underlying idea is that, if one knows both M and a machine
M, that recognizes Lo, then one can combine them into a Turing machine M; that recognizes
L;. Let us consider three languages L1, Ly, L3. A Turing-reduction from L; to (Lo, L3) is a
Turing-reduction from Ly to (La x {0}) U (Ls x {1}). Given decision problems P;, P, P3, we
say that P; is Turing-reducible to P, (or to (P, P3)) when the formal languages L1, Lo, L3
that encode the set of instances where the correct answer is “yes” are fulfiling the above
definition of Turing-reducibility.
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2.8 Submonoids and free products
The following lemma is straightforward.

Lemma 20. If M is a finitely generated submonoid of the monoid M’ and solvability of
equations (and disequations) with rational constraints in M is algorithmically solvable, then
solvability of equations (and disequations) with rational constraints in M is algorithmically
solvable.

In [LS08, Section 6.1] we defined a notion of (Hj, Hy)-automata which is the direct adaptation
of the notion of t-automaton to the operation of free product (possibly with amalgamation).
Let us formulate with the help of these automata a result about free-products which is a
particular case of [DL03, Theorem 2] (where the more general operation of graph product is
treated).? Given two sets C; C 2H1, Cy C 2M2, we denote by £(Cy1,Cs) the set of subsets of
Red(H, Hy) which are recognized by partitioned, ~-compatible and finite (Hj, Hj)-automata
with labelling set (Cy,Cs). Informally, such an automaton A is a finite automaton over the
alphabet C; UCy which has transitions labeled alternatively by elements of C; and by elements
of Cy; ~-compatibility means that, if it recognizes some (Hy, Hj)-sequence s it also recognizes
the reduced sequence s’ such that s =~ s’. The language recognized by A is obtained by
substituting, in the ordinary language recognized by A, each letter by its value in 281 U 2H2,

Theorem 1. Let us consider two monoids Hy,Hsy. The satisfiability problem for systems of
equations and disequations with constraints in bool(L(Cy,Cq)) over the free product Hy x Ho
is Turing-reducible to the pair of problems (S1,S2) where

— Sy is the satisfiability problem for systems of equations and disequations with constraints
in bool(Cy) and
— Sy is the satisfiability problem for systems of equations and disequations with constraints

in bool(Cy).
Note that when Cy, = Rat(H;) (for ¢ € {1,2}), then £(Cn,,Cn,) = Rat(H; * Hy).

3 AB-algebras

We define here the notion of an AB-algebra, which we devised for handling equations with
rational constraints in an HNN-extension.

3.1 AB-algebra axioms

Let A, B be two groups (what we have in mind are the two subgroups A, B of H leading to
the HNN-extension G defined by (1)) and let Q be some finite set (we have in mind the set
of states of some normal fta A over H * {t,¢71}*). Given a binary relation r € B(Q),r ! is
the binary relation 7' = {(p,q) € Q x Q | (¢,p) € r}. We consider the involutory monoid

anti-isomorphism Iq : B%(Q) — B?(Q) defined by

-1 -1
Vri,1me € B(Q) : Iq(ri,m2) = (ry 71y ).
% The original formulation of [DL03, Theorem 2] deals with the existential first order theory with rational

constraints of a group G = H; * Hz. But the decidability of this fragment is equivalent to the decidability
of the satisfiability problem for systems of equations with rational constraints in G.
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An AB-algebra is a structure of the form

<M, LA,LBaH’rV’,U'a(S% (52)
where

— M is a monoid,

—14:A— M,p: B— M are injective monoid homomorphisms,

— 1:M — M is a partial map,

— ~:M — 27 is a total map,

— u: T x M — B%(Q) is a partial map with dom(u) = {(8,m) | m € M, 80 € y(m)},

— 0:T xM — PGI{A, B} is a partial map with dom(d) = {(@,m) | m € M, 8 € v(m)}.

such that the following twelve axioms (AB1)—-(AB12) are satisfied.

(AB1) dom(I) = im(I) is a submonoid of M.

(AB2) I is an involutive anti-automorphism on dom(I).

(AB3) 14(A) U5(B) C dom(1)

(AB4) Va € A:1(ta(a)) = ta(a™t), Vo€ B:1(tp(b)) =1p(b~1)

For all m, mq,mo € M:

(AB5) mymg € dom(I) = m; € dom(I) and me € dom(I)

(AB6) (m1)y(mz) € y(mimy)

(ABT) V6 € y(m) : 6(8,m) C Gi(0) x Ge(0)

(AB8) VO, € v(m1),02 € y(mz2) : 6102 defined = (60102, mimsy) = (01, m1) o (02, m2)
(AB9) V0, € v(m1),02 € y(m3) : 010, defined = (6102, mymsa) = 6(01,m1) o §(02,m3)
(AB10) m € dom(l) = ~(I(m)) = Ir(~(m))

(AB11) m € dom(I) = 0 € 4(m) : u(Lr(8),1(m)) = Tq(u(68, m))

(AB12) m € dom(I) = VO € v(m) : §(17(0),1(m)) = 6(8, m)~*

Quite often, we will identify an AB-algebra with its underlying monoid. In Section 3.4 we will
show that the monoid H; from (6) gives rise to an AB-algebra, which will be one of the main
objects studied in this work.

3.2 AB-homomorphisms

For i € {1,2} let M; = (M, ta,,tB,, 1L, vi, iti, 6;) be an AB-algebra with the underlying
groups A, B and set Q. An AB-homomorphism from Mj to My is a map ¢ : M; — My
fulfilling the following seven properties (Hom1)—(Hom?7):

(Hom1) ¢ : M; — M is a monoid homomorphism.

(Hom2) Va € A:9Y(ta1(a)) =ta2(a), Vb€ B : (B 1(b)) = tp2(b)
(Hom3) Vm € M : m € dom(I;) < ¢(m) € dom(Iy)

(Hom4) ¥m € dom(IL) : Ia(¢(m)) = ¢(I1 (m))
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(Homb) Vm € My : y1(m) C y2(vo(m))
(Hom6) Vm € M : VO € v1(m) : p2(0,9%(m)) = p1(0,m)
(HomT7) Vm € My : V0 € y1(m) : 02(0,v(m)) = 61(0, m)

With Hom 4p(Mj, M3) we denote the set of all AB-homomorphisms from Mj to M. The
following lemma is easy and widely (though implicitely) used.

Lemma 21. Let My, Ms, and M3 be AB-algebras and let 1»1 € Homap(Mi, M3),1ps €
Homgp(Mso, M3). Then 11 o g : My — Mg is an AB-homomorphism.

Lemma 22. Let My, My, and M3 be AB-algebras and let 1 € Homap(Mi, M3), ¢/ €
Homyp(M1, M3) such that

(a) 7 is surjective, and

(b) y1(k) = v2(n(k)) for all k € My (this strengthens (Homb) for m).
If ¢ : My — M3 is a monoid homomorphism with ' = 7o), then ¢ € Homap(Msa, M3).
Proof. We have to check properties (Hom2)—(Hom?7) for 1.
(Hom?2): For all a € A we have
P(eaz(a)) = (m(tan(a) = ¢ (tan(a)) = tas(a).

For B the same argument holds.
For the following properties let m € My be arbitrary. Since 7 is surjective, there exists
k € My with w(k) = m.

(Hom3): We get:

$(m) € dom(l5) <= (r(k)) € dom(l)
< ¢/ (k) € dom(I3)
<= k € dom(I;) ((Hom3) for ¢)
<= 7(k) € dom(Iy) ((Hom3) for )
<= m € dom(ly)

(Hom4): Assume that m = 7(k) € dom(Iz). By (Hom3) for m we have k& € dom(I;). Thus,
with (Hom4) for 7 and ¢’ we get:

U(Iz(m)) = Y(Ia(n(k))) = »(r(1(k))) = ¥ (I (k) = Ts(¥'(k)) = T3(sp(r(k))) = T3(sp(m)).
(Hom5): With assumption (b) from the lemma and (Hom5) for ¢/, we get:
Y2(m) = 12(m(k)) = 1(k) C 3 (k) = 13 (¢ (7 (K))) = v3(¢(m)).
(Hom6): Let 0 € v2(m) = v1(k). With (Hom6) for 7 and ¢’ we get:
112(0,m) = p12(0, m(k)) = p1(0, k) = p2(6, ¥ (k) = p12(0, ¥ (m(k))) = p2(6, ¥ (m)).

(Hom?7) for 4 can be verified with a similar calculation as for (Hom6). O
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Later, it will be convenient to check the conditions for an AB-homomorphism only on gener-
ators. The following lemma gives conditions under which this is possible.

Lemma 23. Let My and My be AB-algebras as above and assume that My satisfies the
following:

(A) The monoid M is generated by the set I' and AUB C I’

(B) n(g) #0 forallge I
(C) For every m € M there exists a decomposition m = gy -+ gy with g1,...,9n, € I' such

that: y1(m) = v1(g1) - 71(gn)-*

Let v : M} — My be a monoid homomorphism. Then 1 € Homap(M1, M3) if and only if
for every g € I' and 0 € v1(g) we have:

(a) Ya€ A:(tag(a) =1a,(a) and Vb € B : (1p1(b) = tp2(b)
(b) g € dom(ly) < ¢(g) € dom(Ia)

(c) If g € dom(IL) then I>(¢(g)) = ¥ (Li(9))

(d) 11(g) € 12(¥(9))

(e) p2(0,4(9)) = pa(8, 9)

(f) 52(9a¢(g)) = 51(9,9)

Proof. First, suppose that ¢ is an AB-homomorphism. By definition it must fulfilll conditions
(Hom2)—(Hom?7). These six axioms imply the six conditions (a)-(f).

Conversely, let us suppose that 1 fulfills conditions (a)—(f) of the lemma. By (a), condition
(Hom?2) is fulfilled. For the following points consider an element m € M;j and choose a
decomposition

m=gig2--gn (53)

that satisfies (C) from the lemma (g1,...,9, € I).
Extending (b) to M;. Suppose that

m € dom(Il). (54)

Axiom (AB5) of AB-algebras (which can be easily extended to products of arbitrary length),
together with (54), imply
gi € dom(Iy) for all 1 < i < n. (55)

By condition (b) of the lemma, (55) implies
¥(g;) € dom(Ily) for all 1 <i < n. (56)
Since dom(Iy) is by axiom (AB1) a submonoid of My, we get
P(g1) -+~ ¥(gn) € dom(ly). (57)
But 1 is a monoid homomorphism, hence
P(m) =(g1) - ¥(gn) € dom(lp). (58)
We have proved that (54) implies (58).

YIfn=0,1ie, m=1, then y1(g1)---y1(gn) is the neutral element {(#,0,6) | 8 € T6} of the monoid 27 .

24



Let us now establish the converse. Assume that (m) € dom(Iy). We thus have:

P(m) = (g1) -9 (gn) € dom(I).

Using axiom (AB5) we get 1¥(g;) € dom(lz) for all 1 < ¢ < n. Hence, (b) from the lemma
implies g; € dom(I;) for all 1 <4 < n. Since dom(I;) is a submonoid of My, we finally get
m =g gy € dom(Iy).

Extending (c) to M. Assume that m € dom(I;). By Axion (AB5) we have ¢1,...,9, €
dom(I;). We obtain

¥ is a monoid homomorphism)

Io(yp(m)) = la(¥(g1) - - - ¥ (gm))
(

I is a monoid anti-automorphism)

1 is a monoid homomorphism)

( (
(9m) (
L (gm)) - (11 (g1)) (condition (c) from the lemma)
(9m) (
(m)) (

I} is a monoid anti-automorphism)

Y191+ gn) =M (C) from the lemma)

(

(condition (d) from the lemma)
9n)) (axiom (ABG6) for My)

(

1 is a monoid homomorphism)

Eztending (e) to M;. Assume that 6 € v1(m) = ~v1(g1) - - - 71(9n). Hence, the path type 6
must have the form

0=201---0, with 6, € v1(g;) C 72(¢0(g;)) for 1 <i < mn. (59)

‘We obtain

w2(0,1(m)) = ,MQ(H 0,, H ¥(g:)) (1 is a monoid homomorphism)
i=1 i=1

= HM(ei, ¥(gi)) (axiom (ABS8) for M)
i=1

= H w1(0i, gi) (condition (e) from the lemma)
i=1

= 1u1(0,m) (axiom (ABS8) for M)

as required.

Extending (f) to M;. A similar calculation as for (e) (using axiom (AB9) instead of axiom
(ABS)) holds. 0
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3.3 AB-subalgebras and quotients

For i € {1,2} let M; = (M, ta,4,tB.i, 1,7, i, 0;) be an AB-algebra with the underlying
groups A, B and set Q. Then, M is said to be an AB-subalgebra of My if My C My and
LAl =tA2, tB1 = t2, 1 = Ia[My, v1 = Y2 [Mi, p1 = p2l7T x My, and 6; = 62[T x My. (In
particular, the inclusion map ¢ : M; — My is an AB-homomorphism). Vice versa, if M is a
submonoid of My which contains ¢4 2(A) Utp2(B) and which is closed under Iy, then there is
a natural way to endow M with the structure of an AB-subalgebra of Maj: it suffices to set
LAl = tA2, tB1 = B2, I1 = Ia[My, v = 72 IMi, p1 = pa[(T x M), and 61 = 02 [(T x My).
This structure is called the AB-structure induced by Mg on Mj.

Definition 6. Let = be a monoid congruence on the monoid Ml and M = (M, t4,tp,1,7, u, )
be an AB-algebra. We say that = is compatible w.r.t. the AB-algebra M, if the following holds
for all m,m’ € M with m =m' and all a,a’ € A and b,V € B:

(a) m € dom(I) <= m' € dom(l) and if m,m’ € dom(I) then I(m) = I(m’),

(b) ta(a) =va(d) = a=4d and 1p(b) =1p(t/) = b=10

(¢c) 7(m) =~(m)

(d) For all @ € v(m): w(@,m) = u(@,m’) and 6(8,m) = 5(6,m’).

By (a), = is also a congruence on dom(I), i.e. we can consider the quotient monoid dom(I)/= C
M/=. By (a), (c), and (d), the mappings I, 7, p, and ¢ induce quotient mappings (we use the
same symbols for these quotient mappings)
I:dom(l)/= — dom(I)/=
v:M/z — 27
T xM/= — B*Q)
0:T xM/= — PGI{A, B}.

Moreover, by (b), t4 and tp can be viewed as embeddings of A and B, respectively, into M/=.
It is now easy to check that

M/E = <M/E7LA7LB7]I7’Y7M75>

is again an AB-algebra; it is called the quotient of M w.r.t. =. Moreover, the projection
morphism 7= with 7=(m) = [m]= becomes a surjective AB-homomorphism 7= : M — M/=
such that moreover for all m € M:

v(m) = y(r=(m)) (60)
Hence, with Lemma 22 we get:

Lemma 24. Let My and My be AB-algebras with underlying monoids My and M, respec-
tively. Let the monoid congruence = on My be compatible w.r.t. M. Let ' € Hom gg(M1, Ms).
If : My /= — My is a monoid homomorphism with ¢’ = w=o1), then ¢ € Homap(M;/=, Ms).

Also the next lemma can be easily verified.

Lemma 25. Let M be an AB-algebra with underlying monoid M, and let the monoid congru-
ence = on M be compatible w.r.t. M. If M fulfills hypotheses (A), (B), and (C) of Lemma 23
for the set of generators I', then M /= fulfills (A), (B), and (C) for the set of generators
WE(F) Of M/E-
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3.4 The AB-algebra H,

From now on, we assume that H is a cancellative monoid with subgroups A and B. In this
section, we will define an AB-algebra with the underlying monoid H; from (6). This AB-
algebra will be denoted by H; as well. In a first step, we extend the monoid H  {t,¢71}* to
an AB-algebra that we denote with H  {¢,¢~!}* again. The AB-algebra H; will be a quotient
of H* {t, t~1}*.

Recall the definition of a normal partitioned fta from Definition 5. Given an HNN-
extension (1) and a normal fta A with state set Q, we define an AB-algebra

<H* {t7t71}*7LA7LB7Ht77t7IU't75t> (61)
with underlying monoid H * {¢,¢71}* and set of states Q as follows:

— 14 and ¢p are the natural injections from A (resp. B) into H  {t,¢=1}*.
— dom(I;) = I(H)  {t,t~1}*, where I(H) is the subgroup of invertible elements of H.
— I; is the unique involutive anti-isomorphism I; : dom(I;) — dom(I;) such that

Vh e l(H) : I;(h) = h~Y, L(t) =t L(t ') =t

— The map ~; is the one previously defined in (34).
— The map py : T x H* {t,t71}* — B%(Q) is defined by:

(0, 5) = {<”1(‘973)7#1(HT(9)7Ht(3))1> if s € dom(I;)

(11(8,5),0) if s ¢ dom(I,). (62)

Here, j11 is the representation map p4,1 associated with the partitioned fta A fixed above,
see (32).
— The map & : T x H* {t,t71}* — PGI{A, B} is defined by:

5:(0,5) = {(c,d) € Gi(0) x Ge(0) | cs ~ sc'}, (63)

where ~ is the congruence on H * {t,¢7'}* from Definition 1. Note that 6;(,s) is indeed
a partial isomorphism from PGI{A, B}: It is a partial injection, since the quotient H; =
Hx{t,t~1}* /. is cancellative (Lemma 6). Moreover, if ¢;s ~ scj and cas ~ sch, then (cicz)s ~
c18¢y ~ s(cich).

It is noteworthy that for every s € H = {¢,¢~1}*:

7(s) #0 < s € Red(H,1). (64)

Before we show that (H * {t,t7'}*, 14,5, 1, ¢, v, ;) is indeed an AB-algebra, let us prove
the following lemma:

Lemma 26. Let 51,50 € H x {t,t7'}*, 01 € v, (s1), 02 € vy (52), 0102 defined. Assume
that (¢,d) € Gi(0162) x Ge(0102) = Gi(01) x Ge(02) and cs1s2 ~ s152¢. Then there exists
" € Ge(01) = Gi(03) such that csy ~ s1¢” and sy ~ soc.

Proof. Assume that s; = hot®*hy ---t*h, and sy = kotP1ky - - tPmk,,.

Case 1. n = m = 0: Thus, choky = hokoc'. Since 010 is defined, Lemma 10 implies that
(i) 7i(01) = 71e(01) and s1 = hy € Gi(01) = Ge(01) = Gi(02) or (ii) 7i(02) = Te(02) and
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s9 = ko € Ge(8;) = Gi(02) = Ge(02). In case (i) we can set ¢/ = hy'chy € Ge(8;). In case
(i) we set ¢’ = koc'ky* € Ge(61).

Case 2. n =0 and m > 0. Thus,
(choko)tP1ky - - tPm Ky ~ (hoko)tP ey - - - 197 (ke ).

We obtain a van Kampen diagram of the form
ho ko Bk - Pk,

ho ko tOrky - tPm, .

where ¢y € A(B1). Note that chy = hokocokal. As in case 1, since 0105 is defined, Lemma 10
implies that (i) 7i(61) = 7e(01) and s;1 = hg € Gi(01) = Ge(01) = Gi(02) or (ii) ko €
Ge(8;1) = Gi(82) = A(B1). In case (i) we can set ¢/ = hy'chy € Ge(61); in case (ii) we set
d' = koCQko_l S Ge(01)

Case 3. n > 0 and m = 0. This case can be dealt analogously to case 2.

Case 4. n,m > 0. Hence, we have
hot® hy - - - 19 (hy ko) tP k- - - t77 (kp) = (cho)t® by - - -t (hy ko)t ky - - - 77 ke

We obtain a van Kampen diagram of the form

bty o e ke Py 90 (d)
Con Con+1
Y hn kO Y
(cho)t**hy - -t tPrky - tPmEk,

where co, € B(a,) and cop+1 € A(SB1). Again, with Lemma 10 we get (i) hy, con € Blay,) =
Ge(01) = Gi(02) or (ii) ko,cont1 € A(f1) = Ge(01) = Gi(02). In case (i) we set ' =
ho teanhy; in case (ii) we set ¢ = k002n+1k0_1. O

Proposition 3. The structure (H * {t,t=1}* va,t5,1s, pte, Ve, &) is an AB-algebra.

Proof. We check the properties (AB1)-(AB12). Properties (AB1)—(AB4) are obvious.

(AB5): Assume that syso € dom(l). Let s = hgt® hy ---t*"h,, and s’ = Rtk - - t*mh! .
Thus
5189 = hot® hy -t (hy h )tV hY - - - t¥m ! € dom(T)

Hence, ho, ..., hn—1,hnhy, b, ..., k), are invertible elements of H. Since H is cancellative, by

Lemma 4, hy,h{, € I(H) implies that hy, h{, € |(H). It follows that s; € dom(I) and s € dom(T).
(AB6): This is stated in Lemma 18.
(ABT): Follows directly from the definition of ¢;.

(AB10): Note that by (36), it suffices to show v;(I;(s)) = I7(y(s)) only for 1 and all generators
s € I(H) U {t,t~ !} of dom(I;). This follows easily from the definition of I in (18).
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(AB8): Let 61 € y4(s1) and O3 € ~(s2) such that 8,605 is defined. First assume that s1s9 €
dom(Il;). Then, by (AB5), also s, s € dom(I;). Moreover, by (AB10), I7(61) € I7(v(s1)) =
Y¢(I¢(s1)) and I7(62) € (I (s2)). Since the fta A is normal and therefore multiplicative (see
Definition 4), we obtain:

111(0102, 5152) = (111(010, 5152), 11 (I7(0102), T (s152)) ")
= (111(6102, s152), i1 (I7(02)17(81), T (s2)T; (s1)) )
= (1(61, 1) 0 p11 (82, 52), (111 (I7(02), T (s2)) 0 pur (I7(61), T (51))) )
= (11(01, 1) © 11(B2, 59), 111 (T7(01), T (51)) 0 pa (Tr(B2), T (s2)) 1)
= (p1(61, 1), 1 (I7(01), T (51)) 1) 0 (1 (82, 52), pa (I7(02), Ty (s2)) )
= p1t(01,51) © pui (62, s2)
On the other hand, if syso € dom(l;), then either s; ¢ dom(I;) or so ¢ dom(I;). Assume

that s; & dom(I), i.e., e(01,51) = (11(01,51),0) (the other cases can be treated similarly).
Again, by the fact that A is multiplicative, we obtain:

11(0102, s152) = (111(0102, 5152),0)
= (u1(01, 51) © p1(82, 52),0)
(11(01,51),0) 0 11(62, 52)
= (01, 51) o pe (02, 52)

(AB9): The inclusion
61(0102, s152) C 0¢(61, 51) 0 6¢(02, 52)

follows directly from Lemma 26. For the reverse inclusion assume that (c1,c2) € 8:(01, 1)
and (cg,c3) € 64(62,s2). Hence, ¢151 ~ sy and a8y ~ sacg. This implies ¢;(s182) ~ s1¢282 ~
(s152)cs3. Hence, (c1,c3) € 6,(60102,5152).

(AB11): Assume that s € dom(I;) = I(H) * {¢,¢"'}* and let 8 € v,(s). We obtain
,5), 11(I7(8), () ™))

)7 Ht(s))v /1'1(07 S)_1>
): It ( 1(I7(L7(8)), L (Le(s) ™)

&
V)
~—
~—
=

(AB12): Assume that s € dom(I;) = I(H) * {¢,¢"'}* and let 8 € v,(s). We obtain

(I
6¢(I7(0),Le(s)) = {(c,d) € Gi(I7(8)) x Ge(l7(8)) | cle(s) ~ L(s)d}
W ((c.d) € Ge(0) x Gi(B) | Ty(sc!) ~ L(d's)}
{(c,d) € Ge(8) x Gi(8) | sct ~ d~1s}
{(c,d) € Ge(0) x Gi(0) | ds ~ sc}
{( )
Ot

d, )EGl( ) x Ge(8) | ds ~ sc} 1
(6,5)7"

This concludes the proof of Proposition 3. O
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Another AB-structure over H * {#,¢71}* can be defined by choosing, in place of the map ~;
defined in (34), the map 4 defined in (33). Assertion (64) is now replaced by

Vs € H o« {t,t7 11 1 v, (s) # 0. (65)
We call the resulting structure

<H* {t’t_l}*?LA,LBa]It,,U’ta’er’éﬁ (66)

the positive AB-algebra over H * {t,t~1}*. This variant will be used in Section 10 where we
deal with positive rational constraints.

One can check that the monoid-congruence ~ on H * {t,¢71}* is compatible (see Defini-
tion 6) w.r.t. to the AB-algebra (H * {t,t='}* 14, 15,1, pit, Ve, 6 ). Here, for 44(s) = v(s’) and
pt(0,8) = pe(0,8") (if s ~ &) it is important that the ftas Rg and A are ~-saturated, see
Definition 3. Hence, on the quotient monoid H; = H * {¢,£71}*/., we obtain an AB-algebra
(Hy,ta, B, L, pig, V2, 0¢) that we will denote just with Hy in the following. Since s ~ s’ implies

IIs|| = ||¢||, the notion of norm remains well-defined in the quotient Hi.
Similarly, we can define an AB-algebra
Ht,+ - <Ht7LA7LBaﬂt7ﬂt77+75t>7 (67)

where vy is defined via the fta Gg instead of Rg, see (33).

3.5 Algebraic properties of H,

The monoid H; has some properties which resemble equidivisibility. We detail here these
properties.

Lemma 27. Let P,P',S,S" € Hy, 0 € v (P) Nv+(P), p € v4+(S) Ny (S") such that Op is
defined, 0 is an H-type and PS = P'S’" in H;. Then, there exists ¢ € Ge(0) such that P = P'c
and ¢S = S in H;.

Proof. Let p,p,s,s' € Hx {t,t~1}* such that P = [p]., P’ = [p']~, S = [s]~, and S’ = [§']~.
Since 6 is an H-type, we must have p,p’ € H and since the product Op is defined, Ge(0) =
Gi(p). An inspection of the H-types in (21) and (22) shows that the vertex type 7e(0) = 7i(p
must be either (A,7T), (B,T), or (1,1).

Case 1. Te(0) = 7i(p) = (1,1). The structure of Gg implies p = (1,1,0,1,1). Since p =
(1,1,0,1,1) € y4(s) Ny4(s), we have s = s’ =1, i.e., S = 5" = 1. Hence, P = P’. Choosing
¢ =1, we obtain ¢ € {1} = Ge(0), P = P'c and ¢S = 5.

Case 2. Te(0) = 1i(p) = (C,T) for C € {A, B}. Thus, Gi(p) = Ge(6) = C. Suppose that
s = hot®Vhy -+ -t hy, and s' = ht® 1k} - t%mp! .

where h;, h; € H, a;, o, € {1, +1}. Since ps ~ p's’ and p,p’ € H, we have m = n and o = o

for 1 <i<m, ie.,
s = hot* hy - t*"h,, and s’ = hGt* R - t* A .

Since these sequences can be read by the fta Gg starting from (C,T'), we must have hg, hj € C.
Moreover, if m > 1, then C' = A(aq). Since ps ~ p’s’ there exists a van Kampen diagram of
the form
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14 Ry et Ry,

tOUp) e

with ¢y € C (if m = 0, then ¢ = 1). Let us choose ¢ = hjc; ' hy' € C = Ge(8). We obtain
P=PcandcS =29 O
Lemma 28. Let P,P',S,5" € Hy, 0 € v.(P), 0’ € v.(P'), p € v4(S5), p' € v+(S") such that
Op = 0'p’ is defined, 6,0" are T-types (see (24)) and PS = P'S’' in H;. Then, one of the
following cases must occur:
(1) |P|| = |IP'|l, @ = 0, and there exists ¢ € Ge(0) such that Pc = P’ and S = ¢S’.
(2) |P|| < |P'|| and there exist c € Ge(0), Py, Py, Pj € Hy such that P| has the T-type 0, P}
has a T-type 0%, Py has an H-type 64, and
Pe=Pl, P =PPP, S=cPPlS', 6 =000, p=80,0,p.

(3) ||P|| > ||IP'|| and there exist ¢ € Ge(0"), Py, Py, P3 € Hy such that Py has the T-type 6',
P3 has a T-type 83, P> has an H-type 085 and

P = P1P2P3, P1 = P/C, CPQPgS = S/, 0= 0’0293, p/ = 0203[).

Proof. Let p,p,s,s' € Hx {t,t~1}* such that P = [p]., P’ = [p']~, S = [s]~, and S’ = [§']~.
Since the products 8p, 0'p’ are defined, Ge(0) = Gi(p) and Ge(0') = Gi(p’). Suppose that

p = hot® hy -t h, s = kotPky - Pk,

P = hOtorh) v R, s = kptPrk, - PN
where h;, kj, h,, k. € H, o, 55,0, 5, € {—1,+1}. Since 6 and 8" are T-types, the structure
of Gg implies that n,v > 1, h,, € Ge(0), and h!, € Ge(@’) (note that the only arrow entering
(A, H) (resp. (B, H)) in Gg that is labeled with a subset of H is the A-loop (resp. B-loop)).
Since ps ~ p's’, we get n+ £ =v+ X and (oq,...,00,01,...,80) = (&,..., 0, B1,...,B8)-
Moreover, 7i(@) = 7i(€’) and the boolean component of both 8 and 8’ is 1, since they are
both T-types.
Case 1. ||p|| = ||P'||: Thus, n = v, £ = X, 7e(0) = 7e(0’) (and hence @ = 6'), and there exists
a van Kampen diagram of the form

hot®thy - - -t hn, . ko . th1 ky--- tﬁeké
Con Con+1

h/ to h/ N Al : h/ k/ : tﬁl kl . tﬁzk/

0 1 n 0 1 ¢

with ca, € B(ay,) = Ge(0) = Ge(0'). Hence, we can set ¢ = h,, 'ca,hl, € Ge(0).
Case 2. ||p|| < ||P||: Hence n < v. Let us set
P BB Ky a0, = By g = by R,

Thus, p’ = p)phps and there exists a van Kampen diagram of the following form:
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hot*thq -« -t hn . ko 51 ki--- tﬁfk‘g

Con Con+1

y y S/
Py = Gt by -t Py =Py ph = gl 1OV,

Since h,, € Ge(0) and ca, € B(ay,) = Ge(8), we have ¢ = h;, 'co, € Ge(0). We obtain p} ~ pc
and s ~ cphphs’.
For the T-types 6 and 8" we get

0= (A1), T,1,B(a,), H) and 6" = (A(1),T,1,B(c),), H).

A possible type for p} is @ = (A(a1),T,1, B(ay), H), a possible type for p), is
05 = (B(aw), H,0,A(a) 4 1), T),
and a possible type for pj is
g = (A(Q;H—l)a T, 15 B(O‘L)’ H)

Thus 6% is a T-type and 65 is an H-type such that 8’ = 6656%. It remains to show p = 05,05p’,
ie, p = (B(an),H,1,B(al,),H)p'. Since ||s|| = ¢ > XA > 0, the Boolean component of
p € v+(s) must be 1, which is the Boolean component of (B(«,,), H, 1, B(c),), H)p'. Moreover,
re(p) = Te(p!) = re(Blan), H,1, B(o), H)p'). Finally, 7i(p) = re(8) = (Blan), H) =
Fi((Blan), H. 1, B(al,), H)o).

Case 3. ||p|| > ||p’||: This case is similar to Case 2. O

3.6 The AB-algebra W* x A x B

Let S be a system of equations over H; with involution and rational constraints. The rational
constraints are expressed via the map p; defined by (62) in Section 3.4. This map comes from
a normal partitioned fta A = (£, Q,7,d,1, T). We define an alphabet of “generic” symbols
W with the underlying idea of representing inside each symbol the values of the functions
Vi, e, 0 for the “concrete” value (i.e. in Hy) of that variable that leads to a solution of the
system of equations.

Let Vy be some starting set that will be made precise later. Let us denote by Tyr C T
the set of all types which are either H-types or T-types ®. The set W of generic symbols is
the set of all 5-tuples

(V,e,0,7,0) € Vo x {—1,0,1} x Tar x B%(Q) x PGI{A, B} (68)
such that:
r C <T_1(Ti(9)) X 7_1(76(0))> X (T_l(HR(Ti(e))) X T_l(]IR(Te(G)))>, (69)
v C Gi(0) x Ge(0), (70)
V(e,d) € ¢ : ue((71(0),0,7i(0)),¢) o r =1 o us((7e(0),0,7e(0)), d) (71)

We will need the following lemma:

5 It turns out useful to include in the generic symbols also the non-atomic types of Tar for sake of finding
short decompositions in Lemma 45, see figure 7.
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Lemma 29. Let W = (V,¢,0,7,0) € Vo x {—1,0,1} x Tyt x B3(Q) x PGI{A, B} and s € H;
such that 8 € v(s), r = (0,s), and ¢ = 6:(0,s). Then, W € W.

Proof. We have to verify the three conditions (69), (70), and (71). Condition (69) follows
directly from (62), whereas condition (70) follows directly from (63). For (71) let (¢,d) € ¢ =
0:(0, s). Hence, we have cs ~ sd. Since the fta A is ~-saturated and (AB8) holds for pu;, we
get

e ((71(0),0,7i(0)), ¢) o r = pu((7i(0),0,7i(0)), ¢) o 1t (6, s)

Hence, also (71) holds. 0

Let -
W={(V,e,0,7,¢0) € W |e+#0}. (72)

Let us consider the free product W* = A x B. We denote by t4 : A — W* x A x B (resp.
(g : B — W* % A x B the natural embedding of A (resp. B) into W* % A %« B. Note that

La(A) Nep(B) = {11

Most of the time, we will identify ¢4(a) with a and ¢p(b) with b. For every s € W* « A x B let
|Is|| be the number of occurrences of symbols from W in s. Clearly

luwv|| = [Jul| + [|v]| and IIs|| =0<«=se AxB.
In this section, we will define an AB-algebra
<W**A*BaLA,LBan,Vw,Nwa5w> (73)

with underlying monoid W* x A * B and set of states Q. Let I, be the unique monoid anti-
homomorphism on dom(l,) = W* x A x B (the submonoid generated by WU t4(A) Utp(B))
such that

Iy(a)=alforac A (74)
I,(b) =b"'forbe B (75)
Ly(V,€,0,7,0) = (V,—€,17(0),Iq(r), ¢ '). (76)

One can easily check that the alphabet W is closed under the involution I,,. The mapping
Yo : W s Ax B — 27 is defined on the generators of W* x A x B as follows:

yw(a) ={(A,T,0,A,T), (A, H,0,A H)} for every a € A\ {1} (77)
Y (b) ={(B,T,0,B,T),(B,H,0,B,H)} for every b € B\ {1} (78)
Tw(Vi€,0,7,0) = {0} (79)

33



Now let s € W* x A x B. Then s can be uniquely written as

§=4g1°""gn

with n >0 and ¢1,...,9, € WU (A\ 1)U (B\ 1) such that for all 1 < ¢ < n we have neither
9isgiv1 € A\ 1 nor g;,g;+1 € B\ 1. Such a string g; - - - g, is called (A, B)-reduced in the
following. Then, let

{(6,0,0) |6 € T} if n=0

Yo 9170 (92) -+ Yw(gn) if n > 0. (80)

7w(9192 o gn) = {

Note that y,(1) is the identity of the monoid 27. Before we continue with the definition of
the mappings i, and &, from (73), let us first state some properties of 7,,:

Lemma 30. The following holds:

(a) For all s € W* x A x B we have |v,(s)] € {0,1,2,6}.

(b) If lIsl = 1, then [y, (s)[ € {0,1}.

(c) If g192- - gn is (A, B)-reduced and 0 € v,(g1g2 - - gn) then there exist unique path types
01 € vw(g1),...,0n € Yu(gn) with @ = 601605---6,,.

(d) If the (A, B)-reduced string s contains a factor from (A\1)(B\1)U(B\1)(A\1), then
Yw(s) = 0.

(e) For all u,v € W* s Ax B: v (u)yw(v) C Y (uv).

(f) For allu,v e W*« AxB, W € W, and ¢ € AUB: if v,(We) # 0, then vy, (uWe) v, (v) =
Yw(uWev).

(9) For all u,v,€ W*«xAxB, W € W, and ¢ € AUB: if v,(cW) # 0, then v (u)yw(cWv) =
Yw(uWev).

(h) For all u,v,v" € W*x Ax B, if ||[u]]| > 1 and vy (u) # 0 then v, (0)Yw (w) Y (V") = Y (vud).

Proof. We show only statements (e)—(h), the other statements are easy to prove.

Statement (e): If v, (u) = 0 or vy,(v) = 0 then we have v, (u)Vw(v) = 0 C v (uv). So
assume that v, (u) # 0 # yw(v). Let w = ¢1--- ¢, and v = hy -+ hy, be (A, B)-reduced
strings. If g1 -+ gnhy -+ hyy is again (A, B)-reduced then we have vy, (u)vy,(v) = 4 (uv) by
(80). Hence, assume that g; - - gphy -+ - hy, is not (A, B)-reduced, e.g. gn,h1 € A\ {1}. Since
Yw(u) # O # yp(v), the letters g,—1 and he (if they exist) cannot be from B\ {1}, and
they cannot be from A\ {1} since g;--- g, and hy - - hy, are (A, B)-reduced. Hence, either
U = g1 gn-1ha -+ hy, is reduced (if g,hy = 1 in A), or uv = g1+ gn—1(gnh1)ho -+ hp,
is reduced. In the first case, we get vy, (u)yw(v) C Y (uv), in the second case we even have
Yo () (V) = Yo (uv).
Statement (f): Assume w.lo.g. that v and v are (A, B)-reduced. If ¢ = 1, then uWv
is the (A, B)-reduced sequence equivalent to uWcv. Then, (80) implies 7, (ulW¢)yy(v) =
Yoo (UWV )Y (V) = Yo (uWv) = 7y (uW cv). Now, assume that w.l.o.g. ¢ € A\ 1. If the sequence
v does not start with an element from A\ 1, then uWecv is again (A, B)-reduced and we get
Yo (UW €)Yy (V) = Yo (W ev) from (80). So, assume that v = av’ with a € A\ 1.

Since v, (We) # (), we must have v,,(W) = 0 for a path type 8 with 7e(0) € {(A,T), (A, H)}.
But this implies 7, (W) = Y (W) () = Yw(We). There are two cases:

Case 1. ca # 1 in A. Then uWev = uW (ca)v’, and the latter sequence is (A, B)-reduced. By
(80) we have v, (uW ev) = Yo (uW (ca)v') = () Yo (W) ((ca)v’) = v () (W )y (av’) =
Yo (uW )y (V).
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Case 2. ca = 1. In this case uWev = uW/, and the latter sequence is (A, B)-reduced.
Since Yy(¢) = Y (a) is idempotent, we have v, (uW ev) = Y, (UW V') = Yo (1) Yoo (W )y (V') =
Yoo (W)Y (W) Y2y (€)Y (@) Yo (V1) = Yoo (uW €) 44 (v). This concludes the proof of ().
Statement (g): symetrical with (f).

Statement (h): Since [Ju| > 1 and 7, (u) # 0, we can write u as u = c1u'ca, where ¢, co €
AU B and v starts and ends with a symbol from W. Then ~u,(v) Y (1) Y (V) = v (vur”)
follows by an application of statement (f) followed by an application of statement (g). O

Definition 7. Let =, be the equivalence relation over W*x Ax B defined by: for every u,u’ €
W*x Ax B,
u=yu = (Vo,v' € W*x Ax B : vy, (vud') = 3, (vu/v")). (81)

It is clear from the definition that =, is a monoid congruence.

Lemma 31. Let u,u’ € W* « Ax B. If ||lul| > 1,[|v/|| > 1 and v(u) = yu(u') # 0 then
— /
u=,u.

Proof. Let u,u’ € W* x A x B fulfilling [Ju| > 1,]|v/|| > 1,7w(u) = y(u’) # 0. Let v,0" €
W* x A x B. Using (h) from Lemma 30 together with the hypothesis that v, (u) = v, (u’) we
obtain:

O

Let us now continue with the definition of the partial mappings p,, : T x W*x Ax B — B%(Q)
and 0, T X W*x Ax B — PGI{A, B}. Also these mappings are first defined only for
generators, where c € (A\ 1)U (B\ 1):

pw (0, ¢) = (0, ¢) for 6 € yy(c) (82)
0w (0, c) = 04(0,¢) for B € v,(c)
(0, (V,e, 0,1, 0)) =7
5 0, (V,e,0,1,¢0)) =

Finally, let s =¢1---gn (g1,...,9n € WU (A\ 1)U (B\ 1)) be an (A, B)-reduced string and
0 € vy(s). If n=0,ie s=1, then @ = (0,0,0) for some vertex type 6, and we set

pw(0,1) = 114(0,1) = ({(q,9) | 7(q) = 0}, {(p,p) | 7(p) =1r(0)}) (83)
0,(8,1) = 8,(8,1) = 1d,,, (g).

If n > 1 then by Lemma 30(c), there exist unique path types 61 € v, (g1),---,0n € Yw(gn)
with @ = 0 ---60,,. Then,

Mw(979192 . 'gn) = Mw(91,g1) o Nw(92792) ©--+0 ,U'w(emgn) (84)
0w (08,9192~ gn) = 0w (01, 91) © 0 (02,92) © - -+ 0 6y (O, gn)- (85)
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Proposition 4. (\W* x Ax B, 14, B, Ly, tw, Yw, Ow) is an AB-algebra.

Proof. Properties (AB1)—(AB4) are obvious.

(AB5): For s € W*x Ax B, we have s € dom(Il,,) = W*s A% B if and only if all W-symbols in s
belong to W. Since W-symbols cannot cancel in a product s;ss it follows that s;s2 € dom(I,)
if and only if s1, s9 € dom(I).

(AB6): This is stated in Lemma 30, point (e).
(ABT7): Follows immediately from the definition of d,,.

(ABS8): Assume that 01 € ~v,(s1) and Oy € 7,(s2) such that 6102 is defined. We prove by
induction over |s1| + [sa| that 1u, (0102, 5152) = (01, 51) 0 fiy (02, s2).

Case 1. s1 = 1. Then 67 = (6,0, 0) for some vertex type 6 and
fw(01,51) = pw(01,1) = {(q,q) | 7(q) = 0}, {(p,p) | 7(p) =Ir(0)}).

Since 0105 is defined, we must have Gi(82) = 6. Hence,

U (01, 81) © (02, $2) = f1p (02, 52) = 14y (0102, 5152).

Case 2. s = 1. Can be dealt analogously.

Case 3. s1 # 1 # sy and sys9 is (A, B)-reduced. This case can be dealt directly, using the
definition of i, in (84).

Case 4. s1 # 1 # s and s183 is not (A, B)-reduced. W.l.o.g. assume that s; = uja; and
so = agug for ay,as € A\ 1. By (77) there must exist 6 € {(A,T), (A, H)} such that

Te(01) =6, Ti(02) =0. (86)

Moreover, we must have 01 € 7y, (u1) and @y € v, (ug) (this is clear if u; = 1, resp., ug = 1,
and follows from Lemma 30(c) in case u; # 1, resp., ug # 1). By induction, we obtain:

Mw(eh 81) = Mw(al(‘g?Ov 0),u1a1) = :U'w(ehul) © Mw((av 079)7 al)? (87)
,U'w(927 82) = Mw((‘g?Ov 6)927 a2u2) = :U'w((‘g?()v 9),@2) © :U'w(927u2) (88)

If ay # ay!, then uy (ajas)us is (A, B)-reduced. Since i satisfies property (ABS8), we obtain:

—~
[e ]

7),(88
(01, 51) © 120 (0,52) % 11, (01,11) © (6,0, 0), 1) © 10((6,0,0), 05) © 1,(8, u2)

11 (01,11) 0 14((8,0,6), 1) © 14((8,0,6), a2) © 10 (8, uz)
Al (61, u1) © 11((8,0,0), a1az) o ru (B2, usz)

D (01, 11) 0 11 ((6,0,0), aras) © 1 (02, us)

1) 0(61(6,0,8)82, uy (a1a2)us)

€D 110 (6102, 5150)

®
I
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Finally, if as = al_l, then we get:

—~
[e ]

7),(88 _
Lo (81, 51) © 1100 (82, 52) 25 1 (81, 1) © 11 ((6,0,8), 1) © 11 ((6,0,60), a7 1) © 10y (82, us)

)M (81,u1) © p11((6,0,0), a1) o e ((6,0,6), ar ) © 11, (82, us)
A9 (81, u1) 0 14((8,0,0), 1) 0 p1, (82, un)
= Hw(01,u1) 0 11y ((0,0,0),1) 0 1, (02, u2)
L) 11 (61(6,0,8)82, urus)

5 @
ks
IIw

—~
o]
w

=

(1

||:’

86
(—) (0162, 5152)

(AB9): Can be shown with a similar calculation as (ABS8).

(AB10): Assume that s = g192-- - gn is (A, B)-reduced with ¢1,..., 9, € Wu (A\1HU(B\1).
Then, also L,(gn) - - Lw(g1) is (A, B)-reduced. We have to show that 7, (L,(s)) = Ir(Yw(s)).
If n =0, then

(80)

Yo (lw(1)) = 70(1) = {(0,0,0) | 6 € Te} = I7({(0,0,0) | 6 € Te}) = I7(7(1)).

The case n = 1, i.e., s is a single generator, is clear by (74)—(79). Finally, for n > 1, we have

Yo(lw(g1 - 9n)) = Yw(lw(gn) - Lu(g1))
E o (L(gn)) 7T (9))
= I7(Yw(gn)) -~ HT(%(m))
= Ir(vw(g1) -+ Yw(gn))
e (g1 -+ )

(AB11): Let us first consider the case of a generator of W* s AxB. For W = (V,e,0,r,¢0) we
have indeed

Iq(pw(0, W) = Iq(r) = po(I7(0), Ly (W)).
For elements from A U B, we obtain (AB11) directly from (AB11) for the AB-algebra H;.
This settles the case of generators. Now assume that s = g192--- g, is (A, B)-reduced with
g1y gn EWU (A\1)U(B\1),n > 2, and yy(s) # 0. If O € 7, (s) then there exist unique
path types 01 € v, (1), ---,6n € Yu(gn) with @ = 6y -- - 0,,. We obtain

pw(I7(0), Lu(s)) = puw(lr(01--6r), Lu(gr---gn))
= pu(I7(6n) - HT(91) w(gn) - Tw(g1))
(ABS)
tw (17 (07), Ly (g )) w0 iy (7 (01), Ly (91))
HQ(uw( n,gn)) -+ o lq(pw(01,91))
HQ (Mw(e ) + 0 Nw(ena gn))
HQ(Mw(el ~On, g1 Gn))
= Iq(pw(, ))
(AB12): can be shown with a similar calculation. O
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Recall that [|s|] > 1 implies that ~,(s) is either empty or a singleton set {6}, see (b) in
Lemma 30. In the latter case, we also use the (abusive) notations 7i(s), 7e(s), Gi(s), Ge(s),
tw(s), and &, (s) for what should be denoted, in full rigor, by 7i(0), Te(0), Gi(0), Ge(8),
pw(0,s), and 6,,(0,s). Similarly, we write d,(a) for 0,,(0,a), where 8 € 7,(a). Recall that
the mapping 6,,(0,a) is ¢ — a~'ca (¢ € A) independently of which of the two path types
0 € vy(a) we choose.

3.7 The AB-algebra W

Let us consider the monoid congruence = over W* %« A x B generated by the set of pairs
{(cW,Wd) | W e W,(c,d) € 6y(W)} (89)

We define the quotient monoid W = (W* x Ax B)/=.

Lemma 32. For alls € W*x Ax B, all 0 € v,(s), and all (¢,d) € 0,,(0,s) we have cs = sd.

Proof. Assume that s = g1g2--- gp is (A, B)-reduced. We prove the lemma by induction on
n. The cases n = 0 and n = 1 follow easily from the definition of §,, and =. Now assume
that n > 2 and let @ € ~,(s). Since 7, (s) # 0, s has to contain a symbol from W. Hence,
Lemma 30 implies that 7,,(s) = {0}. Let 8 = (0,b,0").

Case 1. g1 = a € A\ 1, i.e. s = as’. We have d,,(s) = 0,((0,0,0),a) o §,(s") and Gi(0) =
p1(6) = A. With (¢,d) € d,(s) we obtain ¢ € Gi(@) = A and (c,d') € 6,((6,0,0),a),
(a',d) € 6,(s') for some a’ € A. Thus, aa’ = ca in A and s'd = a/s’ by induction. We get
sd =as'd = ad's’ = cas’ = cs. The case g1 € B\ 1 can be dealt analogously.

Case 2. g = W € W, i.e. s = Ws'. We have 0,(s) = §,(W) 0 6,,(02,5) and 8 = 6,0, for
some path types 61 and 02 with v, (W) = 07 and 62 € v,,(s"). Moreover, there exists some
c € Ge(01) such that (¢, ) € §,(W) and (¢, d) € 0,(02,s"). Hence cW =W and s’ = §'d
by induction. We obtain cs = cWs' = W's' = Ws'd = sd. 0

Lemma 32 will provide the key-argument for proving Lemma 41 on the factorization of AB-
homomorphisms.

Lemma 33. The congurence = on W* x A x B is compatible (see Definition 6) with the
AB-algebra (W* x A* B, 1A, B, Ly, Y, fws Ow) -

Proof. Let u,u’ € W* x Ax B with u = v/, a € A, and b € B. According to Definition 6 we
have to check the following statements:

(a) u e dom(l,) < v € dom(I,) and if u,u’ € dom(IL,) then I, (u) = L, (u'),

(b) For all a,a’ € Aand bt/ e B:a=d =a=d and b= = b=V

(©) () = (1)

(d) For all 8 € vy, (u): py(0,u) = 1y, (0, u') and §,,(0,u) = 6,,(0, ).

Point (b) is obvious. For (a), (c), and (d), it suffices to consider only the case that u = c¢W
and v’ = Wd, where W € W and (c,d) € §,(W). Let W = (V,€,0,r,¢). Thus, (¢,d) € ¢.
(a) We have ¢cW € dom(l,) < W € dom(l,) <= Wd € dom(Il,). Moreover, if W €

dom(I,,) then, since (c,d) € 6,(W) = ¢ we have (d,c) € 6,(L,(W)) = ¢~!. Thus,
dL,(W) =1,(W)e, ie., Ly(cW) = L,(W)e ! = d (W) = L,(Wd).
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(c) Since ¢ € Gi(0) and d € Ge(0) we have

Yo (W) = Y ()7 (W) = {8} = 70 (W) 7w (d) = (W d).
(d) The type 0 splits as 8 = (6,0,0)0 = 6(6',0,0"), where § = 7i(6) and 0’ = 7¢(0). We get:

(AB8)

f (6, W) 1 ((6,0,0), ¢) 0ty (8, W)

((6,0,0),c)or

t
() rou((6',0,0),d)

= ,U'w(97 W) o :U'w((elv 0, 0,)7 d)

VLY (6, Wd)

For the mapping §,,, we have
8w (0, W) = 6,((60,0,0),¢) 06 (W) = 6,((6,0,60),¢) o
and similarly d,,(0, Wd) = ¢ 0 0,,((0,0,6’),d). Hence, we have to show that
5w ((0,0,0),¢) o p = pod,((0,0,0),d),

where (c,d) € ¢. Let us first check that the domains of the left and right hand side are
equal. Since ¢ € dom(y) and dom(yp) is a subgroup of Gi(8), we have

x € dom(3,((0,0,0),¢) o p) <= ¢

<=z € dom(y)
<= x € dom(p 0 ,((¢',0,0'),d)).

zc € dom(yp)

Now let z € dom(d,((6,0,0),c) o ) = dom(yp). Then, we have:

(5w((67 0, 0)7 C) o Lp)(.%') - ap(c_lxc)
=d lp(z)d
= (¢ 00u((0,0,8"),d)) ()

This proves the lemma. O

By the previous lemma, we can endow the monoid W = (W* x A x B)/= with the structure
of an AB-algebra:

<W7 LA7LB7Hwnu'w7'7w75w> (90)

In addition v = v implies ||u|| = ||v|| for all u,v € W* x A % B, so that the notion of norm
remains well-defined in the quotient W.

3.8 The AB-algebras W;, Wy, and W

Recall the definition of the subset W C W from (72). Let us consider the set W, consisting
of all the letters W € W fulfilling

W e dom(l,) <= s € dom(Ly), v (W) C v(s)

V0 € 7y (W) : ian(W) = 14(6, 59, 8oy (W) = 5,(8, 5). (1)

HSGHt{
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Intuitively, it is the set of all symbols from W that can be realized by some concrete t-sequence.
We also define the subset

Wy = {W € Wy | 7(W) is an H-type }.

Note that the sets Wy, Wy, and W are closed under the involution I,. Hence, Wy « A x B,
Wix Ax B, and W*x Ax B are AB-subalgebras of W*x A B in the sense of Section 3.3. Clearly,
= is also compatible with these AB-subalgebras and we can define the quotient AB-algebras

—~

W, =W« AxB)/=, Wg=Wi*xAxB)/=, W=W*"xAxB)/_.

Moreover, for all s € W/« Ax B and s’ € W*x Ax B, if s = ¢’ then also s’ € W} * Ax B, and
similarly for Wy * A * B and W* % A x B. Hence, W;, Wy, and W are AB-subalgebras of W.

The AB-subalgebra W, is important, when we consider AB-homomorphisms to H;: In
general, there does not exist an AB-homomorphism from W to H;, but there exist AB-
homomorphisms from W; to H.

3.9 Involutive automorphisms

We consider here special AB-automorphisms of W that occur naturally in the process of
reducing equations in the HNN-extension G to equations in W. Consider a partition

W =Wow {Wi,.... W, w {Wi,..., W,}, (92)
where W}, = I, (W},) for 1 < k < p and )7\/\0 is closed under the involution I,,. Assume that
Gi(Wy) = Ge(W) = A (93)
for 1 < k < p. Moreover, let ay, by, € Ay for 1 < k < p.

Lemma 34. Let us consider a partition Ofw\ and a tuple of group elements (ay,b1,. .., ap,bp)
as above. Then, the following holds:

(1) There exists some AB-homomorphism @ : W — W satisfying

P(c)=cforce AUB P(W)=W for all W € (W\ W) UW, (94)
(W) = arWibg B(Wy) = a, " Wiby ! for 1<k <p (95)

if and only if, for every 1 < k < p we have

5w(Wk) = 5w(Wk)_1 = 5w(ak) o 5w(Wk) (¢] 5w(bk) = 5w(akabk). (96)

(b;lak, akbgl) S 5w(Wk) (97)

Yo (W) = I7(Y (W) = (W) (98)

po (@ Wibi) = I (s (Wi)) = pas (W) (99)

(2) Every AB-homomorphism ® : W — W satisfying (94) and (95) is an involutive AB-
automorphism.
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Proof. Let us first prove statement (2). Let @ : W — W be an AB-homomorphism satisfying
(94) and (95). For every 1 < k < p we have

P(D(Wy)) = (a;;, Wby ') = a 'aWibgby ' = Wy

and, similarly &(®(W)) = W. For all other generators g € WU AU B, we have ®(g) = g and
thus @(®(g)) = g. Hence, the map @ is involutive i.e. o & = Iyy. This shows that ¢ has an
inverse (namely @), which is itself an AB-homomorphism. Thus @ is an AB-automorphism.
Let us now prove statement (1). First, suppose that @ : W — W is an AB-homomorphism
satisfying (94) and (95). By (2), we know that @ is an involutive AB-automorphism. We prove
(96)—(99) for all 1 < k < p. Fix 1 < k < p.
(96): Let (c,d) € Ay x Ay. Recall that d,(ay) is the mapping = — a;, 'zay, (for z € Ay) and
6w (by) is the mapping @ + by 'aby, (for € Ag). The following calculation shows (96):

(c,d) € dy(ak) © 8y (W) 0 6, (br) <= (a *cay, d) € 5y, (Wy) 0 8, (b)
= (a;, "cay, bydb; ') € 6, (W)
= a; tcar Wy = Wibidb,*
<— capWib, = ap.Wibid
< O(cW},) = ¢(Wid) in W
= W, =Wrdin W
= W =Wid
<= (c,d) € 6u(Wp).

(97): Since @ preserves the involution I,, (axiom (Hom4)) we get
apWiby, = (W) = &(1,(Wy)) = Ly (@(Wy)) = Ly (a;, ' Wiby ') = bpWyay

in W, ie., agWib, = bpyWyar. This implies b,;laka = Wkakblgl, ie., (b;lak,akblgl) €
0w (W), which establishes (97).
(98): Since ¢(Wy,) = a,jka,;l and @ preserves 7, (axiom (Homb)), we get

(Homb) i
’Yw(Wk) C Yw ak ka )

(
Vw(a,; )Y (W k) (b, 1)
(

Since the two extreme terms of this sequence of inclusions are singletons, they must be equal,
which establishes (98).
(99): Since apWyby = ®(W},) and @ preserves fi,, (axiom (Hom6)) we get

Hom6 —_—
pw (a Wby (Home) (W)
(AB11)
= HQ(:U'w(Wk))?

which establishes (99).
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For the other direction, suppose that the letters Wy and the tuple (a1, b1,...,ax,by) are
fulfilling conditions (96)—(99). By the universal property of the free-product, there exists a

unique monoid homorphism @ : W* x« Ax B — W* % A x B such that

d(c)=cforce AUB &(W)=W for allWG(W\W)UWO (100)
é(Wk) = apWibi é(Wk) = a;kab,gl for 1 <k <p. (101)

Let 1 <k <pand (¢,d) € 0,y(Wj). We first show that
D(cWi) = d(Wid) and D(dW}) = (W pe). (102)

This implies that P induces a monoid homomorphism on the quotient W. We will only prove
the equivalence ®(cWy) = &(Wid), the other equivalence can be shown similarly. We have

B(Wy) = ca, ' Wb, O(Wid) = a; ‘Wb, 'd.
Hence, we have to show that
akcaglwk = ka,gldbk. (103)
Condition (96) implies
5w (W) = 6 (b, " Wia h).
Hence, with (¢, d) € 0, (W}) we get
by ' Wray ' = b, 'Wia, 'd. (104)
Condition (97) implies b;laka = Wkakblgl. Thus, we have Wkalglbk = bka,;ka, ie.,
b, Wrayt = a; 'Wib, L. (105)

From (104) and (105) we get ca,ngkb,;l = alzlwkblzld, ie., (103).

As remarked above, by (102) the monoid homomorphism & : W* x A B — W* x A x B
induces a monoid homomorphism @ : W — W. This monoid homomorphism satisfies (94) and
(95).

The AB-algebra W* x A x B fulfills hypotheses (A), (B), and (C) from Lemma 23 for the
set of generators I' = WU AU B: (B) clearly holds and the decomposition for s € W that has
to exist according to (C) is obtained by writting s as an (A, B)-reduced product, see (80).
By Lemma 25, also the quotient W satisfies (A), (B), and (C) from Lemma 23 for the set of
generators I'. Thus, in order to show that @ is an AB-homomorphism, we just have to check
that it meets conditions (a)—(f) from Lemma 23. Conditions (a) and (b) are clear.

Condition (c¢) amounts to
V1<k<p:bWrar=a,Wib. and b,;kaa,gl = a,;kab,;l.

These properties follow from (97).

Condition (d) asserts that Vg € I" : v,(9) C 7 (P(g)). This is clear if g is none of the gener-
ators Wj, or Wy, for 1 < k < p. For g = W}, we have to check that ~,, (W}) C %,(a,;kab,;l).
By (98) we have 7, (W) = 7, (Wy). Moreover, a;l,_b,;l € Ay = Gi(W}) = Ge(Wy) im-

plies ’yw(alzlwkbgl) = (W) = Y (Wyg). For g = Wj we have to check that ~,(W}) C
Y (axWiby) which also follows also from (98).

Condition (e) is ensured by (99) and condition (f) is ensured by (96). O
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Assume that we have a partition of W satisfying (92) and (93). Hence, by Lemma 34 every
tuple (ai1,b1,...,ak, bk, ..., ap,by) with ay, by € A fulfilling the four conditions (96)—(99)
defines an AB-automorphism @ through the 2k equations (95). In the next lemma we give
some simple transformations of such tuples that preserve the defined automorphism @. These
are the transformation

(ak, br) — (bk, ax)

for some k € [1,p] as well as the transformation

(ar,br) = (1, or(ax)br)

for some k € [1, p], where @ is a functional notation for the partial automorphism §,, (W) :
Ap — Ag. For the second transformation, we assume that ax € dom(py).

Lemma 35. Let us fix a partition partition of w satisfying (92) and (93) and a tuple
(a1,b1,... a5, bk, ..., ap,by) with ax, by € Ay fulfilling the four conditions (96)—(99); thus
defining an AB-automorphism ® through equations (95). Then,

(1) the tuple (a1,b1,...,bk, Gk, ..., ap,by) also defines the AB-automorphism @ and
(2) the tuple (a1,b1,...,1,¢x(ar)bg, - .., ap,by) also defines the AB-automorphism ®, provided
that aj, € dom(py).

Proof. For point (1), we get (b;lak,akbgl) € 0,(Wy) by (97). Hence, a;Wiby, = bWyay and

we have
— (95
D(Wy,) D) 0 Wby, = b Wiar.

Since @ is compatible with I, and ®(W}) = a Wb, we also have
O(Wy,) = by, ' Wia, .
For point (2), assume that a; € dom(yy). Hence,
arWi = Wik (ax) (106)
in W. Moreover, a; € dom(py) implies that

ap € dom(5w(ak) O Y| O 5w(bk)) (9:6) dom(6w (Wk)) = dom(SDEI)-

Hence, also a; ' € dom(yp, ') and we have
a,ngk = Wkgplzl(alzl). (107)

We have to show that ®(W},) = Wipr(ax)be and @(Wy) = Wi (pr(ag)br) . The first identity
can be deduced as follows:

(% 106
D(Wy) ) apWiby, (1%6) Wik (ar)by.

For the second identity, i.e., ®(W}) = Wi (r(ax)b) "1, note that

) = —

(95) _{== _1 (107 el e T pe— _ _
= ay Wbt = W Ha Db = Wil H(ar) 1o = Wby, Har) ™

D(Wy,)
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Hence, it suffices to show that oy, (ax,)by, = brey, *(ax). By (96), we know that ¢, ! = 6, (W) ™! =
0w (apWiby) = 6y (ag) 0 6 (W) 0 8y (bg). Recall that (6, (ax))(a) = alzlaak for all a € Ay and
similarly for b;. Hence, we get

brepy,  (ar) = by, (Suw(axWib))(ax)
= by, (0w (Wibr))(ax)
= by, (0w (br)) (r(ar))
= biby, "ok (ar) by
= or(ak)br,

as required. O
Note that condition (98) implies for all 1 <k <p

wa(Wk) e {(A7 T7 17 A’ H)’ (B7 T’ 17 B7 H)7 (A7 H’ 07 A’ T)7 (B7 H7 07 B7 T)? (17 H7 07 17 1)}7
(108)
since these are the only T-types and H-types with I(0) = 6.

Definition 8. We denote by Hinv (for H-involutive automorphisms) the set of all AB-auto-
morphisms @ of the form (94) and (95) such that,

V1 <k <p:y,(Wg) is an H-type . (109)

Note that Lemma 34 ensures that the automorphisms from HInv are involutive.

For @ € Hinv we denote with W/® the AB-algebra obtained as the quotient W/ ~g where
~¢ is the monoid congruence over W generated by the set {(W,®(W) | W € W} (one can
easily check that this monoid congruence is compatible with the AB-algebra W). Alternatively,
we can define W/® as the quotient (W*x Ax B)/ =g, where =g is the monoid congruence over
W*x Ax B generated by the set {(cW,Wd) | W € W, (¢,d) € §p,(W)FU{(W,2(W) | W € W}
(this monoid-congruence is compatible with the AB-algebra W* « A x B). In the same way,
one can also define the quotient AB-algebra Wy /.

As noticed in the course of the above proof, the AB-algebra W* x A x B fulfills hypotheses
(A),(B) and (C) from Lemma 23 for the set of generators I' = WU AU B. By Lemma 25 the
AB-algebras W and W /@ also satisfy these conditions (A),(B), and (C).

3.10 AB-homomorphisms on W* x A * B and W

Let us show here some properties of AB-homomorphisms on W*x Ax B or W. Let Wy C W be
some subset which is closed under I,;,, let Wy be the submonoid of W generated by WyUAUB.
This submonoid induces an AB-subalgebra of W (as defined in Section 3.2), which we denote
again by W.

Lemma 36. Let ¢ : W — W be an AB-homomorphism and let s € W with ||s|| > 1. Then
also [|(s)]| > 1.

Proof. Tt suffices to show that ||¢»(WW)|| > 1 for all W € W. Assume that (W) € A * B. By
(Homb) we have ) # ~,(W) C 7, (¢»(W)). Hence, 7, (¢»(W)) contains an H-type (see (21)
and (22)) or a T-type (see (24)). By point (d) from Lemma 30, ¢)(W') cannot contain a factor
from (A\ 1)(B\1) or (B\1)(A\1). Hence, we have ¢)(W) € AU B. But then (W) does
not posess an H-type or a T-type, see (77), (78), and (80). 0
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Lemma 37. Let ¢ : Wy — Wy or ¢ : Wy — W, /@ be an AB-homomorphism and let W €
Wa. Then || (W)| = 1. Moreover, we must have ¢ : Wy — Wy (resp., ¥ : Wy — Wy /P).

Proof. We only prove the statement for ¢ : Wy — Wy; for ¢ : Wy — W;/® we can argue in
the same way. Let W € Wyg. We must have [[¢»(W)|| > 1 by the argument from the previous
proof. Moreover, ,,(W) is an H-type and ~,,(¢(W)) must contain an H-type. If ¢)(W) contains
a W-symbol with a T-type, then 7, (¢»(W)) cannot contain an H-type. If /(W) contains two
W-symbols with an H-type, then ~,,(¢(W)) = (. O

Lemma 38. Let ) : W — W be an AB-homomorphism. Then ~, (W) = v, ((W)).

Proof. By Lemma 36, we have [[¢)(W)|| > 1, and hence |y, (¢»(W))| < 1 by Lemma 30(b).
Since 1 (1) € 7(t(W)) by (Homs), we must have 7 (W) = 7, (4()). 0

Lemma 39. Let o) : W; — H; be some AB-homomorphism. Let P,S,P',S" € W, such that
the following holds:

— Yw(P) = yw(P') # 0,
- Vw(S) 7é @ 7é ’Yw(S/);
— Yw(PS) = vu(P'S") # 0

— §(P) Z () and W(PS) = B(P'S)
Then (S5) = w(S/) and 7y (S) = Vw(S/)'

Proof. Let P, S, P’, S’ fulfill the hypothesis of the lemma. Since H; is cancellative by Lemma 6,
B(PS) = $(P'S") and $(P) = $(P) imply ¥(S) = (5.

We distinguish several cases according to whether the norm of P, P’, S, S’ is zero. Let
us notice that, since v, (P) = v, (P’") # 0, either ||P|| = ||P'|| = 0 or ||P||,||P’]| > 1. We also
notice that (P, S) and (P’,S’) play the same role in the above lemma. Therefore we only have
to treat the following six cases.

Case 1: | P 2 1, Pl = 1,18 = 1, |8') > 1.
Hence, by Lemma 30, v, (P), Y (P’), 7 (S), and y,(S’) are all singleton sets. Since 7,,(PS) =
Yw(P'S") # 0 and v, (P) = v (P'), we must have

7i(S) = e(P) = 1e(P’) = 7i(S’) and Te(S) = Te(5").

Moreover, since (S) = (S5’), we have 7,(S) € %(¥(S)) = (¥ (S")) > y(S"). But all
path types in v;(¢(S)) have the same boolean component. Hence, the boolean components of
Yw(S) and 7, (S’) are equal as well, and 7, (S) = 7, (5").

Case 2: ||P|| > L, [|P"|| = 1,[|S]| = [|5"]| = 0.

Since Y4, (S) # 0 # v (S’), we must have S, 5" € AU B. Moreover, the type v, (P) = Y (P')
is a singleton. Since v, (PS) # 0 # v, (P'S’), we must have S € Ge(P) = Ge(P’) 3 S’. Thus,
S,S" € Aor S,5 € B. Since 1 must be injective on A and B (by (Hom2)) we have either
S,8"e A\lorS,S"e B\1,or S=5"=1. Thus, we get v, (S) = v (S’).

Case 3 | P| > 1,|P']| > 1,]18] > 1,|8"] = 0.

Thus, Y, (P), Y (P'), and v,,(S) are singeltons and S’ € AU B. Since ¢(S) = ¢(S’") € AU B,
the boolean component of v,,(S) € v (¢(S)) = v(¥(S”)) is 0. Now, an inspection of the graph
Bg from Figure 1 shows that there does not exist a non-empty product of H-types that starts

45



and ends in the same vertex type. Thus, ||S|| > 1 and the fact that the boolean component
of v,(S) is 0 imply 7e(S) # 7i(S) = 7e(P). Thus,

Te(S) # Te(P). (110)
Since S € AU B, we have 7i(0) = 7¢(0) for every 6 € 7,(S’). Hence,
Te(P'S") = te(P). (111)

We also have v,,(PS) = v, (P'S") # () which implies that 7e(S) = Te(PS) = Te(P’S’). Hence,
taking into account (111), we get
Te(S) = Te(P). (112)

But equations (110) and (112) entail that Te(P) # 7Te(P’) contradicting the hypothesis that
Yw(P) = Y (P") # 0. This case is thus impossible.

Case 4: [|P[| = [[P']| =0, [IS]| = 1, 15| = 1.
In this case P, P" € AU B. The fact that 7, (P) = 7, (P’) implies that
PP e A\{l}or P,P'e B\{l}or P=P =1.

Hence, 7,(S) = Y (PS) = 7w (P'S") = 7w (S’), i.e. the conclusion of the lemma holds.

Case 5 ||P|| = [[P']| =0, [|S[| = 1,]|15"|| = 0.
Then |y,(PS)| = 1 while |y,(P'S")| € {2,6}. This contradicts the hypothesis 7, (PS) =
~Yw(P'S"). This case is thus impossible.

Case 6: || P|| = [[P'[| = 0, [[S]| = [[9"]| = 0.
Then P, P’,S,S" € AU B. Since 7,,(P) = 7, (P’), we have

PP e A\{l}or P,PPe B\{l}or P=P =1. (113)
Case 6.1: S € A\1 and S’ € B\ 1. With (113) this implies either ~,,(P'S") = () or v, (PS) = 0
or Y (PS) # vw(P'S’), which is a contradiction.
Case 6.2: S,5" € A. Since ¥(S) = (5’), we have S =1 < 5" = 1. We get 71,(S) = 7 (5").
All other subcases can be dealt analogously to Case 6.1 or 6.2. O

Lemma 40. Let ¢ : W, — H; be some AB-homomorphism. Let Q € Wy, P',S" € H;, 0 €
Y (P'),p € n(S") such that 0 is an H-type, Op is defined, v,(Q) = {0p} and ¥(Q) = P'S".
Then, there exist P,S € Wy such that:

Q=PS, Y(P)="P, 7(P)={0}, ¥(S)=S5" pen(S)

Proof. Let us consider ¢, @, P', S, 0, p fulfilling the hypothesis of the lemma. Since ~,,(Q) =
{0p} is a singleton set, ) € W, must contain a letter from W, i.e. we can factorize @ as

Q = eoWol1 (114)

where Wy € W, and ey € Gi(Wy). We also have Q1 € W;. Since v, (Q) # 0, (Homb)
implies that (1 (Q)) # 0. Recall that a t-sequence s is reduced if and only if v (s) # 0,
see (64). It follows that (Q) = P'S’ viewed as a ~-equivalence class of t-sequences contains
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Fig. 4. Proof of Lemma 40

only reduced t-sequences. Since P'S" = ¢ (egWp)1(Q1), we can choose reduced t-sequences
50,581,058 € Hx {t,t~1}* such that

¢(€0W0) = [So]Nv w(Ql) = [Sl]Nv P = [pl]~7 S = [sl]~7 (115)

and sps1 as well as p's’ are reduced, see Figure 4. Let 7, (Wp) = {61}. Thus, 61 is either an
H-type or a T-type. We have

{0p} = 7(Q) = Yw(eoWoQ1) = Y (WoQ1) = {61 }7u(Q1)- (116)

Hence, we have 7i(61) = 7i(0). But since 0 is an H-type, also 81 must be an H-type. Moreover,
0 € 1 (P') and 01 € 7, (Wo) = vuw(eoWo) € v(¥(e0Wo)) = ve([s0]~) imply

p',so € H. (117)

Since 0 is an H-type and Op is defined, we can distinguish the following four cases for p:

Case 1: p has the form (x,T, 1, *, *).

Hence, (116) implies that the boolean component of the unique type in {61}, (@1) must be
1. Since 64 is an H-type, i.e. its boolean component is 0, it follows that 7, (Q1) contains a
type with boolean component 1. But this is only possible if ()1 contains a symbol from W;.
Hence, by Lemma 30(b), 7,(Q1) is a singleton set, i.e., 7,(Q1) = {p1}. It follows

01p1 = ap. (118)

Since 67 is an H-type, p; must be of the form (x, T, 1, %, x).

Since p € y(s") and p1 € 7,(Q1) C Y (s1) (by (Homb5)) and both types are of the form
(x,T,1,%,%), we can choose the representatives s; and s’ in such a way that they begin with
the letter ¢ or ¢t~!. This choice ensures that no H-product takes place in the products sps;
and p's’ in H  {t,t~1}*. We know that P'S’ = (Q) = ¥(egWoQ1), i.e. p's’ ~ sgs1. Since
all t-sequences are reduced and sg,p’ € H by (117), there exists a connecting element ¢; such
that a van Kampen diagram as in Figure 4 holds. In particular,

c1 € Ge(0), soc1 ~p', c18 ~ s1. (119)
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Let us define
P=eyWpc; and S = cl_lQl. (120)

We obtain from (114) and (120) that @ = PS. From (115), (119)7 and (120) we get (P) =
Y(eoWoer) = [solver = [P']o = P and $(S) = 9(c; 'Q1) = ¢ '[s1]~ = [/l = 5.

It remains to determlne the types of P and S. Since p € v(s') and p; € Y (s1) and
s’ and s; both start with either ¢ or ¢!, we must have 7i(p) = 7(p1) (which is either
(A,T) or (B,T)). Moreover, the boolean component of p and p; is 1. Finally, by (118),
Te(p) = 7e(0p) = Te(p1). This establishes that p; = p. Using (118) we know that 6,
and 6 have same initial vertex type. Moreover, p; = p implies that also the ending vertex
types of 81 and @ coincide. Finally, since they are H-types, they also have the same boolean
component, namely 0. Hence 681 = 6. We get v,,(P) = Yw(eoWoc1) = yw(Wo) = {61} = {6}
and 7,,(S) = (e Q1) = 7w (@Q1) = {p1} = {p}.

Case 2: p= (A, T,0,A,T).

Since p = (A, T,0,A,T) € %(5’), we have S’ = a € A. Hence, we can set S = a and
P = Qa~!. Thus, ¥(S) = a = S" and ¥(P)a = ¥(P)y(S) = ¥(PS) = ¢(Q) = P'S' = Pla
implies ¢ (P) = P’. Since 0p is defined, the H-type 8 must have the form (x,*,0, A, T'). Hence
rVw(P) = 'Yw(Qa_l) = V(Q) = {Hp} = {0} and p = (A’T’ O’A’T) € r}/w(a) = rVw(S)'

Case 3: p= (B,T,0,B,T).

This case can be treated in the same way as Case 2.

Case 4: p=(1,1,0,1,1).
Hence S” = 1. The choice S = 1 and P = @ fulfills the conclusion of the lemma. O

In the following, 7= : W* x A x B — W denotes the canonical homomorphism that maps
s € W*x Ax B to its equivalence class w.r.t. =. The statements of the following four lemmas
are visualized in Figure 5.

Lemma 41 (factorization). Let ¢’ : W* « Ax B — W be some AB-homomorphism. Then,
there exists a unique AB-homomorphism ) : W — W such that m= o1 = 1)/,

Proof. Since ¢’ is an AB-homomorphism, for every W € W we have 6,,(W) = §,,(¢'(W)).
We claim that the congruence = is contained in the kernel of the homomorphism 1': Consider
a pair (¢,d) € 6,(W) (i.e, cW = Wd). Thus (¢,d) € 6,(¢0'(W)), L.e., ¥/ (cW) = /(W) =
' (W)d = ¢/(Wd) by Lemma 32. Therefore (¢cW, Wd) belongs to the kernel of /. It follows
that there exists a monoid homomorphism ¢ : W — W with 7= o ¢ = ¢’. By Lemma 24,
1 is in fact an AB-homomorphism. Unicity of ¢ follows directly from the requirement that

P([s]z) = ¢'(s) for all s € W* x A x B. 0

Lemma 42 (quotient). Let o' : W* x Ax B — W* x A x B be some AB-homomorphism.
Then, there exists a unique AB-homomorphism o : W — W such that = oo = ¢’ o=

Proof. Applying Lemma 41 to the AB-homomorphism 1)’ = ¢’ o= we obtain this lemma. O

Lemma 43 (lifting). Let ¢/ : W* x Ax B — W be some AB-homomorphism. Then, there
exists an AB-homomorphism ¢ : W* x Ax B — W* x A x B such that 1/ = on—.
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Proof. Choose a partition W = W, U W, such that Wi N W, = 0 and {I,(W) | W € )7\/\1} =
Wi. Since L,(W) # W for all W € W, such a partition exists. Let us consider some map
: WUAUB) = W*x Ax B such that for alla € A, be B,and W € W\ Wx:

U(a) =a, ¥(b)=0b, YW)erZ W W)). (121)

Moreover, for W € )7\/\2 we set
Y(W) = Ly (¥ (L (W))). (122)

Since 7= and v/ are AB-homomorphisms, this implies
m=(Y(W)) = 7= (L (¥ (L (W)))) = L (7= (LW (W)))) = Lo (' (Lu(W))) = &' (W)
for all W € W. Hence, together with (121), we get
a=(p(W)) = (W) for all W € W. (123)
Also notice that (122) implies
Ly (Y(W)) = ¢(I,(W)) for all W € W. (124)

By the universal property of the free product, ¥ can be extended to a monoid homomorphism

Y W« Ax B — W*x A« B. Since n=(¢(g)) = ¢'(g) for all ¢ € WU AU B, we have
Y =yom=.

It remains to show that v is in fact an AB-homomorphism. For this, we check conditions
(a)—(f) from Lemma 23. Property (a) is obvious. For (b)—(f), assume that g € WU AU B. For
g € AU B, we have 9(g) = ¢g and (b)—(f) are obvious. Thus, assume that ¢ = W € W. For
(b), we get:

(Hom3)

W e dom(IL,) ¢ (W) € dom(L,)

— 7m=(y(W)) € dom(L,)
(o) (W) € dom(L,).

Property (c) is stated in (124). Property (d) follows from

(Homb)
Yw(W) S y(@'(W))

Finally, (e) and (f) follow directly from the preservation of the u- and §-mappings by ¢’ and
m=. Hence, 9 is indeed an AB-homomorphism. O

Lemma 44 (inverse image). Let 0 : W — W be some AB-homomorphism. Then, there
exists an AB-homomorphism o' : W* * Ax B — W* x Ax B such that r=o0 = 0’ om=.

Proof. Applying Lemma 43 to the AB-homomorphism 1)’ = 7= oo, we obtain this lemma. O
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!
W* x Ax B W*x Ax B—2—>W*x A% B

T= T=

W------ T W

(factorization) (quotient)
W s AxB-—-Ye W A5 B W'« AxB---»W" x Ax B
/
G T= T= T=
w w z w
(lifting) (inverse image)

Fig. 5. AB-homomorphisms

4 Systems over G: normalisation

Let us consider a system (S, C) of equations and disequations over the HNN-extension G with
variables from U/ and rational constraints, see Section 2.6. By Proposition 2 we can assume
that S is quadratic. Recall that C : &/ — bool(Rat(G)). By Proposition 1, for every variable
U € U one can construct a strict normal partitioned fta Ay over the labelling set bool(Rat(H))
such that

C(U) = 76 (L(Ap)).

Let A be the direct product of all the fta Ay for U € U and let Q be the set of states of A.
This fta A is partitioned, strict (this is straightforward from the definitions) and normal (by
Lemma 17). Moreover, for every U € U, there exist Iy C Q and Ty C Q such that

CU)={9€G|(ly xTy)Nuac(yg) # 0}

(recall the definition of the mapping p 4 ¢ from (47)). Let us define, for every U € U, the set
of binary relations B(U) C B(Q) by:

B(U) ={p€B(Q) | (lu x Ty)Np#0}.

Note that B(U) is upwards-closed i.e., if p C p’ and p € B(U), then p' € B(U). It is then clear
that A recognizes the constraint C in the sense that, for every U € U,

C(U) = n3(BO)).

Let us define
MC)={p:U—-BQ)|YU eU:pnlU)eBU)}.
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Since B(U) is upwards-closed, we have:
(pe M(C)and VU e U : p(U) C p/(U)) = ' € M(Q). (125)

We can now express the initial system (S, C) of equations and disequations with rational
constraints as a finite disjunction

\/ (S pagcp). (126)
neM(Q)

A solution of the system (S, 4G, ) is now any monoid homomorphism o : U* — G such
that the following holds:

Viu=u)eS: o " (127)
Viu#u)eS: alu) # o) (128)
VU el pag(o(U) = uD). (129)

Any solution of a system (S, puac,pn) for some p € M(C) is a solution of the disjunction
(126). An over-solution of the system (S, 4G, 1) is any monoid homomorphism o : U* — G
fulfilling the above conditions (127) and (128) together with the condition

VU el :pac(o(U)) 2 u(U). (130)

By condition (125), any over-solution of a system (S, p4, p) for some p € M(C) is a solution
of the disjunction (126). We have thus proved the following proposition.

Proposition 5. Given a system (S,C) of equations and disequations over G with variables
U and rational constraints, one can compute a finite family of systems (S, pac, i) (j € J)
such that the following holds:

(a) S’ is a quadratic system of equations and disequations with variables V 2O U.

(b) pac is the map associated with a strict normal partitioned fta A over the labelling set
bool(Rat(H)) (see (47)).

(¢) pjis a map pj:V — B(Qa)

(d) Every solution o : U* — G of (S, C) extends to a solution o’ : V* — G of ;¢ ;(S', G, p5)-

(e) For every solution o' : V* — G of \V;c;(S', ac, pj), the restriction of o' to U* is a
solution of S.

(f) Every over-solution of VjeJ(8/7ﬂA,Gan) is again a solution of \/J-GJ(S/,/LA7(G,,/LJ‘).

Moreover, if S is a system of equations (without disequations), then S’ is a system of equations
(without disequations).

A disjunction of systems ijJ(S/’ HAG, 1t;) that satisfies (a), (b), and (c) from Proposition 5

is said to be in quadratic normal form. If the disjunction moreover satisfies (f), then it is said
to be in closed quadratic normal form.
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5 Equations over H;

5.1 t-equations

A system of t-equations is a set
SCWxW (131)

such that for all (w,w') € S we have v,(w) = (W) # 0. A solution of S is any AB-
homomorphism 1 : W; — H; such that:

V(w,w') € S : p(w) = p(w'). (132)

Note, that S can be only solvable if S C W; x W;. Moreover, notice that here the rational
constraints are replaced by the even more restrictive conditions that define the notion of AB-

homomorphism: besides preservation of the u-map, the homomorphism v must also preserve
I, v and 6.

5.2 From G-equations to t-equations

Let us start with a system

S={(w=u)|1<i<n}, pac, Hu) (133)

of equations over G with variables ¢/ and rational constraints, which is in quadratic normal
form (see Proposition 5). Assume that u; = U; ; and u, = U; 2U; 3 with U; 1,U; 2,U; 3 € U for
1 <i < n. In the following we denote the interval {1,...,m} with [1,m].

We define a reduction of the satisfiability problem for such systems to the satisfiability
problem for systems of ¢t-equations. The leading idea is simply that, since 7g : Red(H, t)/ —
G is a bijection, every solution in G corresponds to a map into H;. Nevertheless the product
in G corresponds to a somewhat complicated operation over Red(H,¢)/~.. that we must deal
with.

Let us consider the alphabets

Vo = [1,n] x [1,3] x [1,5] x [0, No] (134)

and the alphabet W constructed from this set V in Section 3.6. We choose the integer Ny in
(134) in such a way that

Card({W € W | Ti j, k- pr(W) = (i, 5, b, 0)}) < %Card(Vo). (135)

One can take, for example, No = 2-Card({—1,0,1} x Ty x B%(Q) x PGI{4, B}) in order to
achieve this inequality. We consider all 15n-tuples W = (W j 1) (i j k,0)ev, With Wi, € WU
{1} and all 3n-tuples e = (e;,1,2,€i,2,3, €i,3,1)1<i<n With €; j € AU B such that the conditions
in Figure 6 hold. A vector (W, e) fulfilling all the properties (136)-(147) is called an admissible
vector. For every admissible vector (W, e) we define for all 1 < i,i’ < n,1 < j,5/ < 3 the
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Wiis € W A v(W,j3) is an H-type

pl(w/i,j,k) = (iaj’ ]C,O) € VO if ‘/I/iJ,k ew

ot

Yo ([T Wisn) € {(1LH,b,1,1) [be{0,1}}

k=1

5
H k) = Yw HWZ’J’k if U ; = Uy

YoWirtaWii2) = Wiz 1Wias2)
YoWi1aWiis) = Yw(WizaWiss)
Y(Wi2aWiz5) = Yu(lw(Wis2)lw(Wisi))
ei12 € GiW;i13) = Gi(W;23)

ei2s € Ge(Wia3) = Gi(Wi33)

eiz1 € Ge(Wi33) = Ge(Wj13)
5
H igk) = pu(Uij)

Wigk € Wu {1} > Wige_p ford <k <5

(136)
(137)

(138)

following equations:

Fig. 6. Conditions for an admissible vector

5 5
1 Wijk = T] Wi it Uiy = Uiy
k=1 k=1
Wit iWii2€i12=W;21W;22
Wi2.4Wios = ei23Ly(Wis2)lw(Wis1)
€i31Wi14Wi1s = Wi3aWi35

Wii3=ei12Wi23€i23W;33€i31

(148)

(149)
(150)
(151)

(152)

Equations (149)—(152) correspond to a decomposition of the planar diagram associated with
the G-relation U;; = U;2U; 3 into four pieces, as indicated in Figure 7. Equation (148) ex-
presses the fact that some variables from U are common to several equations of S.

We denote by S;(S, W, e) the set of equations (148)-(151) and by Su(S, W, e) the set of
equations (152). For every (i,7) € [1,n] x [1,3] we denote by i, j the lexicographically smallest
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€i,1,2 €i,3,1

Wi Wii,2 Wini3 Wii,a Wii,s

Fig. 7. Equation cut into 4 pieces

pair such that U; ; = U By owe: U * — W we denote the unique monoid homomorphism

such that ;

ow e(Uij) = [ Wizs (153)
k=1
Notice that, by the conditions imposed through the notion of an admissible vector, the system
of equations S;(S, W, e) is really a system of t-equations, while some of the right-hand sides
of the equations from Sy(S, W, e) might have an empty image by .

Lemma 45. A monoid homomorphism
o:U"—>G

is a solution of the system (133) if and only if there exists an admissible vector (W e) and
an AB-homomorphism oy : Wy — H; such that:

— All components of (W, e) belong to W, U AU B.
— oy solves both systems Si(S, W, e) and Sg(S,W ,e).

— 0 =0W,e00,0TG

Here, we denote by ng : H;y — G the canonical projection, see Figure 8. We prove this lemma
in the following two subsections.

From G-solutions to t-solutions. Let ¢ : U* — G be a monoid homomorphism solving
the system ({(Uin = U;2U;3) |1 <i <n}, pag, tu) of equations over G with variables U
and rational constraints (U;1,U;2,U;3 € U for 1 <1i < n). Let us fix some integer 1 <i <n
and the corresponding equation U;; = U;2U; 3. We construct the vectors (Wi ), (€ix)
corresponding to this equation. Let us choose for every j € [1,3] some s; ; € Red(H,t) such
that o(U; ;) = mg(si,;). This ensures that (where = is the congruence defined in (2)—(4))

si1~ 8;28;3 forall 1 <i<mn, and

(62) (a7) (129)
pr(pe((L, H, Isijlle, 1,1),805)) = paa((LH, Isiglle,1,1),8i5) = pac(oUis) =" mu(Uiy).
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TG

Fig. 8. Lemma 45

Let us consider decompositions of the form (5) for s; 2 and s; 3:

Si72:hotalhl"'ta/\h)\"'ta[hg, (154)
si3 = kotPky - t%k, - 1Py, (155)

There exist integers A € [1,£+ 1] and p € [0,m] such that p =0 — X+ 1,

ax+ B, =0, (156)
t2 Ry - taehgkiotﬁl s k:pfltﬁp R ej23¢C A(Oé)\) = B(ﬁp), (157)
hot™ - hy_ot®=1(hy_1e;2,3k,)t77  ky g - - - 97Ky, € Red(H, t). (158)

Note that by (157) and Lemma 4, hy, ..., hg, ko, ..., k,—1 are invertible in the monoid H (for
every 0 < i < p—1 there exist a,a’ € AU B such that hy_;a'k; = a). We include in the above
notation the following “degenerated” cases:

Left-degenerated case A = 1: Then hgt® - - - hy_ot“*~1 must be understood as 1.

Right-degenerated case p = m: Then tﬁp+1]€p+1 .- tPm k. must be understood as 1.

Middle-degenerated case ay + 81 # 0 or (ay + f1 = 0 and hgkg ¢ A(f1)): In this case we
set \=0+1, p=0, and e;23 = 1. Equality (156) disappears, (157) becomes the trivial
equation 1 = 1, while (158) remains valid.

LM-degenerated case ¢ = 0, i.e.,, 5,0 = hg: Weset A =1, p = 0 and ¢; 23 = 1. Equality
(156) disappears, (157) becomes the trivial equation 1 = 1. The left-hand side of assertion
(158) consists just of hgs; 3.

MR-degenerated case m = 0: Analogous to the previous case. The left-hand side of (158)
consists just of s; 2kp.

Notice that these cases are not disjoint; in particular, when ¢ = m = 0 the three kinds of
degeneracy occur simultaneously. Each kind of degeneracy can be visuallized in Figure 9 as
one or two of the three triangular pieces consisting of a trivial relation. For instance, in the
LM-degenerated case the left and middle triangular regions are trivial relations.

Let us consider the following factors of the reduced sequences s; 2 and s; 3:

Lio = hot® -+ hy_ot™1 M;a="hyx_1 Rja=1t"hy---t*hy
Li73 = kotﬁl .. kp_ltﬁﬂ Mi,3 = kp Ri73 — tﬁp+1kp+1 .. tﬁmkm

Note that R; 9, L; 3 € dom(I;) since hy, ..., he ko, ... ,kp—1 are invertible in the monoid H.
MOTGOVQI‘, since Si,1 = 54,253 ~ LZ'72(MZ'7262‘,273MZ'73)R2‘,3 and LZ"Q(MZ"QBZ"273MZ"3)RZ'73 as well as
s;,1 are reduced sequences, by Lemma 5 we get

i1~ Lio(M;2e;23M;3)R; 3. (159)
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Fig. 9. Cutting the solution into three factors

Case 1 (standard case) A € [2,¢] and p € [1,m — 1].
Then L;o (resp. R;3) ends (resp. starts) with t®»-1 (resp. t%+1). By (159), there must
exist a factorization
si1 = L1 M; 1 R; 1

with L;1 R;1 € Red(H,t), M;; € H, and connecting elements e; 12 € B(ax_1), €31 €
A(Bp41) such that:

L;iei12~ Lipo, (160)
ei1,2M; 2e;23M;3€;31 = M;1 in H (161)
ei31li1 ~ R 3, (162)
see also the following diagram:
M;qei03Mi3

The relation (157) can be rewritten as R; 2L; 3 = €; 23, or, since R; 2 and L; 3 are reduced and
L; 3 is invertible, as

Rio ~ ei23li(L;3), (163)

see Figure 9. Let m; : Hx {¢,t='}* — {t,t~!'}* be the natural projection. By (160), (162), and
(163) we know that
mi(Lin) = mi(Li2) # &, m(Riy) = m(Rig) # &, m(Ria) = m(l:(Lis)) # e

)
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Hence the fta Rg (see Figure 3) has computations of the following forms:

L; M; R;
(1, H) —1> Qi,l ———1—> Ti,l —1> (1, 1)

L; M; R;
(1, H) —’2> Qi,l ———’2—> 7"2‘72 —’2> (1, 1)
L; M; R;
(1, H) =2 Tr(rio) —2 rip —2 (1,1).
Note that (g;,1,0,7i1), (¢i,1,0,752), and (Ir(r;2),0,7;1) are H-types.
Since L; 2 ends with ¢ or t~1, the same holds for L; 1. An inspection of the fta R¢ shows

L;, . .
that the computation (1, H) SN gi,1 can be factored into two subcomputations
Vi1,1 Vi,1,2 .
(LH) =qin0 — ¢i11 — ¢i12 = gip with L1 = v;110i12 (164)

such that the triple (gi,1,0, l|vi1,1lls, gi,1,1) is an H-type and (g; 1.1, l[via2lle, in1,2) is a T-

type. More generally, every decomposition of a computation into subcomputations pg_1 SN

pr such that every triple (px—1, ||wkllp, pr) is either an H-type or a T-type will be called
Ri Ri

Rg-compatible 5. Similarly the computations r,; —= (1,1) and 7,9 —= (1,1) have Rg-

compatible decompositions:

Vi,1,4 Vi, 1,5

Til = Qi1 3 —— ¢i14 —— qiap5 = (1,1) with R; 1 = v; 14015 (165)

Vi, 2,4 Vi,2,5

Tio = qi23 — Qi24a —— @25 = (1,1) with R; o = v;240i25. (166)

Combining decomposition (164) with equation (160), (165) with (162), and (166) with (163),
we define

Giok = gk for 0 <k <2
g3k = Qi1 for 3 <k <5,
g3k = Ir(gi2s-k) for 0 <k <2,

and get the following three Rg-compatible decompositions:

U’L, N U’L, N .
(1,H) =qipnp0 RLLLN gi2,1 —22, gi2,2 = q;,1 With L; o = 0210522 (167)
Vi,3, V4,3, .
ri1 = ¢i,3,3 2 i 3,4 2 ¢35 = (1,1) with R; 3 = v;340i35 (168)
V4,3, Vi,3, .
(1,H) =1r(gi25) = qi30 = qi,3.1 o2 gi32 =1Ir(ri2) with L3 =v;31v;32  (169)

Finally, we define Vi 5,3 = Mi,j cH (1 <7< 3). Note that V;,2,45i,2,5,Vi,31,V;32 € dOm(Ht),
since R; 2, L; 3 € dom(I;). We summarize in Figure 10 the above decompositions and relations.
Let us extract from these the vector (W, e) and the AB-homomorphism oy. Let

0k = (Gijk—1,Vijklb @Gjk)-

Note that 0; ;1 € v:(v; ;) and that 6; ;3 is an H-type. We choose for W; ;1 a letter from W
with the following properties:

6 H-types are really edges of the fta R¢ while T-types are either edges or paths of length 3 of the fta Rs.
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V31,1 Vi, 1,2 Vi, 1,3 Vi,1,4 Vi 1,5

Fig. 10. Cutting the solution into five factors

— p1(Wi k) = (4,7, k,0), this ensures property (137).

— Yw (Wi j k) = 6; ., this ensures properties (138)—(145).

— pw(Wi k) = (05 5k, vij k), this ensures property (146).

= Ow(Wijik) = 66(0i 5k, Vijok)

- Wik € W = v; ik € dom(Il), this ensures property (147).

By Lemma 29, W; ; indeed belongs to W. Moreover, (W, e) is an admissible vector. Note
that W; j , € Wy: one can choose s := v; j in (91). Moreover, if W; ; € 17\7, then L, (W; ;1)
does not occur among the letters Wy i v (because (4,7,k,0) = p1(Wijx) = p1(Lu(Wi k)
and L,(W; ;i) # Wi k). This allows us to define a mapping o, by o¢(W; ;1) = [vi k]~ and
ot(Lw(Wi k) = [Le(vi k)]~ in case Wi, € W (i.e. v € dom(ly)). By Lemma 23, this
mapping o; induces an AB-homomorphism oy : W; — H;. One can check that o; solves the
systems of equations S;(S, W, e) and Sy(S, W, e) and that

0 = O0W e 00t OTG.
We indicate now how these arguments must be adapted to the degenerated cases.

Case 2 (left-degenerated case): We have A = 1. Let us set Lis = Lin = ej12 = 1 and,
accordingly, for all 1 < k < 2:

Viogk =Vitk =1, Wiopx=W;1=1

Case 3 (right-degenerated case): We have p = m. Let us set R;3 = R;1 = €;31 = 1 and,
accordingly, for all 4 < k < 5:

Vizk =Viik =1, Wizgp=W;1r=1

Case 4 (middle-degenerated case): We have oy + 81 # 0 or (ap + 1 = 0 and hyko ¢ A(51)).
Let us set R;2 = L; 3 = e; 23 = 1 and, accordingly, for all 4 < k < 5:

Viok =Vi36-k =1, Wior=Wi3z6_ =1

o8



Case 5 (LM-degenerated case): We have ¢ = 0. We choose all the special values chosen in
Case 2 and Case 4, i.e. L;o = L;1 = R;2 = L;3 = ¢€;12 = €;23 = 1 and the resulting choices
for Wi s «.

Case 6 (MR-degenerated case): We have m = 0. We choose all the special values chosen in
Case 3 and Case 4.

From t-solutions to G-solutions. Let o; : W; — H; be an AB-homomorphism solving

both systems S;(S, W, e) and Sg(S, W, e), where (W, e) is some admissible vector with all

components in Wy U AU B. We have to show that ow e 0 0y o g solves the system (133).
First, we show that for every i € [1,n],

o(ow e(Ui1)) = ot(ow e(Ui2Ui3)). (170)

Let us fix such an integer i € [1,n]. Since oy solves (149)—(152), we have

5
H l,l,k ~ Ut H Wl,2,k: H Wi ,3, k: (171)

Figure 7 gives a decomposition of the Van-Kampen diagram corresponding to the above
equivalence into four diagrams corresponding to (149)—(152). We also have

5 5
153 148
orloweUi) "2 o [I Wiz ) "2 oo T[] Wish). (172)
k=1 k=1
Hence, we get
(172
or(ow,e(Ui ) " g HWuk
(171)
N oy HWz kHVVi,&k)
k=1
172
e ot(ow e(Ui2Ui;3)),

which is (170). It remains to show that for every i € [1,n],
pac(re(olow e(Uiy)))) = pu(Uiy)-
By definition (47), this is equivalent to

MA,l((17H7 b, 1, 1)7Ut(UW,e(Ui,j))) = ,u,u(Ui,j), where (173)
b= lloc(ow eUi;))ll (174)

(note that o¢(ow (Ui j)) is reduced since v, (ow (Ui ;)) # 0). By (138), %}(Hk Wiik) =
{(1,H,¥/,1,1)} for some &' € {0,1}. Since oy is an AB-homomorphism, we get

5
172)
(1,H,b',1,1) € v(oy H i) (— Ye(ot(ow e(Uiz)))-
k=1
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By (174) this implies that b' = b. Thus

5

w(H Wi,j7/€) = {(1’ H, b’ 1, 1)} (175)
k=1

As o0y is an AB-homomorphism, (Hom6) implies

5 5

pe((1,H,b,1,1), H i) = (1, H, b, 1, 1), [T Wagin)- (176)

k=1 k=1

Now, the following calculation yields (173):

5
172
s (1, H,5,1,1), 0 (0w o (Ui) 2 pan (1 H, b, 1,1), 00 ([T Wag))
k=1

5
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& (a1, H, b, 1, 1), o (T Win)
k=1

5

176

) (a1, H, 6,1, 1), T W)
k=1

5 5
(175)
=" (o v ([T Wain) T] W)
k=1 k=1

5
H Wijr))
k=1
(146)

=" (Ui )

Lemma 45 is thus proved. O

6 Equations over W

We suppose here that a system of equations with rational constraints over G is fixed. Thus the
AB-algebras W and H; are completely defined (from the variable alphabet of the system and
the fta expressing the constraints). Given an H-involutive automorphism @ (see Definition 8)
we abbreviate with W/® the quotient of the AB-algebra W by the congruence ~¢ generated
by the relation {(W,®(W)) | W € W}; see the paragraph after Definition 8. Recall that Hinv
denotes the set of all H-involutive automorphisms of W.

6.1 W-equations

A system of W-equations is a pair
(S,) (177)

such that S C W x W is finite, v, (s) = Y (s) # 0 for all (s,s’) € W and @ € Hinv. If S is not
a subset of W; x Wy, then (S, ®) has no solution. On the other hand, if S C W; x Wy, then a
solution of (S,®) is any AB-homomorphism oy : W; — W, /® such that for every (s,s’) € S:

Uw(s) = Uw(sl). (178)
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u- W,
g Ot w
C+—ns H, ~——— We/2

Fig.11. Lemma 46

6.2 From t-equations to W-equations

From t-solutions to W-solutions. For every w € W we use the following notation, where
W denotes I, (W):

Alph(w) = {W € W\ W | W occurs in w} U {W € W | W or W occurs in w}
_ 1 _ _
A(w) = Card{W € W\ W | W occurs in w} + §Card{W eEW | W or W occurs in w}.

Note that A(w) is an upper bound on the number of different first components (which are in
Vo) of symbols in Alph(w), i.e., Card(p; (Alph(w))) < A(w). For this, note that W and W
have the same first component.

Given a system of t-equations S = {(w;,w}) |1 <i<n} CW x W (see (131)), let:

n
Alph(S) = Alph(] ] wiw)).
i=1
Lemma 46 (factorization of t-solutions). Let S C W xW be a system of t-equations. Let
us suppose that oy : Wy — H; is an AB-homomorphism such that:

— oy solves the system S, and
— Card(Alph(S)) < £Card(Vy).

Then there exist @ € Hinv and AB-homomorphisms
O'WZWt—)Wt/SZS and ’l/JtZWt/SZS—)Ht

such that oy(W) = Y (ow(W)) for every W € Alph(S), and ow(s) = ow(s') for every
(s,8') €S.

In other words: Every solution in H; of a system of t-equations, over a sufficiently large
alphabet, factorizes, over the variables of the equation, through a solution in W;/® of the
same system of equations, where @ is an involution which belongs to Hlnv.

Remark 1. In the case where the system S is one of the systems S;(S, W, e) introduced by
Lemma 45:

- every variable W occurring in the system S (S, W, e) occurs in the system S;(S, W, e) too
(it must occur at least in one trivial equation (148)).

- the inequality (2) is ensured by the construction of the alphabet W that involves an integer
Ny, choosen in such a way that inequality (135) is fulfilled.

Thus the factorization property asserted by Lemma 46 will hold for every common solution
of (S, W, e) and Sg(S, W, e). This will be important later.
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This factorization lemma is obtained via the more technical Lemma 47 below. For this lemma,
we need the following definitions.
For s € W* x A x B let (x denotes a placeholder)

(s) 1 ifseAUB
S pr
XAB 0 otherwise.

0 if |vw(s)| # 1 or v (s) has the form {(x,T,1,%, H)}

1 if y,(s) has the form {(x,*,0,%,%)} or {(x,T,1,%,T)}
or {(x,H,1,%, H)} or {(x,7,1,1,1)}

2 if y,(s) has the form {(x, H,1,%,T)} or {(x,H,1,1,1)}

Note that the three cases in this definition cover all possible values for 7, (s). The intuition
behind this definition is the following: Let s € (WU A U B)* such that |v,(s)| = 1. Then:

— xu(s) = 0 if s has the type of a t-sequence which begins with either ¢ or t~! and ends
with either ¢ or ¢~ 1.

— xm(s) = 1if s has the type of a t-sequence which either belongs to H or begins with some
H-element or ends with some H-element, but the other extremity is not from H.

— xm(s) = 2 if w has the type of a t-sequence which begins with some H-element and ends
with some H-element and is not reduced to an H-element.

Given p, s,p/, s € W*x Ax B and ¢y € Homyg(W* x A x B, H;) we define

A5 ) = 1= (xan )+ xan() ) xir(s)xin(s) + 2] +200 ()] (179)

Note that A(p,s,p’,s’,1:) > 0. Moreover, xap, Xi, and A are invariant with respect to the
congruence =. Hence, by factorization through 7=, the definitions apply on W.

Lemma 47. Let S = {(w;,w})) | 1 < i < n+m} C W, x W, be a system of t-equations
(hence, vy(wi) = yw(wl) # 0 for all 1 < i < m +n). Let us suppose that A\; : W, — W,
(1<i<n+m)and b : W, — H,; are AB-homomorphisms such that

O (Ni(w;)) = 0:(Ns(w})) for all 1 <i <n+m, (180)
Ai=Aj foralll <i,j <n, (181)
n+m

1
A (wiw) — . 182
(g Ai(wiwf)) < 5 Card(Vp) (182)

Then there exist @ € Hinv and AB-homomorphisms
N W, W, (1<i<n+m) and 6,: W, — H,
such that

0(Ni(W)) = 0,(N}(W)) for all 1 <i <n+m,W € Alph(S)
O, (W) = 0, (®(W)) for all W € W
Ni(w;) =g Ni(w}) for all 1 <i <mn+m,
)\;:)\; for all1 <i,j <n.
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Proof. Let 8 = {(w;,w}) |1 <i<n+m} C W, x W, such that v, (w;) = v (w}) # 0 and let
A = (A\i)1<i<nt+m be a sequence of AB-homomorphisms \; : W; — W,.

Claim 1. For every 1 < i < n+m we either have w; = w, € AUB (and hence \;(w;) = \;j(w}) €
)
forall 1 <i<n-+m.

Since Yy (w;) = Y (w}) # 0, we can distinguish the following cases:

Case 1. w; = 1: By (80), we get vy(w)) = yw(w;) = {(0,0,0) | @ € Tg}. But this implies
w, = 1.

Case 2. w; € A\ 1: We get v,(w)) = yp(w;) S {(A,T,0,A,T),(A,H,0,A,H)}, which
implies w; € A\ 1. Since \; and 6; are AB-homomorphisms and therefore the identity on A,

we get

wi = 0, (i(wi) 2 0, (hi(wl)) = wl.

(2

The cases w; € B\ 1 and w, € AU B are symmetric.

Case 3. ||wi|, ||w;|| > 1: By Lemma 30(b) we have |y,(w;)| = 1 = |y,(w})|. Moreover,
llwill, lwk|| > 1 implies ||A;j(w;)||, [|Xi(w})]] > 1 by Lemma 36. Hence, |v,(Xi(w;))] = 1 =
| (Ni(w}))]. With (Hom5) we finally get v,,(Ai(w;i)) = Yw(wi) = yw(w)) = vw(Ni(w})). This
concludes the proof of Claim 1.

For every ¢ € [1,n + m| we define =; as the least monoid congruence over W containing
{(wy), Aj(ws)) | i +1 < j < n+m}. For every i € [1,n + m] let us consider some
decompositions

)\,(wl) = PzSz and )\,(w;) = PZ/S; (187)

such that P; =; P!, vw(P;) # 0, vu(Si) # 0, v (P)) # 0, v, (S)) # 0 (such decompositions
always exists, since we can take P; = 1 = P/), and this choice (187) minimizes the integer

79 M9

(this value was defined in (179)). Such a (P;, P/) is called a distinguishing pair for (\;(w;), Ai(w}))
and we denote by
Ai (Sa Aa 925)

the corresponding value of A(P;, S;, P!, S!,6;).

177

The size of the triple (S, A, 6;) is defined as the finite multiset of natural numbers

(S, A 0] = {AL(S, A, 01), ..., Appn (S, A, 0) - (188)
Moreover, let
n+m
Alph(S, A) = Alph( [T Ai(wiw))),
n—l—mi:l

ASN) = A(TT Ailwaws)).
i=1
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Let us prove Lemma 47 by induction over ||(S,A,6;)| with respect to the partial ordering
over finite multisets of naturals induced by the natural ordering over N (it is known that this
ordering is well-founded). Let (S, A, 0;) fulfill the hypothesis of the lemma.

In the following, we write W for the symbol L,(W) (W € W)

Case 1: For every i € [1,n + m], one of the following two situations occurs:

)\,(w,) =; )\i(w'-) (189)

(2

IW €W, (e, fi), (dir i) € GI(W) x Ge(W) : \i(w;) = eW fi,  Ai(wh) = ¢ 'Wd' (190)

In the following, a pair of variables (W, W) occuring in some equation (190) is called a twisted
pair. By Claim 1 we get

Yo (W) = yuleiW fi) = 1i(wi)) = YwNi(w)) = yu(e; ' Wdi ) = 7,(W) (191)
for every twisted pair (W, W). Hence, Gi(W) = Ge(W) = Gi(W) = Ge(W).
Let us consider the partition
W =Wy UW, UW, UW/ UWY,
where W] UW] (resp. WY UWY) is exactly the set of symbols with an H-type (resp. with a
T-type) which are members of some twisted pair. Let us write
Wi = {W1,...,W,}, Wi ={W | W e Wi},
W = {(Woit,o o, Wygd, W) ={W | W e W[},
By multiplying with 6;1 and f;l, we can modify the system & in such a way that e¢; = f; =1
in every equation of type (190) with preservation of the hypothesis of the lemma (with the

same morphisms) and also of the size of (S, A, 6;). We can also suppose that W{ U WY} is
exactly the set of variables appearing in the righthand-sides of the first equation of (190). For

every k € [1,p + q|, let (W, cy(lk)Wkd;(lk)) be the equation of type (190) with smallest index
v(k) € [1,n + m] such that A, (wy(x)) = Wk. Since ¢; is an AB-homomorphism and

(180) =
0:(Wi) = 0e( Ny (o)) = Oe(Xur) (W i) = 9t(CV(1k)Wkd,,(1k))

we know that o
0:(W i) = 0u(coy Widy(1))- (192)

Let us “cut” the variables Wy, which have a T-type, into three parts in such a way that we
transform the twisted pair (W, W) into another twisted pair but with an H-type. For every
kelp+1,p+ql, let sg be a reduced t-sequence such that

0:(Wi) = [sk]~ € dom(I). (193)

Since W}, has a T-type, s has to contain at least one occurrence of ¢ or t~!. Since I;(s;) ~
Cu(k)Skdu (k) bY (192), the t-sequence sj can be decomposed as

sk = up vu where uy, = upt®, u =1t (194)

for some invertible v € H, reduced t-sequences uy,u, and a € {1,—1}, such that m(u) =
Iy (m¢(ug)). We obtain a van Kampen diagram of the following form:
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Sk

Cu(k) a b dy (k)
L (u) vl I (uy) ‘

L¢ (sk)
We have a,b € B(a) = A(—a). Define vy, = vb € H, which is invertible in H. We obtain

Sp ~ ukvkﬂt(uk)d;&c) and i (sk) ~ ¢y urvilly(ur). (195)

Thus ¢, (gyurvile(ug) ~ Ii(sk) ~ d,,(k)ukvk_lﬂt(uk). Since Hy is cancellative by Lemma 6, we
get
d,,(k)ukvk_l ~ cy(k)ukvk. (196)

Since Y (Wi) = 7 (W) (see (191)) is a T-type, we must have 7, (W) = (C,T,1,C, H) for
either C = A or C = Bj; see the list of T-types in (24). We have (C,T,1,C,H) € ~(si) =
%(ukvkﬂt(uk)d;(lk)). We can decompose the type 7, (W) as

Y(Wi) = (C,T,1,B(a),H) (B(«), H,0,B(a), T) (B(t), T, 1,C, H)

(here «v is from (194)) with (C,T,1, B(«a), H) € v(ux) and (B(«), H,0, B(«),T) € 4(vg). For
the latter, vy & B(«) is important (since s is a reduced t-sequence, we have v ¢ B(«) and
hence vy, = vb &€ B(w)).

Let 0), = (C,T,1, B(av), H) € y¢(u) (which is a T-type) and 0 = (B(«a), H,0, B(a),T) €
~¢(vg) (which is an H-type). We get

N 191 .
Yo (W) L) (W) = {8,0,17(6})} with 6, = L(6). (197)

Moreover, by (196), there exists a;, € Gi(0y) = Ge(0}) = B(«) with
cy(k)ukagl ~dyywr, and  agvgp = kal in H. (198)
Note that the last equation implies
apvy = viay in H. (199)

Omitting the elements a,b, u,v and inserting the new elements vg,ax in the preceding van
Kampen diagram, we obtain the following van Kampen diagram:

Ht(Sk)
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Each of the 2¢ many letters W;, W; (p+1 <i < p+ ¢q) occurs in [[17]" \;(w;w}). Hence, we

get

n+m

1
q= 52(] < —Card{W ew | W or W occurs in H i (wwh)}

=1

n—+m
< A(]T Mitwiw)))
i=1

182 1
@ Card(Vo)

Thus, ¢+A ([T Xi(wiw!])) < Card(Vy). Hence, there are at least g symbols ap+1, .
Vo that do not occur as a first component of a symbol in Alph([T7™ \i (w;

1 Qptq €
Alph(S A).

Let us define for every p +1 < k < p + ¢ variables Uy, Vi, Up, Vi € Wt AW with first

component aj and such that

’Yw( ) - {0 }7 ’Yw(vk‘) = {ek}a

6w (0, Ug) = 64(0%,uk),  6uw(Ok, Vi) = 6:(Ok, vi,),

Mw(egw Uk) = :U't(egcauk)a Mw(ek Vi )

11t (O ve).-
Note that (201) implies with (198) and (199):

cy(k)Ukalzl = dy (k) Uk and arVi = Viay

Let M : W*x Ax B — W* x A* B be the unique monoid homomorphism fulfilling:

N()=e forec AUB
NWy) = UpViUrd A (k) forp+1<k<p+gq
N(W4) dy( UkaUk forp+1<k<p+aq.
N (W) for all other W € W

Claim 2. X induces a monoid homomorphism X : W — W.
Let W € W and (¢, d) € 6,,(W). We have to prove that
N(eW) = eX (W) = N(W)d = N(Wd).
By Lemma 32 it suffices to show (c,d) € 0,(N'(W)), i.e.
Ouw (W) = 6 (N(W))
Case 1. N'(W) = W: Then (209) trivially holds.
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Case 2. W = W, for some p+ 1 < k < p+ q: We have

5u(We) "= 6

= 5,5 Gk]IT(BQC), ukvkﬂt(uk)d;é))

= 5w(0;9kﬂT(0;),Ukvkmd;é))
=" Ouw(Yw(Wi), N (W),

i.e., (209) holds.

Case 3. W = Wy, for some p+1 < k < p+ ¢: One can check, using the formulas (205)-(207),
that A (I, (W)) = L,(N(W)) for all W € W. Thus Case 3 reduces to Case 2. Claim 2 is thus
established.

Claim 3. X :' W — W is an AB-homomorphism.

We will apply Lemma 23. Hence, we have to check properties (a)—(f) from Lemma 23. By
(204), X preserves 14 and tp, i.e., (a) is satisfied. Also (b) follows immediately from the
definition of .

Condition (c¢) from Lemma 23: We have to show that X (I,(W)) = L,(N (W)) for all W € W.
This property can be checked directly on the equations (204)—(207) defining \'.
(19

Condition (d) from Lemma 23: The definition of X’ together with (197) and (200) implies in
fact (W) = v (N (W)) for all W € W.

Condition (f) from Lemma 23: This was shown in (209).

Conditions (e) from Lemma 23: The same arguments as for (f) work. We have thus established
Claim 3.

For 1 <i<n+m let us define
No=XjoN. (210)

As every X, is the composition of two AB-homomorphisms, A, is an AB-homomorphism from
Wy to Wy. Let 0] : W/ x A« B — H; be the unique monoid homomorphism satisfying:

O;(e) = e forallec AUB (211)
0,(Ux) = uy, forallp+1<k<p+gq (212)
0,(Ug) = Ty(u) forallp+1<k<p+gq (213)
0,(Vi) =v,  forallp+1<k<p+q (214)
0,(Vi)=v,' forallp+1<k<p+gq (215)
0, (W) = 0, (W) for all other W € W, (216)

Claim /. 0}, induces a monoid homomorphism 6; : W; — Hj.
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t

Fig.12. Lemma 47, Case 1, Claim 6

It suffices to prove that (W) = 0;(W)d in H; for every W € W, and (c,d) € 6, (W). For
this, it suffices to show that

5w(W) = 5t(’Yw(W)76£(W)) (217)

If 6;(W) = 6,(W) then (217) follows from the fact that 6; is an AB-homomorphism. In all
other cases, i.e., (212)—(215), we get (217) from (200) and (201).

Claim 5. 0, : W; — H; is an AB-homomorphism.

We will apply Lemma 23. Hence, we have to check properties (a)-(f) from Lemma 23. By
(211), 6, preserves 14 and g, i.e., (a) is satisfied. Condition (b) for the variables Uy, Vi, Uy,
and V, (which all belong to dom(I,)) follows from the fact that uy, vy € dom(I;). Condition
(b) for other variables W € W, follows from (216) and the fact that 6, : W; — H; is an
AB-homomorphism.

Condition (c¢) from Lemma 23: We have to show that 0;(I,(W)) = L;(0;(W)) for all W € W
Let us first consider a variable W € W, with 6;(W) = 6;,(W'). Then, since 0; : W, — H, is an
AB-homomorphism, we have

L (0:(W)) = L;(0:(W)) = 6;(To,(W)) = 0;(Iy(W)).
For a variable U, we have

LO,(U)) L) = 6(L,(U)

and similarly for a variable Uj. Finally, for a variable V}, we have

(214)

_ 215
L0.(Ve)) 2 L(ug) = vt 2

0y (I (Vi)
and similarly for a variable V.

Conditions (d)—(f) from Lemma 23: For variables W € W; with 0;(W) = 60,(W) we get
these conditions directly from the fact that 6; is an AB-homomorphism. For variables from
{U, U, Vi, Vi [ p+1 < k < p+q} we get (d)—(f) from (200)—(202).

Claim 6. X, and 6} fulfill conclusion (183) of the lemma.

We have to show 6, (\;(W)) = 0;(X\;(W)) for all 1 <i < n+m and all W € Alph(S). Recall
that A\, = A\; o X' by (210). Hence, it suffices to show that 6, = X o 6; over Alph(S, ), i.e.,
that

0,(W) = 0,(X' (W) (218)
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for every W € Alph(S, A). Note that Alph(S, ) does not contain the symbols Uy, Uy, Vi, Vi
forp+1<k<p+gq.

Case 1. W € Alph(S, A) is such that N (W) = W:

216
BN (W) = 8W) L 6,m),
which establishes (218).

Case 2. W = Wy, for some p+ 1 < k < p+ g: We have in Hy:

205 -
o) E e UV )
212)—(214 _
(195)
193
12 g, w).

Case 3. W = W), for some p+1 < k < p + ¢: We have in H;:

(206)

0N Wr) =" 0idyyUpViUp)
B ol (0T ()
L (s)
19 g, (W),

This concludes the proof of Claim 6.
We next define a mapping @ : W% Ax B — W*x Ax B as follows:

Ple) =e foree AUB (219)
d(Wy) = oty Widypy for 1 <k <p (220)
O(Wy) = cfé)Wkd;(lk) for 1<k<p (221)
O(Vi) = ar Vi forp+1<k<p+gq (222)

B(Vy) = a; ' Vy forp+1<k<p+gq (223)
S(W) =W for all other W € W (224)

Claim 7. @ induces an involutive AB-automorphism & : W — W that belongs to Hinv.

We have to check that @ fulfills conditions (96)—(99) from Lemma 34 and also the H-type
condition (109).

Condition (96): For 1 < k < p we have to show that 6, (W) = 0w (cy) Widyx))-

Sw(Wi) =" 0 (yw(Wy), 0:(Wy))

(Yo (W), 0 (o) Widu 1))
= St (Yo Widy(r))s O (coy Wrdy r)))

= Ow(CuyWrdy(x))

Il
)
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For p+ 1 < k < q we have to show that 6, (V) = 0, (arVi):

Condition (97): For 1 < k < p we have to show that (d;(lk)cy(k), cy(k)d;é)) € 0y (Wy). We have

(192) ., 1 = _q (192, _
0:(Wk) "= at(du(k)wkcu(lk)) = Ht(du(lk)cV(k)Wkd”(k)cu(lk))’

ie., d;é)cy(k)ﬂt(Wk) = Gt(Wk)cy(k)d;é). This implies that

(d;(lk)cu(k), Cu(k)d;&g)) € Ot (Y (Wi), 0:(Wy)) = 6u(Wy).
For p+1 < k < p+ ¢, condition (97) is equivalent to (ax,ar) € 0, (Vy), which is true, by
(203).
Condition (98): This follows from (191), (197), and (200).

Condition (99): First assume that 1 < k < p. Since 6; is an AB-homomorphism, we get:

— Hom6 —
10 () 2 (o (W), 6,(T7))
=" (VW) 0oy Widy(x)))

(Hom6)
= prw(Cu(e) Wrdy(r))

For p+1 <k <p+q we get:

— 202 _
10(Vi) 2 11005, 071))

198
(1) (0, apvy)

202
a2) P (g Vi)

Condition (109): Recall that ~,,(W}) is an H-type for 1 < k < p, and that 8}, (see the assertion
before (197) ) is an H-type for p+ 1 < k < p + q. Hence ¢ meets also the requirement (109).
This concludes the proof of Claim 7.

Claim 8. 6 and @ fulfill conclusion (184) of the lemma, i.e. 9;(W) = 0,(®(W)) for all W € W.
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Let us fix W € W,.
Case 1. W = W, where 1 < k < p. We have

(221)

(192)
9£(¢(Wk)) =0, ( V(k)Wkd (k))

(216) (216)

91&( (k)Wkdy(k)) at(Wk) Hl(Wk)
Case 2. W = W}, where 1 < k < p. This case reduces to Case 1, since #, and ® are AB-

homomorphisms and therefore commute with the suitable involutions I, and I;.
Case 3. W =V, where p+ 1 < k <p+ q. We have

(223) ) 1 -1 (198) (214)

o @(vi) " 010, Vi) = 0y 0,(Vk).

Case 4. W =V, where p+1 < k < p+q. This case reduces to Case 2 with the same argument
as for Case 2.

Case 5. W € W and W does not fulfill any of the above cases. Then, (224) implies 6;(®(W)) =
01 (W). Claim 8 has been established in all cases.

Claim 9. X, and @ fulfill conclusion (185) of the lemma i.e. X(w;) ~¢ N, (w}) for all 1 <i <
n 4+ m.

Let 1 <4 < n+ m. Suppose first that (w;,w}) is one of the pairs of the form (190) (recall
that we reduced to the case where ¢; = f; = 1). There exists some k € [1,p + ¢ such that

)\,(wl) = Wk and )\,(wg) = C;lwkdgl. (225)

The equality

(180) (180)

O, Widi ) "= 6:(Wi) "= 0u(c, 50 Wid, )

shows that (c,()c; L dy(k)d ) € 6¢(vw(Wg),0:(Wp)). Since 6; is an AB-homomorphism, this
implies that
(Cu(k)c;l’d v(k )d) € du (Wk) (226)

and thus

Cu(k)C; Wk = Wkd d;. (227)

v(k)™
Let us first suppose that k& € [1,p]. Then

N(w) N wi) B W, and X(w!h) B N () ) e Whd (228)
Applying the automorphism @ on Wj, we obtain
(221)
o(Wi) B ) Widy . (229)
We get
229 __
Nw;) 2w, &) b Wed by B e W N (wh).
Let us now suppose that k € [p+ 1,p + ¢|. Then
X(wi) N i) B U and (230)
M) BN ) B ey UV T kd (231)
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W, /P

Fig. 13. Lemma 47, Case 1, Claim 8 and 9

Using the definition of @, we get

SUVTrd, ) ) Upa, ' ViTudy . (232)
The commutation (203) can be equivalently formulated as
Uray," = ¢, dui) Uk (233)
We get
N(wy) RGP Uray ViTdyy 2 e (o UiV A (234)

Moreover, (226) and the fact that X’ is an AB-homomorphism implies

_ Hom?7 — — 206 — —
(o ooy di) € 8u(Wi) "ZD 8, (v (W), N (W) B 60 (v (W) dy iy Un Vi T)

and hence

(dy ey UnVeUr)d gy = ¢ (dyy U ViU i) dy (235)

(k) = i
Finally, chaining (234), (235), and (231), we obtain \,(w;) ~¢ X;(w;).

We treat now the pairs (w;,w}) of the form (189) by descending induction over i. So,
assume that \i(w;) = Ai(w;) and Xj(w;) ~¢ Nj(w}) for all j € [i + 1,n + m]. Hence,

V(k)

N(Aj(wy)) ~o N(Aj(w))) for all j € [i +1,n + m]. Recall that the congruence =; is gen-
erated by the set of pairs P = {(\;j(w;), \j(w})) | j € [i + 1,n +m]}, ie.,, = = =p. Hence,
N (P) is included in the congruence ~¢ on W. Therefore, \;(w;) =p \;j(w}) together with
Lemma 3 implies A,(w;) = N (\i(w;)) ~¢ N (Ai(w))) = N,(w}). We have thus established (185)

in all cases.
Claim 10. N, fulfills conclusion (186) of the lemma.

For all 1 <14,57 <n we get

(210) (181) (210)

XU Ao N T2 o N =T

Case 2: There exists some i € [1,n + m], such that neither condition (189) nor (190) holds.

Let i € [1,n+m] be the minimal integer for which neither (189) nor (190) holds. Let (P;, P!)
be a distinguishing pair for (A\;(w;),A;(w})). The generators of the congruence =; are, by
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definition, all pairs (A;(w;), Aj(wj)) for j € [i +1,n +m]. Hence, by Claim 1 and Lemma 36,
=, is also generated by the subset

P = {(Aj(wy), Aj(w)) |5 € i+ 1,n+ml, A (wy)ll = L[| (wh) ]| = 1}.

Moreover, vy(Aj(w;)) = yw(Aj(w;)) for all pairs (A;(w;),Aj(wj)) € P; by Claim 1. By

Lemma 31, every pair from P; belongs to the congruence =, from (81). Hence =; C =,,
which implies

Yu(P) = 7w (F). (236)
Moreover, by (180) every element of P; belongs to the kernel of ;, hence
0u(P;) = 0u(F}). (237)
Lemma 30 and (236) imply
PcA<= P €A and P, € B<+= P/ €B. (238)

Lemma 39 applied to P;, S;, P!, S, € W asserts that v,,(S;) = v,(S}) and

17

0u(S:) = 0:(S57). (239)

1

As 0, restricted to A and B is injective by (Hom2), the value ||S;|| = 0 or ||S|| = 0 would
lead to S; = S/ and hence to \;(w;) = P;S; =; P/S} = \i(w}), i.e., to (189), which contradicts
the choice of i. Hence, we have

I1Sill = 1, [ISill > 1 and 7, (Si) = 72 (S5)- (240)

Recall the definition of A(P;, S;, P/, S}, 6;) from (179). Equations (238), (239), and (240) imply

1)

A(P;, 85, P, S, 0¢) = 1 — xap(B) + 2xu (S:) + 4(|6:(S:) | (241)

77 79
Since ||S;|| > 1 and ||S}]| > 1, we can write S; and S] as

S;=cWL;and S, = /W'L, (242)

where W, W' € W and ¢,¢ € Gi(W) = Gi(W’). Note that 7i(W) = 7i(S;) g Ti(S!) =
7i(W') Hence, either ~,, (W) and v, (W’) are both T-types or ~,, (W) and ~,,(W') are both
H-types.

Case 2.1: 7, (W) and 7, (W') are both H-types.

Claim 11. ~vu,(W) = 3, (W)

We know that 7i(W) = 7i(W'). Moreover, the boolean component of ~,,(W) and ~,, (W) is
0. Hence, it remains to show that 7e(W) = 7e(W’). Assume that 7e(W') # Te(W’). There are
several cases according to the possible H-types in (21) and (22), which can be all dealt in the
same way. Let us consider the case Te(W) = (A,T) and 7e(W’) = (B,T). Since 0,(cW L;) =
0, (CW'LL) by (239) and (242) and 6,(cW),0,(¢W') € H we get m(0,(L;)) = m(0:(L})).
Moreover, by (240) there exists a vertex type 6 such that ~;(6;(L;)) contains a path type
of the form (A, T, *,0) and ,(6;(L})) contains a path type of the form (B, T, x,6). But this
contradicts m(0¢(L;)) = m¢(0¢(L})). This proves Claim 11.

Let v (W) = 7 (W') = {6} in the following.
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Claim 12. There exists a path type p € v, (L;) N v, (L}) # 0 such that Op is defined.

There exist p € v,(L;) and p’ € v, (L}) such that {8p} = 7,(Si) = 1w (S,) = {0p'}. Hence,
7i(p) = 7e(0) = Ti(p’) and Te(p) = Te(p’). Moreover, the boolean component of p is 1 if and
only if the boolean component of 7,,(S;) = 7,(S;) is 1 if and only if the boolean component
of p’ is 1. Hence p = p’. This proves Claim 12.

Claim 12 implies
LicA<1L,eA and L;€ B+ L€ B. (243)
If, e.g., Ly € A and ||L}|| > 1 then 74,(L;) N yw(L;) = 0 (note that no product of H-types is
of the form (6,0, 6) for a vertex type 6). Morevoer 7y, (a) N7, (b) = 0 for all a € A\ {1} and
be B\ {1}.
Since 6; is an AB-homomorphism, we have @ € v (0;(cW)) N v (0:(¢W')) and p €
Y (01(Li)) N v:(0¢(L)). Lemma 27 applied to the identity 0;(cW)0:(L;) = 0:(S;) = 0:(S)) =
0 ((dW)0(LY) yields d € Ge(0) = Gi(p) such that

Ht(ch) == Qt(C/W,) and Ht(Ll) == Ht(dL;) (244)
Since 0,(W), 0:(W') € H, we have
10¢(Li)[| = 110 (dLi) | = [10¢(S:)- (245)

Claim 15. A(P,cWd,d= Ly, P)d W', L},6,) < A(P;, S;, P!, S, 6,)

177

We have

1
A(RCWd, dilLia Pi/CIWI7 L;a at) (119) 1= 5 (XAB(PZCWd) + XAB(PiIC/W/)> +

xr (A Ly) + x (L)) + 2)|0:(d 7 Ly) || + 2|16 (L))
245
1 (L) + xu (L) + 410480

AP, S, Pl S, 6,) 2

1)

1 —xaB(5;) + 2xu(Si) +4([0:(S:) ||
> 2xu(Si) + 4)|6:(5)]]-

We claim that x g (L;) = xm(L}) = xm(S;)—1, which implies the claim. We distinguish several
cases according to the H-type 6 of W and W'.

Case A. 0 has the form (%, H,0,1,1): Then ~,(S5;) has the form {(x, H, , *, ) }. Moreover, a
path type of the form (1, 1, *, %, %) belongs to both 7,,(L;) and 7,,(L%). But this already implies
Li = L = 1. Hence, | (L)l = Pru(Z{)| > 1. We get xsr(Ls) = x1(LL) = 0. Moreover, 7,,(S:)
has the form {(x, H,0,1,1)}. This implies xz(S;) = 1.

Case B. 6 has the form (%, H,0,%,T): Again, 7,(S;) has the form {(x, H, , %, *)}. Moreover,
Yw(Li) and 7, (L) contain a path type of the form (x, T, x, %, *). We distinguish the following
three subcases:

Case B.1 7,(S;) has the form {(x, H,0,%,%)}: We get xg(S;) = 1. Moreover, 7,(L;) and
~Yw(L}) contain a path type of the form (x,T',0, %, x). Note that there is no proper product of
H-types and T-type of this form. Hence, |y (L;)|, 7w (Li)| > 1 and xg(L;) = xm (L) = 0.
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Case B.2 7,(S;) has the form {(x, H,1,%,T)}: We get xg(S;) = 2. Moreover, 7,(L;) and
Yw(L}) contain a path type of the form (x,T,1,x,T). But this implies v,(L;) = vw(L)) =
{(T,1,%,T)} and xu(Li) = xu(Lj) = 1.

Case B.3 7v,(S;) has the form {(x, H,1,*, H)}: We get xz(S;) = 1. Moreover, ~,(L;) and
Yw(L}) contain a path type of the form (x,T,1,, H). But this implies v,,(L;) = (L)) =
{(,T,1,%, H)} and xu(L;) = xu(L;) = 0.

Case B.4 vy(S;) has the form {(x, H,1,1,1)}: We get xg(S;) = 2. Moreover, 7,(L;) and
Yw(L}) contain a path type of the form (x,7,1,1,1). But this implies v,(L;) = v (L) =
{(x,7,1,1,1)} and xpg(L;) = xg(L;) = 1. This concludes the proof of Claim 13.

) ) )

Case 2.1.1. W' = W: As the AB-homomorphism 6; is d-preserving by (Hom?7), 6;(cWd) =
0,(¢W) implies cWd = ¢W. Hence, we have P,cWd =; P/¢W. Together with Claim 13, this
violates the hypothesis of minimality in the choice of decomposition (187). This case is thus
impossible.

Case 2.1.2. W' = W: Hence, v, (W) = {8} = ~,(W) and we get
0 €{(A H0,AT),(B,HO0DB,T),(1,H0,1,1)}. (246)
Hence, 7,,(S;) has the form {(x, H,*,x,*)} and we get
xH(Si) > 1 (247)

Moreover, by (238) and (243) we either have P;, P/ ¢ AU B or L;, L, ¢ AU B, because
otherwise the index ¢ would satisfy (190), which we exclude in Case 2.
Let us define a new equation (wyqm41, W), 1) With

Wygmi1 = cWd and w4 =W (248)
and the AB-morphisms
X=X foralll1<i<n+m and X, =Idw,. (249)
Hence, Yo (Wnt+m+1) = 'Yw(w;hLerl)- Let
S ={(wj,w)) |1 <i<n+m+1} and XN = (N\)i<i<nimi1- (250)

The triple (S, A, ;) fulfills the hypothesis of Lemma 47 (condition (180) for the new equation
(Wngm+15 Wy 41y ) follows from (244)). Moreover, w.r.t. this triple, we have

P,cWd =; P{c’W.
The definition of A; and Claim 13 imply
Ai(8 N 0;) < Ai(S, X, 0y). (251)
Let us now bound the size of A(P;, S;, P/, S!,0):
AP,y i, Py 81,00 2 1= xan(P) + 2 (S) + 4101(50)]

(247)
> 3 —xaB(B) +4)6:(5)|
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In case P;, P! ¢ AUB, we have xap(P;) = 0 and hence A(P;, S;, P!, S/,0;) > 3.In case P, P e

19 M

AUB we have L;, L, ¢ AUB (as argued above) and xap(P;) = 1 Hence, A(P;, S;, P!, S.,0;) >

1M

2 4 4(|6:(S;)||. Since L; € AU B and v,,(L;) # 0, we can write L; as L; = eUK; for some
U € W and e € Gi(U). Moreover, (246) and 7i(U) = 7e(W) imply that ~,(U) has the
form {(x,T,*,%,%)} or {(1, 1,*,*,*)}. The latter is not possible (it is neither an H-type
nor a T-type), hence 7,(U) has the form {(x,T,*,x*,%)}, ie., it is a T-type. This implies
16481l = 16:(L:)]| > (U] > 1. This implies AP, Si, P/, 54,6,) > 2 + 4]6,(5:)] > 6. In
both cases, we have shown

Ai(8, X, 0:) = A(P;, Si, P/, S;, 6;) > 3. (252)
Let us choose
Poimir=¢, Pl =¢ Snimp1=cWd, S, .. =cW.
Since ||0;(W)|| = [|8:(W)]|| = 0 (we have 6,(W),8;(W) € H since ,,(W) is an H-type) we have

A(Pugmt1s Snmsts Primats Sname1,00) =1 — xas(e) + xa(W) + xa(W) +
2(|6:(W)]| 4 2/|6: (W)
—1-142+40
—9. (253)

Finally, using (252) and (253), we obtain:

Anymi1(S, N, 0:) < A(Posymits Sntmats Prmst1s Snpme1:06)
=2
<3
< Ai(S, A 6y). (254)

The above inequalities (251) and (254) prove that
{{Al (8,7 >‘/7 Ht)7 An+m+1(8,7 >‘/7 92)}} < {{Al (87 A, Ht)}}

w.r.t. the partial ordering on finite multisets of naturals induced by the ordering on N. More-
over, for 1 < j <n+m with j # i we have A;(S",N,0;) < A;(S, X, 6;). Hence

IS X, 00)] < [I(S, A, 6.

By induction hypothesis, the conclusion of the lemma holds for (8’, N, 6;). This proves that
it holds for (S, A, 6;) too.

Case 2.1.3. W’ ¢ {W,W}: Let us consider the monoid homomorphism X' : W — W fulfilling:

N(e)=eforallec AUB (255)
NW)=ct ’W d=! (256)
N(W) = dW’ (257)
N(W") = W” for all W" € W\ {W, W} (258)
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This definition is written for the case where W € W. In the case where W ¢ W, line (257) of
this definition must be cancelled. Such a homomorphism exists because (244) ensures that

(244)

Sw(W) = 6:(0,0,(W)) 5:(0,0,(c7LEW'd™)) = S (c7HEW'd™) = 5,(N (W)

(and analogously 6,,(W) = 6,(N(W)) in case W € 17\/\) The same argument shows that A’ also
preserves fi,,. Moreover, X preserves 7, since v, (W) = 7, (W') = 4, (N (W)) by Claim 11.
The submonoid dom(IL,,) is preserved by A\’ because we have

WeW — Wde dom(IL,,)

<= 6(cWd) € dom(I;)

e 0:(cdW') € dom(Iy)

— W' e dom(ly)
— W eWw.

Finally, \" preserves the partial involution I, because (in case W € W\)
NW) =dW'd e = T, (c LW d™) = L,(N (W)).

Hence, Lemma 23 implies that A" is an AB-homomorphism. Let us define X" = (A;o\)1<i<ptm.-
Since Alph(S, ') = Alph(S,A) \ {W, W}, the inequality A(S,X) < $Card(Vp) still holds.
Moreover, we have

(256) (249)

0; (N (W)) 0 (¢ LdW'd™1) 0 (W)

and hence (in case W € 17\/\) also 0;(N(W)) = 6;(W). Since moreover 6;(N (W")) = 0,(W")
for all W” € W\ {W, W}, we get 0; = X o 6;. This implies

0N (\s(w0) = 0 (i) "2 0,00 (w)) = (N (u(w))).

It follows that the triple (S, N, 6;) fulfills the hypothesis of Lemma 47. W.r.t. to this triple
we have XN (P;) =; N(P/) (since P, =; P/ w.r.t. (S,,60;)). Hence, we have

N(PeWd) =; N(PldW'). (259)

Also note that for all w € W we have xap(w) = xap(XN(w)) and xg(w) = xa(N (w)), since
w and X (w) have the same type by Claim 11, which uniquely determines the value under x .
Furthermore, also ||6;(w)| = ||0:(N (w))||. This implies that

(259)
Ai(S,N,0) < AWN(PeWd), N (d ™ L), N (Pl W), N (L), 6;)
AP, eWd,d Ly, PldW', L, 6;)
Claim 13

< AR, S, PLLSL6,)

1))

== AZ(S7 Aa et)

Hence, we have [|(S, X, 0:)| < ||(S, A, 6)]|, i.e., the triple (S, X, 6;) fulfills the hypothesis of
Lemma 47 and has smaller size. By induction hypothesis the conclusion of the lemma holds
for (S, N, 6;). This proves that it holds for (S, X, 6;) too.
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Case 2.2: 7, (W) and v, (W’) are T-types and W’ € {W,W}. This implies [|0;(cW)|| =
16:(¢W")|| > 1. In view of this equality, and equations (239) and (242), point (1) of Lemma 28
applies. Hence, there exists d € Ge(W) such that

0;(cWd) = 0;(CW') and  0:(d*L;) = 6,(L}).

Next, let us show:

Claim 14. A(PieWd,d=L;, PIdW' L, 0;) < A(P;, S;, P!, S, 0;).

1)

First note that

10 (™" La)|| = 16:(La)ll = 16:(S) | = 6:(W)I| < [|6:(Ss)[| — 1 and (260)
16:L4) 1 = 16 (S = W) < 1851 =12 (Sl — 1, (261)
because W and W' have a T-type and therefore ||6;(W)]|, ||0:(W")|| > 1. Next, we claim that
xa(d ' Li) = xa(Li) < xu(Si) +1 and  xm(L}) < xu(Si) + 1. (262)

The case that xpg(S;) > 1 is clear. Hence, assume that xpg(S;) = 0, i.e., 7,(S;) has the
form {(x,7,1,%, H)}. Since S; = c¢WL;, v,(Li) cannot have the form {(x,x,*,%,T)} or
{(%,%,%,1,1)}. Thus, xg(L;) < 1, and (262) holds for L;. For L} the same argument holds
(note that v, (S5;) = ’Vw(Sz{) by (240)).

Since xap(PicWd) = xap(P/dW') =0, we get

1
APWd, d "L, PLEW' 11,6, "2 1- 5 (XAB(B-ch) n XAB(P{JW’)) +

X (d™ Li) + xu(L;) + 2]10:(d " Ly)|| + 2/16:(L5)]|
(260)(262)
< T4 2xH(S:) + 2+ 4)0:(5:)|| — 4
= 2xH(S:) +4/0:(S;)| -1
(241)
< AP, S, PS50,

19~
This proves Claim 14.

Case 2.2.1. W/ = W: Then, as in Case 2.1.1, 0;(cWd) = 0,(¢W) implies cWd = ¢W and
hence PicWd =; P/¢W. With Claim 14, this contradicts the minimality of A(P;, S;, P/, S%, 0;).

Case 2.2.2. W' = W: By (242) and (240) we have y,(cWL;) = 7,(Si) = 7u(S]) =
Yw(dWLL). Hence, Te(W) = 7i(W) = 7i(W) = 7e(W) and we get v,(W) = 7, (W). Since
this is a T-type, we have v, (W) = (C,T,1,C, H) = 7, (W) for either C = A or C = B. We
claim that

LieA<1L,e€A and L;e B+« L,€B. (263)

Assume that, e.g., L; € AU B. We must have L; € C, otherwise v,,(S;) = Yw(cWL;) = 0.
Hence, d 'L; € C and 6;(L}) = 6,(d"'L;) € C C H. This implies that ~;(6:(L})) only
contains path types, whose boolean component is 0. Since 7, (L;) C ~(6,(L})) the same
holds for v, (L%). Moreover, (C,T,1,C, H) = 7,(S;) = 7w (S!) = (¢ WLL). Since 7,(W) =
(C,T,1,C,H), (C,H,0,C, H) must be a path type of L}. We obtain L, € C, since no product
of H-types is of the form (C, H,0,C, H).
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A new system & and tuple A’ of AB-homomorphisms can be defined as in (248)—(250)
in Case 2.1.2. Note that vy (Wnrm+1) = Yu(Wd) = Y (W) = (W), 4 yq) since v, (W) =

Yw(W). The triple (S', X, 0;) satisfies all hypothesis of Lemma 47. Moreover, w.r.t. the triple
(8, N, 0;) we have
P,cWd =; i'c'W.

The definition of A; and Claim 14 imply
Ai(S N 0;) < Ai(S, X, 0y). (264)

Let us define

/ ! AV v
Pn+m+1 =g, Pn+m+1 =g, Sn—l—m—i—l = CWd, Sn—l—m-i—l = C W

Note that x g (W) = xg (W) = 0. Hence, we get

A(Ppym+t1s Sntma+1, 7/L+m+17 S;H—m—f—l? 0:) =1 —xas(e) +xu(W) +_XH(W) +
2([0: (W) + 2|6 (W)
= 4|6, (W)]]. (265)

Next, let us estimate the size of

241
2SN 0,) = AP, Si, PL S0 600 "2 1 = xap(P) + 2va (S:) + 4116:(5)].
We claim that
1= xan(P) + 2xu () +4]0,(S)| > 4/|6:(W), (266)

which implies

(265) / /
= A(PnerJrla Sn+m+1a n+m-+1> Sn—i—m—i—l’ at)

> Apimi1 (S, N, 6,). (267)

So, let us prove (266). We distinguish the cases P, € AUB and P, ¢ AUB. If P, ¢ AU B,
then x4p(P;) = 0 and hence

1= xaB(Fi) + 2xu (Si) + 4[10:(S)ll = 1+ 2xm (Si) + 4[10:(Si)[| > 4116:(Ss)l| = 4[10:(W)]|.

Now assume that P; € AU B. From (238) we get P/ € AU B. If moreover L; € AU B, then
also L, € AU B by (263). But then the index ¢ satisfies (190), which we exclude in Case 2.
Hence, we must have L; ¢ AU B. We have

1 —xaB(55) + 2xu(Si) + 4/10:(5:)[| = 2x1 (S:) + 4/|0:(Si)|-

If moreover [|0;(L;)|| > 1 then ||6:(S;)|| = [|0:(W)||+1|6:(Li)|| > ||0:(W)| and hence 2x i (S;)+
4|10 (Sy)|| > 4)10:(W)]|. If ||6:(Ly;)|| = 0, then ||6:(S;)|| = ||0:(W)|| and all symbols from W that
occur in L; have H-types. Since L; ¢ AU B, there is at least one such symbol. It follows that
~Yw(Si) is either of the form {(x,7,1,%,7)} or of the form {(%,7,1,1,1)}. In both cases we

79



get xm(S;) = 1 and hence again 2x g (S;) +4/10:(S;)|| = 2+ 4(|6:(W)|| > ||0:(W)||. This proves
(266) and hence (267). Together with (264), we get

IS X, 0] < [I(S, A, 6:)]].

By induction hypothesis, the conclusion of the lemma holds for (§’, X', 6;). This proves that
it holds for (S, A, 6;) too.

Case 2.3. W' ¢ {W, W} and 7,,(W), 7, (W') are T-types: By (239), 0,(cW L;) = 0,(¢W'L’).
Using that 7, (W) and ~,(W’) are T-types, we can apply Lemma 28 with P = 6;(cW),
P = 6,(cW'), S = 0,(L;), and S’ = 0,(L;). We distinguish 3 subcases according to which
point of Lemma 28 occurs.

Case 2.3.1. ||0(cW)]| = |0:(¢W")|| (and hence ||0;(W)|| = ||6:(W')||): This corresponds to
point (1) of Lemma 28: There exists some d € Ge(W) such that

Qt(CWd) == Ht(c’W') and Ht(LZ) == Ht(dL;) (268)

Claim 15. A(PicWd,d Y L;, PIdW' L., 0,) < A(P;, S;, P/, SL,0;).

19 M

The same arguments as for Claim 14 in Case 2.2 apply (the crucial hypothesis that ||6,(W)|| =
16, (W")[| > 1 is still valid).

Moreover, v, (W) = ~,(W’). We can end this case as for Case 2.1.3: Using (268) and
Y (W) = 7(W'), we can define an AB-homomorphism X" as in (255)—(258). Then, we define
X = (NioXN)i<i<n+m. We get again (259) for the triple (S, N, 6;). The definition of X" implies
that for all w € W: yap(w) = xap(N(w)), xg(w) = xg (N (w)) (since w and X (w) have the
same type), and [|0;(w)|| = [|0:(N(w))|| (since [|0:(W)|| = ||6:(W')]|). This allows to derive
Ai(S,N,0;) < Ai(S, A, 0;) in the same way as in Case 2.1.3 (using Claim 15 instead of
Claim 13). We can conclude as in Case 2.1.3.

Case 2.3.2. [|0:(cW)| < ||6:(¢W")||: This corresponds to point (2) of Lemma 28: Let
Yu(W) = {6}, vu(W') ={0'}, p € vu(Li) and p" € 1, (L;) such that Op = 6'p’. By point (2)
of Lemma 28, there exist d € Ge(W) and Pj, P;, P; € H; such that P has the T-type 0, P}
has a T-type 64, Py has an H-type 65, and

0,(cW) = Pld, 0,({W') = PLPPL, 0,(dL:) = PLPL0(LY), 6 = 06,0,, p = 6,040,  (269)

Note that ||L;|| > 1, because otherwise we have 6,(L;) € H, which contradicts the fact that
P} has a T-type. Hence, v,(dL;) = {p} = {0405p'}. Let us apply Lemma 40 to the AB-
homomorphism 6;, the equality 0;(dL;) = Py(P30(L})), the H-type 65 € v(P5), and the type

50" € (P30 (LL)) (note that v, (dL;) = {0505p'} as required in Lemma 40). We obtain
pQ, S € W, with

dL; = B2S, 6,(P) = Py, 7u(P2) = {04}, 6,(S) = Pi6u(L)), 64 € 7u(S).  (270)

see Figure 14. .

Let us first assume that W’ € W. Hence, also ¢W’' € W. Axiom (Hom3) on AB-
homomorphisms implies that PjP;P; € dom(l;). Axiom (AB5) implies that P, Py, Py €
dom(I;) and axiom (Hom3) implies that

W, P, e W. (271)
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Fig. 14. Case 2.3.2

We saw above that 7;(P4) contains the T-type 65. Moreover, by hypothesis, A(S,A) <
%Card(Vo). Hence, we can choose a letter W3 € W, such that

W3 ¢ AIph(S,A),  ~u(W3) = 05 € ,(P3),
,Uw(Wi%) = Mt( g’np?i)a 0w(W3) = 515( g,”Pé), (272)

Since W3 ¢ Alph(S,A) and dL; = P,S we have
Ws & Alph(P) (273)
We define a monoid homomorphism X : W — W by:

N(e)=eforec AUB
NW' = tewd 1 PyWs (274)
N = Ly (¢ teWd 1 Py W3) (275)
NW")y =W" for W’ e W\ {W W’} (276)
Note that
suW) M 507, 0,07))
(269)

(0. PP
OO0 5, (0(0404), 0,(c LW d ' By) )

6w (LW d™  PyW3)

s

and similarly 6,,(W’) = 6, (N (W')). Hence, by Lemma ??, )\ is indeed a monoid homo-

morphism on W. Next, since &;(0%, Pj) = 6,,(W3), we can define a monoid homomorphism
9{5 : Wt — Ht by

(272)

0i(e) =e for c€ AUB,
A 3>:P§ (277)
0L(Ws) = I(P3), (278)
O, (W") = 0,(W") for W € Wy \ {W3, W3}. (279)
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As in the above cases we can check that A\ and 6] are AB-homomorphisms. Moreover, we
claim that

YW € Alph(S, A) : (N (W) = 6,(W"). (280)
Since W3, W3 ¢ Alph(S, ), we have

aé(AI(WI/)) (226) Hé(WI/) (2;9) Ht(WI/)

for every W” € Alph(S,A) \ {W’,W’}. Moreover

g T g tewd Byws)
(277),(279) 710, (cW)d10)(Py) Py
273) 4 ~L9,(P) P}
= 70 (W)d T 0(Py) P
(2;0) c/_let(CW)d_lpzlpé
(269) -1 PlddP}P}
(269)

= (W
Finally, since X’ preserves I, and 6}, 6; preserve I;, we also get 6;(X (W) = 6,(W’). We get

o,V () E 0,00 (wi) 2 0 wl)) B oLV (i) (281)

for all 1 <7 <n-+m. Let us define
)\;:)\io)\/ foralll <i<n+m.
Recall that P; has the H-type ). Since 7, (W’) is a T-type, this shows that
W', W' ¢ Alph(P,). (282)

Hence Alph(S, ) = (Alph(S,A) U {W3, W3}) \ {W’,W’}. Thus, we have
1
ASN) < §Card(V0). (283)

Equality (281) and inequality (283) ensure that the new triple (S, A’, 8}) fulfills the hypothesis
of Lemma 47. Let us evaluate now the size of this new triple. For the i-th equation (w;,w})
we have:

Ni(wi), Ni(wy)) = (N(PeW L), N(PdW'Ly))
CIO_CTY \(PYeW N (A1 PoS), N (P (¢ eWd ' PaWs) N (L))
(282)

=" (N(B)eWdrPXN(S), N(P))eWd ' PyWs )N (L))
Let us set

Qi =N(P)cWd 1Py, Ty =N(S), Q:=N(P)Wd 1Py, T] = WsX(L}).

1
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We next want to bound the size of

1
A(Qu T QT ) =1~ L (0an(Q0) + xan(@0) + xar(T) + xur(T)) + 2064(T) | + 2184(T).
First note that xap(Qi) = xap(Q;) = 0 since @; and Q) contain the symbol W € W.
Moreover,

(280)

280 277
50) 4 () (250) (277)

P30y (Lj) =" Pabi(N'(L5)) =" 0,(WsX'(L5)) = 6,(T7).

(284)
Since T/ = W3\ (L,) and W3 has a T-type, it follows that v,,(77) is of the form {(x, T, 1, %, *)}.
Hence, xu(T}) < 1. For T; = X (S) we either have |y, (7;)] > 1 and hence xg(7;) = 0 or
Yu(Ti) = Y (S) = {04p'}. Since 6% is a T-type, it follows again xz(7;) < 1. We therefore
obtain:

0/(T}) = 0,(N(S)) e

1
AQi T QT3 0) = 1= 5(xan(Qi) + xap(Q))) + xu(Ti) + xu (T7) + 20104(To) || + 2[10(T7) |
(284) .
< 3446(T5)]l

277),(280
CTL80) 3 4 PL + 4)6,(L))|

1P{]>0 ) ) ) )
AP+ IR+ P+ 1l ()
O go, (WL

(242)

2 0.8

(239)

=" 206,(S)| + 2116:(S})]]
< AR, S, PlLS.6,).

By Lemma 3, the hypothesis that P; and P/ are related by the monoid congruence generated
by the set of pairs {(Aj(w;),A\j(w})) | i+ 1 < j < n+m} implies that X'(F;) and N (F))
(and hence Q; and @)) are related by the monoid congruence generated by the set of pairs
{N (N (wy)), N(Aj(w)))) [ i+ 1 < j <n+mj. It follows that

AZ(S7 A/,Hé) S A(QlaﬂaQ;aﬂ/aeé) < A(PZ"SZ'7P1'/?SZ{5925) - AZ(SaAaHt)

Moreover, (280) implies that A;(S,N,0;) < A;(S, A, 0;) for all other j. Thus, we have
(S, N, 0] < [I(S,A,0;)]]. By induction hypothesis, conclusions (183)—(186) are true for
(8, '), which also implies that they hold for (S, ). This concludes the case that W’ € W.
In case W' ¢ W we just cancel the last line of (275) and can conclude as before.

Case 2.3.3. ||0(cW)]| > ||0:(¢W')||: Symmetric to Case 2.3.2.
This concludes the proof of Lemma 47. O

Let us now prove Lemma 46.

Proof of Lemma 46. Let oy : Wy — H, fulfill the assumptions of Lemma 46. By assumption
(1), oy is an AB-homomorphism solving the system of t-equations S = {(w;, w}) | 1 <i < n}.
Let us define m = 0, A; = Idw, for 1 < i < n, and 6; = o4. By assumption (2) of Lemma 46
it also fullfills

- 1
A(H wiwh) < §Card(V0).
=1
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W, A1

oW

Fig. 15. Proof of Lemma 46

Hence, the system S, the integers m,n, and the maps (\;)i<i<ntm, 0+ are fulfiling the hy-
pothesis of Lemma, 47.

Let us consider the maps @, A, and 6} given by the conclusion of Lemma 47 and the
natural projection g : Wy — W, /@, which is an AB-homomorphism. Choose

ow =N omg : Wy — W, /& (285)

and let
¢t : Wt/¢ — Ht

be the AB-homomorphism defined by
VIV € Wy ([W]~y) = 0,(W).

By point (184) of Lemma 47, the congruence ~g is contained in the kernel of 6. This implies
the existence and unicity of the monoid homomorphism ;. We have

0] = mp 0 . (286)

With Lemma 24, it follows that ¢, is indeed an AB-homomorphism.

Finally, we show that the mappings ow and ¢, fulfill the properties asserted in Lemma 46.
For all W € Alph(S) we have

(W) = 0,(W) = 6,00 (W) "= 0,0 (W) 2 iy (o N (W))) ) 4y (0 (W)

Moreover, for all 1 < i < n we have

285 185 285
o (w;) ) mp(Nwi)) "= mp(N(wh) B o ().

Figure 15 shows all morphisms involved in the proof. O

From W-solutions to t-solutions. Conversely to Lemma 46, every W-solution of a given
system S of the form (131) provides a t-solution of the same system. Let us state this formally.
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Lemma 48 (W-solutions provide t-solutions). Let S; = {(w;,w}) | 1 < i < n} be a
system of t-equations of the form (181) and let Sy = {(vi,v}) | 1 < i < m} C Wy x Wy
be a system of equations over the monoid H. Let us suppose that there exist @ € Hinv, an
AB-homomorphism ow : Wy — W, /®, and an AB-homomorphism ¢y : Wy /P — H; such
that

ow(w;) = ow(w}) for all1 <i<n, (287)
Y t(ow(vi) = Y (ow(v))) for all 1 <i<m. (288)

Then, there is an AB-homomorphism 1 : W, /® — Hy, which extends 1y ¢, such that oy oy
solves the systems S; and Sy.

Proof. Let @, ow, and ¥, fulfill the hypothesis of the lemma. Since ¢ € Hlnv, there exists
a partition W = W & (Wi, o ;Wb W {Wq,...,W,} (see (92)), where Wy is closed under
the involution I,. Moreover, there exists a tuple (ai,b1,...,ap,by) with ag, by € Gi(Wj) =
Ge(Wy) (1 < k < p) such that (94) and (95) hold. We first define a monoid homomorphism
Yy W % Ax B — H; in the following way:

— Y(c)=cforce AUB
— Y(W) =Yg ([W]a,) for W e Wy
— Let W € W, \ Wh. By (91), we can choose sy € H; which realizes W in the sense that

sw € dom(l;) <= W € dom(L,), (W) < w(sw),
VO € (W)t iy (0, W) = 114(0, sw), 0, (0, W) = 6,(0, sw).

We can make this choice such that sy = I;(sw) for all W € W\\WH We set ¢ (W) = syy.

It follows that for all W € Wy, 0,(W) = 6¢(v(W), ¢ (W)) (for W € Wy this follows from
the fact that m¢ o g is an AB-homomorphism). Thus, for every (c,d) € §,,(W) we have
Y (cW) = Y (Wd). Therefore, ¢, induces a monoid homomorphism v, : W, — H;. This
monoid homomorphism clearly fulfills conditions (a)—(f) from Lemma 23. Thus ¢, : W; — H;
is an AB-homomorphism. By the hypothesis on v, for all w,w’ € Wy with w ~¢ w" we
have Yp(w) = Yui([Wl~y) = YE([W]~y) = Ye(w'). Let us note that all the Wy, and Wy,
belong to Wy

— every symbol Wy, W}, has an H-type
— the existence of Wy shows that Wy, W, belong to W.

Since the congruence ~¢ is generated by its restriction to the set Wy, we have
Vw,w' € Wy : w ~g w' = 1y (w) = ¢y (w').

It follows that v, induces a monoid homomorphism W,/® — H;, which by Lemma 24 is in
fact an AB-homomorphism. Moreover, v, extends g +. Since ow solves S, ow o 1 solves Sy
too. Since ow o 9 solves Sp, ow o 1) solves Sy too. O

7 The groups U and E

We define in this section a group U, in which the partial monoid consisting of the elements
of W with a non-empty type, is embedded. Well-typed equations over W thus translate into
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equations with rational constraints over U. But W-equations involve, beside well-typed equa-
tions, an H-involutive automorphism @, which induces an involutive automorphism @y of U.
We define a quotient E of U by making equal every element v € U with its image @y (u). The
notion of a solution W; — W,/ ~¢ of a W-equation can thus be translated into the notion of
a solution W* x A x B — E of an equation with rational constraints in E.

7.1 The group U

Let us adjoin for every non-invertible symbol W € W'\ W a formal inverse W. The extended
alphabet W = WU{W | W € W\ W} is now endowed with a total involution, which extends
the partial involution I,, by the rules I,(W) = W and I,(W) = W for W € W\ W. The
maps Y, fw, and &, are extended to W in such a way that the axioms (AB10), (AB11),
and (AB12) for AB-algebras are fulfilled by W™« A x B endowed with this involution I,,. We
denote by =’ the monoid-congruence over W* x A x B generated by the set of pairs

(W, Wd) | W e W, (c,d) € 6, (W)} (289)

and by W the AB-algebra obtained from W™ x A * B by quotienting it by the equivalence
=’. We define the group U by the following monoid-presentation:

U= (AxBW; L,(W)W =d (W e W, (c,d) € 5,(W))). (290)

Note that the above relations include I,(WW)W = ¢ which guaranty that the monoid U is a
group. When working in the group U, we will also write W~ instead of I, (W).

The group U is an HNN-extension of the free product A * B: the elements from W’ are the
stable letters and the mappings d,,(W’') (W € W) are the partial isomorphisms. We identify
LA (resp. tp) with the natural embedding of A (resp. B) into A *x B. We denote by =y the
monoid congruence over W* x A x B such that v =y v if and only if u and v represent the
same element of the group U. We denote by

Ty W« AxB - U (291)

the canonical monoid homomorphism with 7y(z) = [z]z,. Clearly, all the pairs in (89) also
belong to =y, hence = C =y. Thus, there exists a unique monoid homomorphism 7y : W — U
such that

TUW*xAxB = T= © TU.
An element z € W* « A x B is said to be a U-reduced sequence if its corresponding (A, B)-
reduced string does not contain any factor of the form IL,(W)cW with W € W' and ¢ €
dom(d,,(W)). We denote by Redy(A « B,W') the subset of W™* %« A « B consisting of all
U-reduced sequences.

Lemma 49. Let s,s" be some U-reduced sequences in W™* x Ax B. Then s =y s’ if and only

if s='s.

This lemma is an analogue of Lemma 5 for HNN-extensions with a set W’ of stable letters
(instead of just a single stable letter t). This analogue can be obtained from Lemma 5 by
induction over the number of stable letters.

Lemma 50. Let s € W* x A x B with v,(s) # (0. Then s is U-reduced.
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Proof. Tt suffices to prove that v, (L,(W)cW) = 0 for all W € W' and ¢ € dom(d,,(W)): If
Y (W) = {(6,b,p)} for 0,p € Ts, b € {0, 1}, then we obtain

Yo (L (W)eW) = {(Ir(p), b, I (6)) }{(6, b, p)} = 0,

since Iz (6) # 0 (the mapping Ix defined in (15)—(17) has no fixpoints). O

7.2 The group E

Let us recall that an H-involutive automorphism @ € Hlnv is defined through p letters Wy
(1 < k < p), their inverses Wy, and a tuple (ai,b1,...,ap,by), as specified in Definition 8
from Section 3.9. Let us fix such an involution and assume that (96)—(99) hold. We extend &
to an involutive AB-automorphism of W’ by setting #(W) = W for W € W'\ W. We define
the group E by the group-presentation

E = (U; Wy = a, "W, ', H(1 < k < p)). (292)
where we know by (97) that
W,;laglkak =y bkalzl for 1<k<p (293)
and by (96) that
(kakaak)_lm(kakaak) =px for 1 <k <pand z € dom(d,(Wyg)). (294)

We denote by =g the monoid-congruence over W* x A x B such that v =g v if and only if u
and v represent the same element of the group E. We denote by

W *x AxB — E
the canonical monoid homomorphism with 7g(z) = [z]=,.

Definition 9. For a given finite group A, we denote by PHNN(A) the set of all presentations
consisting of a set of relations of the form (290) and (292), where the letters Wi, W (1 <
k <p) and the tuple (a1,b1,...,ap,by) are fulfilling conditions (93) and (96)—(99).

Note that, in the definition of the algebra W* x A x B, as well as for the group U, A, B
are trivially intersecting copies of the initial (isomorphic) subgroups A, B < H (i.e. these
copies have an intersection reduced to {1}). Thus, the resulting presentations depend, up to
isomorphism, on A only; this explains the notation PHNN(A) in Definition 9.

Note also that, within the AB-algebra H;, the subgroups t4(A),tp(B) C H; can have a
non-trivial intersection (isomorphic with the intersection of the initial concrete subgroups
A,B C H).

Note that the results demonstrated in the rest of this section hold for any group E, provided
it has a presentation in the set PHNN(A) for some finite group A.

Lemma 51. The monoid homorphism @ : W' — W’ (from Lemma 34) induces an involutive
group automorphism @y of U.
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Proof. By point 2 from Lemma 34, adapted to the larger alphabet ', we know that the
monoid homomorphism @ : W — W’ is an involutive AB-automorphism. Let W € W'. By

(Hom?7), we have
S (P(W)) = 60 (W). (295)

Let e € dom(d,,(W)) = dom(d,(®(W))). Since & commutes with I, and &(c) = ¢ for all
c€ AU B, we get

DLy (W)eW) =" Ly (B(W))e@(W) =y du(P(W))(e) =" 0uw(W)(e) = D(du(W)(e)).

Hence, @ is compatible with the defining relations of U. It follows that, for all m,m’ € W',
m =y m’ implies &(m) =y ®(m’). Thus & : W — W’ induces a group homomorphism
@y : U — U and since @y o &y = Idy, Py is an involutive group automorphism of U. O

Note that the presentation (292) can be rewritten as
E = (U;w = &y(w)(w € V)). (296)
Let us define a finite semi-Thue system’ Sg over the alphabet
ge =W U(A\ {1} u(B\{1}),

which will provide a confluent and Noetherian monoid presentation for the group E. Let us
choose for every W € W a transversal Ry of the left-congruence modulo the subgroup
dom(d,,(W)) over the group Gi(W), i.e.,

Ve e Gi(W)3r € Ry : x € r- dom(d,(W))

(here J!r means that there exists a unique r). For every W € W, we choose 1 € Ry and

for every 1 < k < p, we choose by, € Ry, . These two assumptions can be made compatible,

possibly after a preliminary change of the defining tuple (a1,b1,...,ax,bk, ..., ap,by) into
/

another tuple (ay,by,...,ay, b, ..., a,,b,) as follows:

— If by, ¢ dom(d,,(Wy)), then we can choose 1 € Ryy.
— If b, € dom(d,(Wy)), then we can change the tuple (ai,b1,...,a,b,...,ap,bp) by
Lemma 35 as follows (without changing &):

(a1,b1,... a5, bk, ..., ap, by
(a1,b1,...,bg,ak, ..., ap, by
(a1,b1,...,1, 0(bk)ag, ..., ap, by
(a1,b1,...,0(bg)ak, 1,...,ap,bp

Let (af,by,...,ap, b, ... a,,b,) be the last tuple, and take it as the defining tuple for &.

We have 1 = bj, hence we can satisfy both requirements 1 € Ry, and bj, € Ry,

For every x,y € A we denote by zy the element of (A \ {1}) U {e¢} that represents the result
of the product zy performed in t}ggroup A. Note that in the rules below, xy denotes a word
of length 2 over the alphabet A \ {1} while zy denotes either an element of A\ {1} or the
empty word. The same notation is used for B as well.

" Background on semi-Thue systems can be found in [BO93].

88



For every W € W', we also denote by ¢ the partial isomorphism &,,(W). In the case
W =Wy, (1 <k < p) we write ¢y, for oy, . The semi-Thue system Sg consists of the following
set of rules:

cicp = ci1cp for c1,c0 € A\ {1} or ¢1,¢0 € B\ {1} (297)
raW — rWow () for W e W',r € Rw,z € dom(pw) \ {1} (298)
WaW — ow(z) for W e W\ {Wp,, Wi | 1<k <p},z € dom(py) (299)
Wk — akabk for 1 <k < P (300)
Wb Wi, — a,;l for 1 <k <p. (301)
Note that (299) includes the rule WIW — ¢.
Lemma 52. The following holds:
(1) The monoid G/ <, is isomorphic to E.
(2) The semi-Thue system Sg is confluent and Noetherian.
Proof. For point (1) we show that +~—g, = =g. Since for every rule u — v of Sg we have

u =g v, we certainly have QSE C =g. For the other inclusion, i.e., =g C QSE, let us first
show =y C + S -

The rules defining the multiplication tables for A and B are also rules of Sg, see (297).
These rules yield a presentation of the free product A x B. Let us now consider an identity of
the presentation of U of the form

WeW =y pw(c) for ¢ € dom(pw).

W & {W,, Wi |1<k<p}, we get WeW—g, ow(c) directly with rule (299). If W = W},
for some 1 < k < p, we get

WieWi S o 0 Wibre W (302)
@h@ﬁ arWibi Wik (c) (303)
@)Sﬁ aka?(pk(c) (304)
EDss, o) (305)

If W =W, for some 1 < k < p and ¢ = 1, then, using the fact that @k(blzlak) = akbgl by
(97), we get:

— (300
Wi Wy u>SE Wiar Wby,
= kak(blzlak)wkbk
298 _
u)SE kakaakbk lbk
B, Wb Wiar
(301) —1

5, A O,
(297)
—
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Note that by the previous two derivations, W}, and W}, are inverses in the monoid presented
by Sk.

Finally, assume that W = W} for some 1 < k < p and ¢ # 1. Thus, ¢y = 30;1. Let
d = ¢, (c) # 1. Hence, ¢i(d) = c. By the above calculation, we know that

Wdek —>*S]E C.
Hence, since W, and W}, are inverses in the monoid Gr/ <L>SE, we get
d <L>S]E WkCWk.

We have checked that =y C QS]E'
By (296) the group E is obtained by adding to U the additional identity g = ®(g) for
g € Gg. Hence, to show that =g = +——g,, it remains to show that g +—g, ®(g) for g € Gg.
If g € G \ {Wi, Wy | 1 <k < p}, then &(g) = g, so that g «—g, (g). If g = W}, for
some 1 < k < p, then
—  (300) —
Wy ——s; axWib, = &(Wy).
Finally, if g = W}, for some 1 < k < p, then

301 —
kaka u)sﬁ Qg 1.

Hence, using the fact that W, and W), as well as b and b,;l are inverses in the monoid
G/ g, We get

Wi, s ay, Wbyt = ®(Wy,).

This concludes the proof for =g = QSE, i.e., of point (1) from the lemma.
For point (2), we first show that Sg is Noetherian. Assume that there exists an infinite
derivation

Uy —>Sg U1 —78g U2 —78g " * -

There exist only finitely many 4 such that u; —g, u;41 via one of the rules (299), (300), or
(301): Simply assign weight 2 to every letter W, (1 < k < p), weight 1 to all letter from
WA\ {Wi | 1<k < p}, and weight 0 to every letter from (A \ {1}) U (B\ {1}). Then no rule
increases the weight, and rules (299), (300), and (301) strictly decrease the weight.

Hence, we can assume that in the above infinite derivation only the rules (297) and (298)
are applied. Thus, the projection to the subalphabet W’ is the same for all u;. Let u; = s; Wy,
with s; € (A\ {1}) U(B\ {1}))*, W € W, and v; € Gi. We can assume that for infinitely
many ¢, the prefix s;W of u; is rewritten (necessarily using rule (298)); otherwise, wo obtain
an infinite derivation, where in each word the number of occurrences of symbols from W' is
smaller. But this is easily seen to be impossible. We have established that Sg is Noetherian.

It remains to show that Sy is confluent. Since Sk is Noetherian, it suffices to show that
every critical pair of the system Sg can be resolved. Here is a list of all critical pairs of Sg,
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where we assume that x € dom(py) whenever we write oy () for the partial mapping @ :

TWQD;VI(JU)yW — raWyW = raew(y) forr e Ry (306)
ew(y) & WyW = WWew(y) (307)

zryW rryW — xrWew(y) for r € Ry, z € Gi(W) (308)

Wik ()b Wy < raWipbpeWy, — @algl for r € Ry, (309)
ay "o Wi, + Wi Wi Wi — Wibgay ! (310)
ercplzl(x) — raWy, — raapWib, for r € Ry, (311)

Let us give for each of these critical pairs a common descendant modulo Sg.

Pairs of type (306):

TW@;[} (x)yW — TW@;[} (2)yW = reew (y) = reew (y) < raow(y)

Pairs of type (307): o
WWely) = ¢(y)

Pairs of type (308): Let us choose a representative s € Ry and an element ¢y’ € dom(pw)
such that zry = sy’. We have

zryW = sy’ W — sWow (y).
Moreover, since y,y’ € dom(py ), we have 'y~ € dom(¢w ). Hence, we also get
2 2

zrWeow(y) = erWeow (y) = sy'y " Wew(y) = sWew 'y Dew (y) = sWow (y).
Pairs of type (309): First, note that

(97)

_ 96
L) 5 (an) 0 0k 060 (br) 2 6 (br) 0 0k © 6 (ar).

Pk
Since @i (z) € dom(p, ') we get
z =, (or(x)) = aj, " or(by, " or(x)br)ak. (312)
Inparticular, b,;lgok(x)bk € dom(yy). Since by, € Ry, , we get:
Wi (2)b Wi — Wik (b, L or(2)b) Wi
— Wb Wi (b, " or (2)by,)
— ray k(b ok (z)br)

* — — (312) _ _
- mklﬂﬂk(bklwk(ﬂﬁ)bk) = rmakle@akl,

Pairs of type (310): Since by (97), ¢x(ag 'by) = bra, ' we have
a;lkak—)Sﬂz kakalzl-
Pair of type (311): Since € dom(p; ) and ¢, ' = dy(ak) © ¢y © 6, (bx) by (96), we have

w,;l(x) = bl;lcpk(aglxak)bk. (313)
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In particular, a;lmak € dom(py). Let us choose a representative s € Ry, and an element
x’ € dom(yy) such that ray = sz’. With (313), we get

or(2)brpy, () = er(a'ay, ' wag)by. (314)
We get:
H(z)
H(z)
= sa'Wibepy, ' (2)
=% SWeer(2)brey ' (x)

Wiy H(2) —se rarWibiey,
Sk %kak‘ P

sWipn(a'a;, ' wag,) by

On the other hand, we have

reapWiby— s, reaWib, = rak(aglxak)kak = sx'(alglxak)kak%qu kugok(x/aglxak)bk.

We have shown that all critical pairs can be resolved. Hence Sk is indeed confluent. O

An element s € W™* x A x B is said to be a E-reduced sequence if its corresponding (A, B)-
reduced string neither contains a factor of the form L, (W )cW with W € W', ¢ € dom(d,,(W))
nor of the form Wb, Wy, for 1 < k < p. We denote by Redg(Ax B, ') the subset of W*x Ax B
consisting of all E-reduced sequences.

Lemma 53. Let s € W™* x A x B with v, (s) # (0. Then s is E-reduced.

Proof. Let s € W*x Ax B with y,,(s) # (). We already know by Lemma 50 that s is U-reduced.
By (109), every Wy has an H-type, which implies that v(Wyb,Wy) = 0, hence s cannot have
any factor of the form Wb W. O

Let us consider the monoid congruence =l; over W'* « A « B generated by the set of pairs
{(eW,Wd) | W eW (c,d) € §p(W)}U{(W, (W) | W € W'}. (315)

Note that the congruence =¢ over W* * A x B, which was defined at the end of Section 3.9,
is generated by the set of pairs

(W, Wd) | W e W, (c,d) € 6u(W)} U{(W,B(W) | W e W}, (316)

The congruence = over W* x A x B was defined by (89), the congruence = over W* x A x B
was defined by (289), and the congruences =y and =g over W*x Ax B are defined just above.

Leaning on the semi-Thue system Sg we are now able to prove the following lemma which
is a key-argument for reducing equations over W/® to equations over the group E.

Lemma 54. The following holds:

(1) Let s,s' € W™ x Ax B such that y(s) # 0 #
(2) Let s,s' € W* x Ax B such that y(s) # 0 #
#0#
#0 #

Y(s'). Then s =g s if and only if s = §'.
~v(s"). Then s =g s if and only if s =¢ s’
v(s"). Then s =y s if and only if s = 5.
~v(s"). Then s =y s if and only if s = 5.

(3) Let s,s' € W* % Ax B such that (s)
(4) Let s,s' € W*x Ax B such that v(s)



Proof. For point (1) let us take s,s" € W™* x A x B such that v(s) # () # v(s'). First, assume
that s =g s’. Let us denote by z (resp. z’) the unique (A, B)-reduced string representing s
(resp. s’). In this proof, for every string w € Gj;, we denote by [w]ap its image in the free
product W™ x A « B. Let us consider the reduction of z (resp. 2’) towards its normal form
w.r.t. the system Sg:

Z_>Z'u; pse(2), ZI_%']E pS[E(Z/)' (317)

By Lemma 52(1), z +—g, 2 and by Lemma 52(2), ps.(z) = ps,(2'). Let us denote by
7 : Gi — 27 the unique homomorphism such that for every g € Gg, v(9) = Yw([glan). Note
that every rule of type (297), (298), or (300) increases (for the inclusion ordering) the value
of . Note also that, if y(w) # ), then by Lemma 53, the sequence [w]ap is E-reduced which
implies that the only rules of Sg that might have a redex in w are those of type (297), (298),
or (300). Thus, for every w,w’ € G,

(v(w) # 0 and w—g, w') = y(w') # 0.

By induction, this implies that every reduction step in (317) uses a rule of type (297), (298),
or (300). Since, every rule (u — v) of these types fulfills [u]|ap = [v]ap, we conclude that:

[2]aB =g [pss(2)]aB = [ps:(2)]aB =4 [']aB-

Conversely, the congruence = is generated by all the defining relations of W’ union the set of
rules {(W,®(W)) | W € W'} which all belong to the presentation (296) of E. Hence =, C =g.

For point (2) from the lemma, let T be the set of all rules of type (297), (300), (301)
together with those rules of type (298) where W € W and those rules of type (299) where
W € W. One can check that T is complete too (because in the above proof of Lemma 52,
the resolutions for the critical pairs of Tg only use rules of Tx itself). Moreover, every rule
(u — v) of Ty of type (297), (298), or (300) fulfills that [u]ap =& [v]ap. Hence, by similar
arguments, if s, s’ € W* x A x B fulfill the hypothesis of point (2) then s =4 s’

Point (3) of the lemma follows immediately from Lemma 49 and 50. It can also be proved
by an adaptation of point (1), where instead of the semi-Thue system Sg, we use the semi-
Thue system Sy consisting of all rules of type (297), (298), and (299).

Finally, point (4) can be also proved by an adaptation of point (1), where instead of
the semi-Thue system Sk, we use the semi-Thue system Ty consisting of all rules of type
(297) together with those rules of type (298) where W € W and those rules of type (299)
where W € W. Every rule (u — v) of Ty of type (297) or (298) with W € W, fulfills that
[u]ap = [v]aB. Hence, by similar arguments, if s, s’ € W*x Ax B fulfill the hypothesis of point
(4) then s = ¢'. 0

7.3 Extensions of degree 2

The structure of E turns out to be based on quadratic extensions of A that are combined
together by free product with amalgamation over A. We thus state some basic facts about
quadratic extensions of groups. Let K be a group and F be the group presented by

E=(K,u; v’ =c, v tzu= 1) (zr € K)), (318)

where u is a new letter, ¢ is some element from K and ¢ : K — K is a group automorphism
fulfilling
Y(c)=c and Vre K :y@p(z)) =c tze (319)
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One can easily check that under hypothesis (319) on ¢ and 9, the group E is an extension
of K with [E : K| = 2. Conversely, every extension E of K with [E : K] = 2 must have the
form (318) for some ¢ € K and some group automorphism ¢ : K — K fulfilling (319).

7.4 The structure of E

We show here by applying successive Tietze transformations that E can be obtained from
a certain group K by a finite number of HNN-extensions over some strict subgroups of A.
In Section 7.5, we will show that solvability of equations with rational constraints in K is
decidable by a reduction to the main result of [DHGO5], stating that solvability of equations
with rational constraints over a free monoid with involution is decidable.

Remark 2. Note that U is by definition the fundamental group of a finite graph of groups
where the vertex groups are A and B. Thus U is virtually free. The decomposition of E that
we exhibit in this subsection can be seen as a finite graph of groups whose fundamental group
is [E showing that E is virtually-free, too.

First transformation: Let us choose some symbol from W such that the corresponding
dy-value is a total isomorphism from A to B. We call this symbol ¢ in the following, since any
generic symbol from W that represents the stable letter ¢ may serve. Hence d,,(t) = ¢.

By applying the Tietze transformation

b—t Ll (bt forallbe B\ {1}

to the presentation (292), we obtain a group presentation with the set of generators W U (A\
{1}) and the following set of relations:

W taW = 6,(W)(a) if GI(W) = Ge(W) = A, a € dom(5,(W))

W taW =t~ Lo 1 (6, (W) (a))t if GI(W) = A, Ge(W) = B,W # t,a € dom(d,(W))
W o™ o)W =t 711 (8, (W) (b))t if GI(W) = Ge(W) = B,b € dom(6,(W))
ai1as = ag for ay,a9,a3 € A with ajas = a3z in A
Wy, = a,;lnglblgl for 1 <k <pand Gi(Wy) = Ge(Wy) = A
Wi =t o Hag )W o (b Mt for 1 < k < p and Gi(Wy,) = Ge(Wy) = B

where we know that (293) and (294) hold.

Second transformation: Let us define

V={t}u{WeW |Gi(W)=Ce(W)=A} U {Wt | Gi(W) = A,Ge(W) = B,W #t}
U {tWt 1| Gi(W) = Ge(W) = B}.

We take the new set of group generators V U (A \ {1}). For every 1 <k < p we define:

a% = agk, 2 = bk if Gl(Wk) = Ge(Wk) =A
aj = cp_l(ak), b, = cp_l(bk) if Gi(Wy) = Ge(Wy) = B

Hence, we have a},, b}, € A for 1 < k < p. Moreover, for every V' € V\ {t} we define the partial
automorphism 6, (V) : A — A in the natural way. E.g. if V = tWt~! where W € W' with
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Gi(W) = Ge(W) = B, then we set §,(V)(a) = ¢ 0 §,(W)o ot For V = t, since all the
relations involving ¢t and A U B have now disappeared, d,,(t) is defined as the trivial partial
isomorphism, i.e., dom(d,(t)) = {1}.

We obtain the following finite set of relations:

V1V = 6,(V)(a) for V € V,a € dom(6,(V)) (320)
ai1as = ag for ay,a9,a3 € A with ajas = a3z in A (321)
Vie = (a;ﬁ)fle_l(bﬁc)fl for 1<k <p (322)

In order to get (322), it is important to note that Gi(Wy) = Ge(Wy) for 1 < k < p. If, for
instance, Gi(Wy) = Ge(W},) = B, then we have Vj, = tWyt~1, i.e., Wy = t~'V,t. Hence, the
relation

Wy =t o Hay )W e ot (b e

becomes
Ve = Wit ™! =~ a DEW e (b1 = (af) Vi (0h) 7
i.e., (322). Moreover, by translating the U-relations (293) and (294) over W} into relations
over Vi (simply conjugate these relations with ¢ in case Gi(Wy) = Ge(Wy) = B), we obtain:
Vi ap,) Vi =u bl(a),) tfor 1<k <p (323)
(Vi Viah,) L (Vi Viah,) =u @ for 1 < k < p,z € dom(6,(V3)) (324)

Third transformation: Let us define
U=V\{V VLV T u {0, U U, U Y

where Uy, = Vibj, and U, ' = (b},)71V, ! and take as set of generators & U (A \ {1}). Let us
define ¢, = (a},)"'}, € A. Moreover, let 8,,/(Ug) = 0u(V) © 0y (b),). We obtain the following
relations:
U= taU = 6,(U)(a) for U € U,a € dom(5,(U))
ai1as = ag for ay,as,a3 € A with ajas = a3z in A
U,?zckforlgk:gp
Here, the last equation is obtained as follows: By (322) we have a} Vi)V, = 1, i.e., a}, V;b) Vi), =
b).. Hence, a,UZ = b),, i.e., U} = (a}) "'V}, = ck. Moreover, translating the U-relations (323)
and (324) over Vj into relations over Uy, yields:
U,;lckUk =ypcpfor1<k<p (325)
U, 22Uf =y ¢ 'wey, for 1 < k < p,x € dom(6,(Uy)) (326)

Fourth transformation: Let us set ¢y = 0,,(U) for U € U. For ¢y, (1 < k < p) we also
write ¢g. Thus, the last set of relations can be written as:

U~taU = py(a) for U € U, a € dom(pyr) (327)
ai1as = as for ai,as,a3 € A with ajas = a3 in A (328)
U2 =c¢pfor1<k<p (329)
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Moreover, by (325) and (326) we know that:
or(cr) =ucp for 1 <k <p (330)
vr(z) =y ¢, 'acy for z € dom(py) (331)

Remark 3. The group U is an HNN-extension of A. Hence A is embedded into U. Thus (330)
and (331) hold in A too.

Remark 4. Equation (331) shows that for every a € dom(py), pr(a) € dom(py). Hence, we
have im(pg) C dom(pyg). Since ¢y is injective and dom(yy) is finite, we get

dom(px) = im(epy)

for all 1 < k < p. Hence, pi is an automorphism of the finite group dom(ipy).

Decomposition of E: Since ¢y is an automorphism of the finite group dom(py), we can
define the group

By = (dom(ey,), Uy; Uy taUy = ¢x(a)(a € dom(yy)),Up = ¢x) for 1 < k < p. (332)
By Remark 3 and Section 7.3 on quadratic extensions, each Bj is a quadratic extension of
dom(pyg). Hence, each By is a finite group.
Consider the iterated amalgamated free product
Eo = (- ((A *dom(p1) B1) *dom(pz) B2) *dom(es) *** *dom(p) Bp)-
Since each amalgamation is over a finite group, Eg is virtually-free. Let
Uo =U\{UL U, ..., U, UL

From the presentation (327)—(329) of E it follows that E can be obtained as a multiple HNN-
extension of Ey over finite groups:

E = (Eo,Uso; U talU = @y (a)(U € Uso, a € dom(epyr)))

Hence, E is virtually-free.
Let us now change the order of the operations (amalgamated free products and HNN-
extensions) in which E is constructed. Let

Us ={U €U | dom(py) = A},
Upoo =UA N U,
Uno =Ua \Un o

Up to a permutation of the indices 1,2,...,p, we can assume that there is 0 < p4 < p such
that
Urz ={U,U; ... Uy, Uy

i.e.,, dom(pr) = A for 1 < k < py, while dom(¢x) € A for pg +1 < k < p. Let
Ko = (-+- ((A%a B1) xa Ba) %4 -+ %4 By,) (333)
(the factor A in the innermost amalgamated free product is only necessary if p4 = 0) and
K = (Ko,Ua0o; U al = oy (a)(U € Un 0o, a € dom(ipr7))). (334)

Then, the group E can be obtained from K by a finite number of operations, each of which is
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— either an HNN-extension with associated subgroups of cardinality < |A| (relation (327)
when dom(gpy) € A and U € Uy),

— or an amalgamated free product with a finite group By, where the amalgamation is over
the subgroup dom(py) C A (relations (327) and (329) when py + 1 < k < p).

The following group presentation of K can be extracted from (333) and (334):

ai1as = ag for ay,a9,a3 € A with ajas = a3z in A (335)
U~ taU = ¢p(a) for a € A,U € Un oo (336)

U, taUy = ¢p(a) for a € A, 1<k <pa (337)

Ul =c¢,for 1 <k<py (338)

From the above presentations, we see the following:
Lemma 55. K and E are finitely generated virtually-free groups.

Proof. Both groups can be constructed from finite groups using the operations of amalga-
mated free products over finite groups and HNN-extensions with finite associated subgroups.
|

7.5 Equations over K

In this section we show that solvability of equations with rational constraints is decidable for
K. Let us consider the alphabets

Gu =Unoo U{Ui | 1 <k <pa},
gk =Gu U (A\{1}).
Since U 1= Ukclgl in K, Gk is a set of monoid generators of K. Let us define the group:
Ko = (Gu; Ui =¢ (1 < k < pa)) = (Z2)P % F(Uaeo),

where F'(Ua, o) is the free group generated by Ua oo.
Let us define the following sets of words over Gy:

FORB={U"'U |U € Un oo} U{UUys | 1 < k < pa}
R =Gy \ (G FORBGY).

Let the finite semi-Thue system S over the alphabet Gy contain all rules u — ¢ for u € FORB.
Note that R is the set of irreducible words with respect to S. The proof for following lemma
is straightforward.

Lemma 56. The following holds:

(1) The monoid Gj;/ +—g is isomorphic to K.
(2) The semi-Thue system S is confluent and Noetherian.
(3) The set of words R C G}y is a transversal for +—g.

Lemma 57. There exists a unique group homomorphism ¢ : K — Ky such that
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— forall g € Gy, P(g) = g and
— foralla € A, Y(a) =1.

Proof. Let us first prove the existence of 1. Let us consider the monoid homomorphism
0 : Gg — Ko defined as follows:

— For all g € Gy, 6(g) = g, and
— foralla € A, 6(a) = 1.

Then, for every relation u = v from (335)—(338), we have #(u) = 0(v). Hence, there exists a
homomorphism 1 : K — Ky such that §(w) = ¢([w]k) for all w € Gi. This homomorphism )
satisfies the requirements from the lemma. To show unicity, note that Gk is a set of monoid
generators of K. Hence, the values of ¢ on these generators completely determine 1. O

For z € Gj;, let us use the abreviated notation [z] for [2]g,. Let nf : Ky — R be the mapping
such that nf(g) is the unique word w € R such that g = [w]o.

Lemma 58. The homomorphism 1 introduced in Lemma 57 is such that:

(1) Ker(y)) = A and
(2) [R]k is a transversal of K for the cosets of A < K.

Proof. Let us first prove that every element of K has the form [wa]g for some w € R,a € A.
Let us consider the following set of rules, Sk, obtained essentially by orientating the relations

(335)—(338):

ajay — ag for aj,ag € A\ {1},a3 € A with ajas = a3z in A
aU — Uyy(a) for a € A\ {1},U € Us
aUy, — Ugpi(a) for a € A\ {1},1 <k <pa
U,§—>ckf0r1§k§p,4
U MU — e for U € U o

Applying iteratively these rules to a word v € Gg until no rule is applicable anymore, one can
find a word v € R and some a € A such that v = v'a.

Now, we can show point (1) from the lemma. Clearly, A C Ker(v). For the other inclusion,
let w € R and a € A such that ¢([wa|g) = 1. Hence, w =g, €. Since R is the set of irreducible
words with respect to S, which presents Ky, we get w = ¢, i.e., [wa]g € A. This establishes
that Ker(y) C A.

For point (2) from the lemma, let w,w’ € R and a,a’ € A such that [wa|g = [w'a’|x. Then,
Y([walk) = Y([w'a’]k). Since A C Ker (1)), we have ¢([w|g) = ¥([w']k) i.e. [w]p = [w]o. By
Lemma 56, w = w’ which proves that [w]g = [w']g. This establishes point (2) of the lemma.

t

In other words,
1-A—-K ﬂ Ky—1

is an exact sequence and the restriction ¥ [[R]k : [R]x — Ko is bijective.
Let ¢/ : K — R be the mapping 1) o nf.
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Lemma 59. Let L be a rational subset of K. Then, for every a € A, ¢/(LN[Ralk) is a rational
subset of R, and an automaton for this set can be effectively constructed from an automaton
for L. Moreover, if w € R and a € A, then [walg € L if and only if w € ¢'(L N [Ralk).

Proof. First, suppose that L is a rational subset of K. The subsets R and {a} are rational
subsets of Gg. Thus, Ra is a rational subset of G, which implies that its homomorphic image
in K, [Ra]xk, is a rational subset of K. It is well-known that rational subsets of a virtually-free
group are effectively closed under intersection (see, e.g., [Sén96,LS08]), hence L N [Ralk is
rational. Since 1 is a monoid homomorphism, we get that ¢(L N [Ra|k) is a rational subset
of Ky. Let M C Gj; be a rational subset such that [M]y = 9(LN[Ralk). Since S is a monadic
semi-Thue system, the set of descendants

M ={veg,|IueM:u—%v}

of M is rational too, see [BO93]. Finally, we have ¢/(L N [Rak) = nf([M]o) = M’ N R, which
is therefore rational, too.

Now, assume that w € R and a € A. If [wa]lg € L, then clearly w € /(L N [Ra]k).
On the other hand, if w € ¢/(L N [Ra]k), then there exists [w'a'lx € L N [Rag such that
w = Y ([wd]g) = nf([w]o) = w'. From [w'd[x € [Ra]k, we get a = a/ with Lemma 58(2).
Hence [walg = [w'd’|k € L. 0

Let us introduce now a right-action a — a” and a right-action a — a ® w of the free monoid
Gy over the set A in order to express some equalities in K by some rational constraints in the
free monoid Gf;. For every a € A, U € Up o0, and 1 < k < py, we set:

aV = vu(a)
aV = vk (a)
a®U=¢pyla)

a® U =c - pr(a)

The action a — a" does not induce an action of the group Ky over the set A: For example,

aUsUk = p2(a) = ¢; 'acy,, which might be different from a° = a, while U,Uy, =k, €. The same

remark applies to the action ® with the counter-example a ® U, U, = ckgpk(ck)cglack = cpacg.
For every w € G}, a — a" is a group isomorphism of A. But, for some w € Gf;, a = a©Ow

might not be a group homomorphism: For example, (aja2) © Uy = cxpr(ar)er(az) while

(a1 © Ug)(ag © Ug) = cppr(ar)cxpr(az), which is a different element of A as soon as ¢, # 1.
Note that wlaw =g a® for all w € Gy and a € A. Hence, we get:

Lemma 60. For all w € Gf; and a € A, we have aw =g wa".

Let us denote by J : Gj; — Gj; the monoid involution such that J(U) = U ' and JU ') =U
for U € U oo and J(Uy) = Uy, for 1 < k < pa. Note that in the group K, we have a © Uy, =
crpr(a) = U,f(pk(a) = U,?Uk_laUk = UiaUy. Hence, we get:

Lemma 61. For every w € Gj;, J(w)aw =k a © w.

The following lemma expresses the product in K in the free monoid G;; with involution J.
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Fig. 16. Proof of Lemma 62

Lemma 62. For every wy,ws,w € R,a1,as,a € A,
w101 Wwaa2 =K wWa

if and only if there exist ag € A and oy, s, 8 € R such that

a1 ® B =uag (339)
ag?az =a (340)
wy = a1J(H) (341)
wo = ,80[2 (342)
w= a1 (343)
Proof. First, suppose that wy,ws,w € R,a1,a92,a € A and
wi1a1w202 =K Wa. (344)

Let 8 be the longest common prefix of wy and J(w;) (the mirror image of wj). There exist
words o, ap € Gy such that

wy = anJ(B) and wy = Pas.

Since aq, ag, B are factors of words from R, they belong to R as well. Moreover, by maximality
of B, we have ajas € R.
By Lemma 61,

J(B)a1B =k a1 © S

Let us define
ap = a1 © .

The initial equality (344) can be now rephrased as
a1ap0t09 =K wa.

By Lemma 60,
apay =g agag?.

100



Hence, we get
(a100)(ag?az) =k wa.

Since w, a9 € R, we get
w = ajag and ag*az = a.

For the other direction, suppose now that there exist ag € A and ay,as, 5 € R fulfilling
conditions (339)—(343). Translating the right-actions by appropriate products (by means of
Lemma 60 and Lemma 61) one can recover the equality (344). O

Proposition 6. The satisfiability problem for systems of equations with rational constraints
in K is decidable.

Proof. We reduce the satisfiability problem for systems of equations with rational constraints
in K to the satisfiability problem for systems of equations with rational constraints in the free
monoid Gj; with involution J. The latter problem is decidable by [DHGO5].

By Lemma 62, the product in K can be expressed by a finite boolean combination of
equalities in the free monoid Gf; with involution J, together with some rational constraints
and the additional conditions (339) and (340) using the operations ® and a +— a*. All variables
will be restricted to the rational subset R C Gj;. Condition (339) can be expressed by the
rational constraint

pe{fweR|a ©w=ap}.

Similarly, condition (340) can be expressed by the rational constraint ag® = aas L

Every equation over K can thus be translated into a finite disjunction of systems of
equations with rational constraints over the free monoid G;; with involution J. The disjunction
enumerates the finite list of all the possible values of ag, a1, a2,a € A. Moreover, by Lemma 59,
every rational constraint over K can be translated into a rational constraint over Gg;. O

8 Equations over E

8.1 From W-equations to E-equations

We use here the notion of system of equations with rational constraints over E, as defined
in Section 2.6 for any monoid. Recall from Section 3.8 that Wy is the AB-subalgebra of W,
generated by those W € W; which have an H-type. Let us consider a system of W-equations
(Sw, @), where

Sw = {(wi,wf) | 1< < n}

(hence, @ € Hinv) together with an AB-homomorphism
o € Homgp(Wy, Wy /P).

The AB-homomorphism @ : W — W is given by formulas of the form (92)—(95) with the
additional conditions (96)—(99). For every 1 < k < p, 7,(Wy) must be an H-type and
Gi(Wy) = Ge(Wy) (see (93)).

Let z;, 2z} € W} % A x B be some representatives, modulo =, of w; and w}, respectively.
Recall that

— Yw(2i) = w(2]) # 0 for all 1 <i <n (see Section 6), and
— = W'« Ax B —- W and n=, : W*« Ax B — W/¢ are the canonical morphisms.
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We can also choose a monoid-homomorphism oy : Wy x A* B — Wy * A x B such that
T=00} = OpOoT=,. For every W € W, we consider the following rational subsets of W}« Ax B:

Riw ={z €W« A% B | yu(2) = 1(W) A 2 W, x Ax B W e W}
Ryw ={z e Wi x Ax B | 7(2) = 7%(W) A puw(z) = pu(W)}
Rsw ={2 e W Ax B | 7u(2) = 1 (W) A du(z) = 6u(W)}
R {{'&H(W)} it W e Wy
WixAxB it WeW,\ Wa

)

We next want to define a system of equations over E (in the sense of Section 2.6), whose
equations comprise the pairs (z;, ;) together with equations expressing the compatibility with
I, i.e., the fact that images of inverses for I, must be inverses in the group E. In order to be in
accordance with Section 2.6, we have to identify z;, z} with their (A, B)-reduced representatives
in (WU AU B)* and to consider elements from (A U B) \ {1} (which may occur in these
representatives) as variables, since the z; and z/ are only allowed to contain variables. With
these conventions, we introduce the following constraint C : W;U(AUB)\ {1} — bool(Rat(E)):

YW € W; : C(W) = W]E(R]LW) M WE(R%W) N W]E(Rg,w) M WE(RH,W)
Vee (AUB)\ {1} : C(c) = {mr(c)}

Here, g : W * A+ B — E is the natural projection onto E. Let us now define the system
(Sg, C) of equations over E with rational constraints, where

Se={(z1,2) | 1 <i < n}U{(WIL,(W),e) | W € W, \ Wy}

Note that the constraint mapping C depends on oy, but not on the choice of . Let us denote
by 7g : W;/® — E the map induced by 7, i.e., Tg([w]=,) = mr(w)).

Lemma 63. The map ¥ : Homap(W;, W;/®) — Hom(W; * A« B,E) defined by:
U(ow) = T= 0 OWw O TR

induces a bijection from the set of solutions of (Sw,®), which extend oy, into the set of
solutions of (Sg, C).

We prove this lemma in the subsequent three subsections, see Figure 17 for the general context
and Figure 18 for the details of the proof. Note that the diagram in Figure 17 contains the
diagram from Figure 11.

8.2 From W-solutions to E-solutions

Let ow : Wy — W, /® be a solution of (Sw, @), extending op. Let op = ¥(ow) = m=oow oTE.
From the definitions of z; and z we get

08(2) = Te(ow(wi)) = Ta(ow(w))) = ox(2). (345)

By hypothesis, ow is an AB-homomorphism. Hence, it commutes with the involutions given
by the AB-structures, i.e.,

YW € W, : o (L (W) = Ly (0w (W)). (346)
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G = G T, m Wy /& £ E

Fig.17. Lemma 63: the context

The defining relations of [E ensure that for every w € W,
7w (ow (W)L (0w (w))) = 1.
Hence, the relations (346) imply
YW € W)+ 0w (WIL(W)) = Te(ow(W)ow [Lo(W)) = 1 (347)

The map 7= o ow : W} * Ax B — W,;/® is an AB-homomorphism. Hence, it preserves -,
lw, and 0., (by Lemma 38 the type is exactly preserved). It follows that for every W € W;,.

ow(m=(W)) € m=, (Rrw) N 7=y, (Ryw) N =, (Row)-

As ow extends oy, we get
ow(m=(W)) € 7=, (Ru,w)

for every W € W;. Applying T on both sides of these membership relations, we obtain
YW € Wy : og(W) € C(W). (348)
Moreover the three maps n=, ow, and 7 fix every element of A U B. Thus, we have
Vee (AUB)\ {1} : or(c) € C(c). (349)

By (345), (347), (348) and (349), of is a solution of (Sg, C).

8.3 From E-solutions to W-solutions

Let og be a solution of (Sg, C). Since, for every W € W,, og(W) € C(W) C ng(R,,w), there
is a choice map og : Wy — Wy * A x B fulfilling

YW e W; : 5]E(W) S RM,W and W]E(gE(W)) = O'E(W) (350)
From og(W) € R, w we get

’Yw(gE(W)) = Vw(W) and Mw(aE(W)) = ,U'w(W)' (351)
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Fig. 18. Lemma 63: the proof

Let us denote by o : Wi * Ax B — W] * A x B the unique monoid homomorphism fixing
every element of AU B and extending the above choice map. Since og(W) € C(W), there
exist zpw € Riw, 25w € Rsw, and zpw € Ryw fulfilling

og(W) = mg(oe(W)) = me(zi,w) = me(2s,w) = TE(2H,W ).

All these 21w, 25w, zu,w have a non-empty image under ,, (namely 7,,(W)) and are equiv-
alent with og(WW) modulo =g. By Lemma 54(2) we have

og(W) =¢ 21w = 25w =¢ ZH,W -

The equivalence =g is compatible with the AB-algebra W* x A x B (see the end of section
3.9). Hence, for every W € W,, we have

or(W) GV/\Z*A*B = aw GV/\Z*A*B = WGV/\E
ow(TE(W)) = duw(2sw) = 6u(W) (352)
5]E(W) =¢ ZHW = GH(W) if W e Wy (353)

By (352), the map o induces a monoid-homomorphism oy : Wy — W, /@ fulfilling
T= 0 OW = OF O T=,. (354)
Since of, solves every equation (WL, (W), e) € Sg for W € Wi \ Wi, we are sure that

YWV € Wi\ Wit : 75 (6& (Lp(W))) = og(Iy(W)) = og(W) ! = g (L, (Ge(W))).
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Hence, by Lemma 54(2), we have
YIV € W, \ W : 5Ly (W)) = L, (G5 (W)). (355)
Since 7=, is an AB-homomorphism, we get

VIV € W\ Wit : 0w (Lo(W)) 2 7, (Ga(Lu(W))) 2 7, (Lu(Ga(W)) =

Ly(7=4 (0E(W))) "= Lu(ow(W)).  (356)

By (353) and (354),
ow extends op. (357)

This in particular ensures that
VIV € W, N Wy = o (L (W) = Ly (ow (W)). (358)

By the properties (351), (352), (356), and (358), ow preserves -, i, and the involutions I,
i.e., ow € Homap(W;, W, /®).

By hypothesis, o ong is a solution of the equations of Sg that are written over Wy x Ax B.
Hence, for all 1 < i <n we have

mE(0E(2:)) = TE(FR(2])),

ie. o(zi) =g or(2]). We know that v, (2) = Yw(2)) # 0 (this is required for a system of
W-equations) and that og preserves 7, (see (351)). Using Lemma 54(2), we conclude that
515;(22) = 515;(22/), i.e.,

ow (wi) = ow (w;).

Thus, ow is a solution of (Sw,?), which by (357) extends og. Using (354), we finally get

VU(ow) = T= 0 oW O TR = OF © =, O TE = OF © TR = OE.

8.4 W is bijective

The previous considerations established that ¥ is surjective. Let us check that it is injective.
Suppose that ow, oy, € Homap(We, W, /@) fulfill ¥(ow) = ¥(oqy). This means that:

Wzoawoﬂ;:ﬂ;oa@oﬂ;

As m— is surjective we get
OW O TR, = O’é;yoﬁ]g.

By Lemma 54, point 2, g is injective over {z € W, | v,,(2) # 0}. Hence, ow(g) = ogy(g) for
every g € Wy U AU B. This implies ow = o{y. By the above three paragraphs, Lemma 63 is
proved. O

9 Transfer of solvability

We prove a general transfer theorem for systems of equations with rational constraints. We
first treat the case of groups since it is technically simpler.
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1 compute the subalphabet W; C W that generates W;
2 for all admissible vectors (W, e) over W; U AU B, all ¢ € Hlnv, and
all o € HOHlAB(WH,WH/@) do
3 construct the systems S;(S, W, e) and Sy (S, W, e) defined on page 53
4 from §(S,W,e), @, and oy construct the system (Sg, C) according to Section 8.1
5  check, whether (Sg, C) is solvable over E
6  check, whether there is ¢+ € Homp(Wpy /@, H) such that oy oy solves Sp(S, W, e)
7 endfor
8 if solutions in 6 and 7 are found then (S, 4, pus) is satisfiable

else (S, 1A, ) is unsatisfiable

Fig.19. The algorithm for checking satisfiability of a system of equations with rational con-
straints in a group G.

9.1 Transfer for groups

Proposition 7. Let H be a group and G an HNN-extension of H with finite associated sub-
groups A and B. The satisfiability problem for systems of equations with rational constraints
in G is Turing-reducible to the pair of problems (Q1,Q2), where

— Q1 is the satisfiability problem for systems of equations with rational constraints in a group
E defined by a presentation in PHNN(A) (see Definition 9), and
— @2 is the satisfiability problem for systems of equations with rational constraints in H.

Proof. Let us consider a system Sy of equations with rational constraints in G. By Proposi-
tion 5, solvability of Sy reduces to solvability of a disjunction DS = \/ jed §; in closed quadratic
normal form, where S; = (S, pa g, pu,;) (i-e. the different systems are differing by their maps
pas,; only). Here A is a strict normal partitioned fta over the labelling set bool(Rat(H)). We
have to check, whether one of the systems S; = (S, pac, t,j) is satisfiable. Let us fix one
such system, and write fis for 1y ;. Satisfiability of the system (S, pa,c,p) can be checked
by the high-level algorithm from Figure 19.

Let us first show that this algorithm is correct. Then, we argue that every line of the
algorithm can be made effective. Recall the notion of an admissible vector from page 52. By
Lemma 45, (S, paG, ) is satisfiable, if and only if there exists an admissible vector (W, e)
and an AB-homomorphism o; : Wy — Hl; such that:

— All components of (W, e) belong to W, U AU B.
— oy solves both systems S;(S, W, e) and Su(S, W, e) defined on page 53.

Let us fix an admissible vector (W, e). By Lemma 46, o, : W; — H; solves the system
S:(S,W ,e) if and only if there exist @ € Hlnv and AB-homomorphisms ow : W; — W,;/®
and ¢y : W /& — H, such that, for every W € Alph(S;(S, W, e)), or(W) = ¢y (ow(W)) and
ow solves Si(S, W, e). Let us fix & € Hlnv. Hence, we have to check whether there exist
AB-homomorphisms ow : W; — W, /® and ¢, : W;/® — H; such that ow solves Si(S, W, e)
and ow o solves Sp(S, W, e). Let us fix oy € Hom 4 g(Wy, W, /®). By Lemma 37 we must
have o € Hom 4p(Wy, Wy /®) and there are only finitely many such AB-homomorphisms.
We have to check, whether

(a) there exists an AB-homomorphisms ow : W; — W,/® that extends oy and solves
Si(S, W e) and
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(b) there exists an AB-homomorphism 1 : W;/® — H; such that ooty solves Su(S, W, e).

Since all W-symbols occuring in Sy (S, W, e) have an H-type and oy € Hom 45(Wy, Wy /®),
we can restrict ¢ to an AB-homomorphism g, : Wy/® — H;. Moreover, g (W) for
W' € Wy must belong to H. By Lemma 63, point (a) is equivalent to the solvability of the
system (Sg, C) constructed in line 4, which is checked in line 5. Point (b) is checked in line 6.

Let now argue that every line of the algorithm can be made effective. First, recall that
the set W, is defined in (91). Since H is a group, we have dom(I;) = H;. Thus, W; C W.

Line 1 of the algorithm: We have to check for every letter W & W whether (91) holds. Let
Yw (W) = {6}. First, assume that 0 is an H-type. We define the following constraint sets:

C (W) ={hcH[0e(h)}

Cu(W) ={h € H| ppy(W) = 11(6, h) }

C(W) = {h€H|5 (W) = 6:(0,h)}

CW) =C,(W)NC.(W)NCs(W) (359)

Thus, W € W, if and only if C(W) # 0. Recall from Section 2.6 the notions of equa-
tional and positively definable subsets of a monoid. We observe that C, takes values in
bool({{1}, 4, B,H}) and C, takes values in bool(Rat(H)). The map Cs takes values which
are intersections of sets of the form

Cs(c,d) ={h € H | ch = hd in H} (360)

and H\ Cs(c, d) for ¢,d € AUB. It is clear that Cs(c, d) € EQ(H, bool(Rat(H))). By Lemma 19,
H\Cs(c, d) belongs to Defs, (H, bool(Rat(H))). Therefore, the sets C (W), C,(W), and C5(W)
all belong to Defg (H, bool(Rat(H))). Hence, C(W) belongs to Def5. (H bool(Rat(H))) as well.
Deciding whether C(W) # () is thus an instance of the problem Q5.

Now, assume that 0 is a T-type. Let 8 = (6,1,0"). Hence, I1(0) = (Ig(0'),1,1z(6)). We

set
C,(W)={se€Red(H,1) | 0 € v(s)},
Cu(W) = {s € Red(H, t) | p(W) = 12(8, )},
C(W) = {S € Red(H, ?) | 6u,(W) = 6+(0, 5)},
CW) =C,(W)nC. (W) N Cs(W).

Claim 16. C,(W) is recognized by a fta with labels in bool(Rat(H)).

The set {s € Red(H,t) | @ € v(s)} is recognized by the variant of the fta Rg, where we
choose 6 as the initial state and 6" as the terminal state.

Claim 17. C,(W) is recognized by an fta with labels in the set bool(Rat(H)).

Recall the definition of p; from (62) and recall that H is a group. For states ¢,r € Q with
7(q) = 0 and 7(r) = ¢', let Ay, be the fta obtained from A by taking ¢ as the initial state
and r as the terminal state. Then, the set

Culg,r) = {s € Red(H. ) | (¢,7) € 114,1(8, )}
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is recognized by the direct product Rg x Ag, This fta is partitioned (by Lemma 12), ~-
saturated, and strict (by Lemma 11).

Similarly, for states ¢,r € Q with 7(¢q) = Iz () and 7(r) = Iz ('), let A}, be the fta
obtained from A by replacing every label L by L~! (note that bool(Rat(H)) is closed under
taking the inverse of a set), taking ¢ as the initial state and r as the terminal state. Then,
the set

Cula,r) = {s € Red(H, 1) | (¢,7) € pa1(I7(8),Li(s))""}
= {s € Red(H, 1) | (r,q) € pai(I7(8),1:(s))}

is recognized by Rg X Ai”. Moreover, this fta is partitioned, ~-saturated, and strict.

Now assume that pu,, (W) = (u1, u2). Hence, by (69) we have p1 C 771(0) x 771(') and
p2 € 771 IR () x 771(IR (#')). The subset C,, (W) can be described as the intersection of the
following sets:

— Culg,r) for (q,7) €
— Red(H, ) \ Cu(q,7) for (q,7) & 11
— Cu(gq,m) foriq,?“) € lo
Red(H’t) \ Cﬂ(q,’l“) for (Qar) ¢ H2

By [LS08, Prop. 28], all sets C,,(¢,7) and C,(g,r) are recognized by partitioned, ~-saturated,
deterministic and complete fta with labelling sets from bool(Rat(H)). By [LS08, Lemma 20],
all sets Red(H,?) \ C,(g,7) and Red(H,¢t) \ C,(g,r) are also recognized by partitioned, ~-
saturated, deterministic and complete fta with labelling sets from bool(Rat(H)). By Lemma 11,
we conclude that C, (W) is recognized by an fta with labels from bool(Rat(H)).

Claim 18. Cs(W) is recognized by an fta with labels from the set Defg, (H, bool(Rat(H))).
The subset Cs(WV) is a boolean combination of subsets of the form
Cs(e,d) = {s € Red(H,t) | cs ~ sd}, (361)

where ¢,d € AU B. For ¢,d € AU B let A, 4 be the fta with state set AU B, c as the initial
state, d as the terminal state, and the following transitions:

— There is a t-labelled transition from a € A to ¢(a) € B.

— There is a t~!-labelled transition from b € B to ¢~ 1(b).

— There is a transition from ¢ € AU B to d € AU B that is labelled with the set {h € H |
ch = hd} € EQ(H, bool(Rat(H))).

This fta has labels in EQ(H, bool(Rat(H))) and is ~-saturated. Then, the set Cs(c,d) is rec-
ognized by the partitioned fta Rg x A. 4. Moreover, this fta is strict and ~-saturated. The
claim follows by the same arguments as for Claim 17.

Due to the Claims 16, 17, 18 and Lemma 11, the set C(W) is recognized by some fta D with
labels in Defg, (H, bool(Rat(H))). The emptiness problem for C(W) = L(D) reduces to the
emptiness problem for elements of Defg (H, bool(Rat(H))) (given by a system of equations
with rational constraints). This leads to an instance of Qs.

Line 2 of the algorithm: Enumerating all admissible tuples is easy (see Figure 6). In order to
enumerate all @ € Hinv, we enumerate all possible partitions of Wy and check for each of them
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conditions (96)—(99). In order to enumerate Hom 4 g(Wy, Wy /®), it suffices by Lemma 37 to
enumerate all maps o : Wi — (AU B) Wi (A U B) that preserve vy, fiw, and .

Line 3 and 4 of the algorithm: These steps are clearly effective.
Line 5 of the algorithm: This is an instance of the problem Q).

Line 6 of the algorithm: The involution @ (choosen in line 2) is given by the formulas (94) and
(95) of Section 3.9. By Lemma 23, line 6 amounts to find some tuple (¢g,+(W))wew, over H
such that conditions (b)—(f) of Lemma 23 are fulfilled and (¢g,+(W))wewy is a solution of

on(Su(S,W,e)) U{(Wi,a; ' Wib, ') |1 <k < plU{(Wy,apWibg) | 1 <k < p}

in the group H. Condition (b) is automatically satisfied since all involutions are total (we
assume that H is a group). Also (c¢) is automatically satisfied by the definition of a solution
of a system over the group H. Conditions (d)—(f) can be expressed by the constraints C(W)
defined in (359). Hence, line 6 reduces to an instance of the problem Qs. O

Theorem 2. Let H be a group with decidable satisfiability problem for systems of equations
with rational constraints and let G be an HNN-extension of H with finite associated subgroups.
Then the satisfiability problem for systems of equations with rational constraints in G is
decidable.

Proof. We prove this proposition by induction over the size of the finite associated subgroups
A, B used in the HNN-extension leading from H to G.

Induction base: |A| = 1.

In this case G is the free product of H by Z. It is known that the additive group Z has a decid-
able satisfiability problem for systems of equations with rational constraints (see, for example,
[ES69]). By Theorem 1, a free product of two groups with decidable satisfiability problems
for systems of equations with rational constraints has a decidable satisfiability problem for
systems of equations with rational constraints as well. Hence G has decidable satisfiability
problem for systems of equations with rational constraints.

Induction step: |A| > 1.

By Proposition 7, the satisfiability problem for systems of equations with rational constraints
reduces to the decision problems )1 and ()2. By hypothesis, problem @5 is decidable. ()1 is the
satisfiability problem for systems of equations with rational constraints in the group E , which
has a presentation in PHNN(A). By Section 7.4, E is obtained from the group K by a finite
number of HNN-extension and amalgamated product operations with associated subgroups
(resp., amalgamated subgroups) of cardinality < |A|. By Proposition 6, K has a decidable
satisfiability problem for equations with rational constraints. By induction hypothesis, each
of the HNN-extensions preserves this decidability property. Moreover, by a combination of
this induction hypothesis with Lemmas 8 and 20 and Theorem 1, each of the free products
with amalgamation preserves this decidability property as well. Hence E has a decidable
satisfiability problem for equations with rational constraints. Thus problem @, is decidable
too. Hence, by Proposition 7, G has a decidable satisfiability problem for equations with
rational constraints. O

Theorem 3. If G is a finitely generated virtually-free group, then the satisfiability problem
for systems of equations with rational constraints in G is decidable.
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Proof. Recall that the finitely generated virtually-free groups are exactly the groups obtained
from finite groups by a finite number of operations which are either HNN-extensions with finite
associated subgroups or free products with amalgamation with finite amalgamated subgroups
[DD90]. In a finite group, systems of equations with rational constraints are algorithmically
solvable. By Proposition 2, every HNN-extension with finite associated subgroups preserves
this decidability property. The combination of Lemmas 8 and 20 with Proposition 2 and
Theorem 1 shows that a free product with amalgamation over finite subgroups also preserves
this decidability property. Hence every finitely generated virtually-free group has the asserted
decidability property. O

Another proof of Theorem 3 was given in [DG07,DG10].

Theorem 4. LetH be a group and G an HNN-extension of H with finite associated subgroups.
The satisfiability problem for systems of equations with rational constraints in G is Turing-
reducible to the satisfiability problem for systems of equations with rational constraints in H.

Proof. By Proposition 7 the satisfiability problem for systems of equations with rational
constraints in G is Turing-reducible to the problems Q1 and Q5 defined in the proposition. But
()1 is the satisfiability problem for systems of equations with rational constraints in E, where,
by Lemma 55, E is a finitely generated virtually-free group. Since, by Theorem 3, problem )¢
is decidable, the satisfiability problem for systems of equations with rational constraints in G
is Turing-reducible to the single problem @9, i.e., to the satisfiability problem for systems of
equations with rational constraints in H. O

9.2 Transfer for cancellative monoids

In this section, we will prove the extension of Proposition 7 to cancellative monoids:

Proposition 8. Let H be a cancellative monoid and G an HNN-extension of H with finite
associated subgroups A and B. The satisfiability problem for systems of equations with rational
constraints in G is Turing-reducible to the pair of problems (Q1,Q2), where

— 1 is the satisfiability problem for systems of equations with rational constraints in a group
E defined by a presentation in PHNN(A), and

— Q2 1is the satisfiability problem for systems of equations with rational constraints in H.

A new difficulty arises here for the computation of W;: It requires to determine for a given
symbol W € W, whether there exists a t-sequence s such that: s € H (if 7, (W) is a H-
type), s is not invertible (if W & 17\/\), and cs # sd for some ¢,d € AU B (if the value of
0(W) imposes this). The non-invertibility condition is expressed via a universally quantified
formula (Vz : hx # 1V zh # 1), and the non-commutation condition is a disequation. Since
no hypothesis ensures that the satisfiability of such formulas over H is decidable, we give
up the hope to compute W;. The same kind of difficulty arises in the computation of an
AB-homomorphism v, : W — H; (whatever variant W’ of the AB-algebra W; we use). We
have to compute, for every W € W', an image 1;(W) having the same behaviour as W w.r.t.
I,~, i, 9, while Lemma 19 is no more ensured when H is not assumed to be a group.

We overcome the above difficulties by introducing the notion of a weak AB-homomorphism.
For two AB-algebras M; = (M, 1, tBi, Li, Vi, tti, 6;) (i € {1,2}) a weak-AB-homomorphism
from My to Ms is a map ¢ : My — My fulfilling the following properties:
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(Hom1) ¢ : M; — M, is a monoid homomorphism.

(Hom2) Va € A:4(1a,1(a)) = ta2(a) and Vb € B : ¢(tp1(b)) = tp2(b)
(wHom3) Vm € My : m € dom(l;) = ¢(m) € dom(Iy)

(Homd) Ym € dom(ly) : Lo(¥(m)) = (I (m))

(Hom5) Vm € My : y1(m) € y2(¢(m))

(wHom6) Vm € M : V0 € y1(m) : p1(0,m) € pi2(0,9(m))

(wHom7) Vm € M : V0 € v1(m) : 01(0,m) C 62(0,1(m))

In axiom (wHom6), the ordering C refers to the product ordering over B?(Q), which is defined
by (r1,72) C (r}, %) if and only if 7 C 7} and ro C rh.

We have thus replaced the axioms (Hom3), (Hom6), and (Hom7) by the weaker axioms
(wHom3), (wHom6), and (wHom?7), respectively. It remains true that the above list of axioms
can be checked on the generators only, i.e., the following analogue of Lemma 23 is true.

Lemma 64. Let My and My be two AB-algebra as above and assume that M satisfies the
following:

(A) The monoid M is generated by the set I' and AUB C I’

(B) 1(g) #0 forallge I

(C) For every m € My there exists a decomposition m = gy --- gn with g1,...,9, € I' such
that: y1(m) = v1(g1) - 1(gn) ®

Let ¢ : Mly — Ms be a monoid homomorphism. This map ¥ is a weak AB-homomorphism if
and only if for all g € I' and 6 € v1(g) we have:

(a) Ya € A:(tai(a)) =ta2(a) and Vb € B : (1 1(b)) = tp2(b)
(b) g € dom(ly) = ¢(g) € dom(Ia)

(c) If g € dom(Ih) then I>(¢(g)) = ¥ (Li(g))

(d) 71(9) € 12(¥(9))

(¢) 11(8,9) € 12(0,4(9))

(f) 61(6,9) € 62(0,%(g))-

Given two AB-algebras Mj, Ms, we denote by wHom 4p(M;, M3) the set of all weak AB-
homomorphisms from Mj to Ms.

Let us notice that the subalphabet W, was equal to {W € W | Homap((W),H;) # 0},
where (W) is the smallest sub-AB-algebra containing {IWW}. We are thus naturally led to
define

W, ={W e W | wHomp((W),H;) # 0}.

We then define
W, = (W/" x Ax B)/=.

Moreover, we define Wy = {W € W, | 7, (W) is an H-type} and Wiy = (Wi * A x B)/=. We
can then express the solutions of the original equation over G via some AB-homomorphisms,
resp., weak AB-homomorphisms:

8If n=0,ie.,m=1, then y1(g1) - 71(gn) is the neutral element {(6,0,6) | & € Ts} of the monoid 27 .
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Lemma 65. Let DS = \/jeJSj be a finite disjunction of systems of equations over G, with

rational constraints, where S; = (S, paG, 1hj). Let us suppose that DS is in closed quadratic
normal form (defined at the end of Section 4). A monoid homomorphism

o U =G

is a solution of DS if and only if there exist an index j € J, an admissible vector (W, e) with
all components from W, U AU B, an involution ® € Hinv, an AB-homomorphism ow : W, —
W, /® and a weak AB-homomorphism vy : W, /® — H; such that:

(S1) ow is a solution of S;(S;, W, e)
(82) ow oy is a solution of Su(S;, W, e)
(S3) 0 =ow,e00owoyomg

Remark 5. Discarding the adjective “weak” in the above statement and replacing W} by W,
results in a straightforward synthesis of Lemma 45 with Lemma 46. The introduction of
“weak” and W) makes the statement usable for an effective characterisation of satisfiable
systems of equations. These maps were summarized in Figure 11 and form the left-lower part
of Figure 21.

Proof. First suppose that a monoid homomorphism
oc:U"—>G

is a solution of DS. By Lemma 45, there exists an admissible vector (W, e) over W, U AU B
and an AB-homomorphism &; : W; — Hl; such that

¢ solves Si(S;, W, e) and Su(S;, W, e),and (362)

0 = OW,e © Gt © G- (363)

By Lemma 46, 6; can be decomposed over the image of ow . as
&t = Gy o Uy (364)
where Gy € Homp(W,, W, /®), ¢, € Hom (W, /®,H,), and & € Hinv such that
aw solves Sy(S;, W, e). (365)
The automorphism & can be chosen in such a way that
VIV € WA W, : d(W) = W. (366)

For this, it suffices, if necessary, to modify the original @ over the symbols W), and W,
which do not belong to W,; this can be done without violating the properties (96)—(99)
that define Hinv. Let us extend the maps 6w and ¢ to maps ow € Homap (W}, W, /®) and
Yy € wHom 45 (W} /@, Hy,), respectively, by setting

YW e WA W, ow(W) = W]z, and $([W]=,) = hw (W),

where hyy € wHomap((W), H;). Lemma 64 and (366) ensure that such extensions exist. We
then define
o1 = ow 0 Yy. (367)
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1 compute the subalphabet W] C W that generates W)
2 for all admissible vectors (W, e) over W, U AU B, all & € Hlnv, and
all oy € Hom g (Wi, W /@) do
3 construct the systems S;(S, W, e) and Sp(S, W, e) defined on page 53
4 from §(S,W,e), ¢, and op construct the system (Sg, C) according to Section 8.1
5  check, whether (Sg, C) is solvable over E
6  check, whether there is ¢4 € wHom 4 p(Wiy /P, Hy) such that ogotpy,; solves Su(S, W, e)
7 endfor
8 if solutions in 6 and 7 are found then (S, pa g, pus) is satisfiable

else (S, A, ) is unsatisfiable

Fig. 20. The algorithm for checking satisfiability of a system of equations with rational con-
straints in a monoid G.

By (365), the restriction of ow to W; solves the system S;(S;, W, e). Since all symbols in
Si(Sj, W, e) are from Wy U AU B, also ow solves this system. Hence (S1) is true.

By the same argument, (362) and (364) imply that (S2) is true. Finally, by (363) and
(364) we have 0 = ow e © Ow © 94 o . But the image of ow e is included in Wy, and the
image of aw is included in W;/®. Thus, the above identity is still true after replacing the

maps Gy and ¢, by ow and 1y, respectively, i.e., (S3) is true.

Conversely, suppose that (W,e) (with all components from W; U AU B), & € Hinv,
ow € Homap(W}, W,/®), and ¢, € wHomp(W};/®, H;) are fulfilling (S1), (S2), and (S3).
Let us define 0y = ow o ¢y and 0 = ow ¢ 0 0y o mg. By (S1) and (S2), the map oy is a weak-
AB-homomorphism solving S;(S;, W, e) A Su(Sj, W, e). The arguments given in Section 5.2
(page 59), adapted to a weak AB-homomorphism 1, from the AB-algebra W} /® into H; show
that o is an over-solution of DS (see Section 4). Since DS is assumed to be in closed quadratic
normal form, ¢ is a solution of DS. O

Proof of Proposition 8. By Proposition 5, every system Sy of equations with rational con-
straints over G can be reduced to a disjunction DS = \/ je ;8j in closed quadratic normal
form where S; = (S, pa, 4,;)- Note that the different systems S; only differ by their maps
paurj- Fix a j € J and let puy = puy,;5. Solvability of the system (S, 114, pas) is checked by the
algorithm from Figure 20, which is a variant of the algorithm from Figure 19.

We summarize in Figure 21 the different maps to be found, where dashed arrows correspond
to weak AB-homomorphisms. Correctness of the algorithm can be shown, using Lemma 65,
in the same way as correctness of the algorithm for the group case (Figure 19). Let us now
argue that every line of the algorithm can be made effective.

In line 1, we have to check for every letter W € W, whether there exists a weak AB-
homomorphism from the induced AB-subalgebra (W) to H;. By Lemma 64, this amounts
to test that conditions (a)—(f) of this lemma are fulfilled. Let us define constraints on the
variable W that express these conditions. Assume that v,,(W) = {0}. If 8 is an H-type, then
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W* x Ax B

u —% sy
o o0 U Wy
" /l TE
G e Ht<*’**{b;**’*W/¢ E

Fig. 21. The algorithm: monoid case

we set:
(B dtwew\ W,

W)= {I(H) if W e W, (368)
C,(W) = {h € H| 6 € (b)), (369)
CulW) = {h € H| (W) C (6, )}, (370)
Cs(W)={h eH|§,(W) C 5(0,h)}. (371)
CW)=Ci(W)NC,(W)NC,(W)NCs(W). (372)

If 8 is a T-type, then we set:

* —1* i I\ IA)

S

(W) ={s e Hx{t,t7'}" | 0 € m(s)}, (
p(W) = {s € Hx{t,t7}" | puo(W) C pe(0, )}, (375
(W) ={s e Hx{t,t7'}" [ 6u(W) C 6:(8, 5)}, (
CW)=Ci(W)NC,(W)NC,(W)NCs(W). (
The values of the C(W) are defined in such a way that now, every set C(W) with ~,, (W
an H-type belongs to EQ(H, bool(Rat(H))), while every set C(W) with ~,(W) a T-type
is recognized by some fta with labels in EQ(H, bool(Rat(H))). Line 1 thus reduces to in-
stances of Q3. Moreover, line 5 is an instance of )1. Let us finally show that line 6 can be

achieved by a Turing-reduction to (3. By Lemma 64 again, line 4 amounts to find some tuple
(Vi (W))wewy, over H solving the system of equations

o (Su(S, W, e)) U{(Wi,a; 'Wib ') | 1 < k < py U{(Wy, axWibg) | 1 < k < p},

together with the constraint C defined for line 1. Line 4 is thus an instance of Q3. We have
thus proved Proposition 8. O

Theorem 5. Let H be a cancellative monoid and G an HNN-extension of H with finite as-
sociated subgroups A and B. The satisfiability problem for systems of equations with rational
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constraints in G is Turing-reducible to the satisfiability problem for systems of equations with
rational constraints in H.

Proof. Let H be a cancellative monoid and G an HNN-extension of H with finite associated
subgroups A and B. By Proposition 8 the satisfiability problem for systems of equations with
rational constraints in G is Turing-reducible to the pair of problems (Q1,Q2), where Q1 is the
satisfiability problem for systems of equations with rational constraints in a group E having
a presentation in PHNN(A). But, due to the structure of E (see Section 7.4) and Theorem 4,
this problem @) is decidable. Thus, the satisfiability problem for systems of equations with
rational constraints in G is Turing-reducible to the single problem @9, i.e., the satisfiability
problem for systems of equations with rational constraints in H. O

The two following sections are stating some variants of the main Theorem 5. The variations
consist in considering:

— other kinds of constraints: positive rational constraints, positive subgroup constraints, con-
stant constraints,

— not only equations but also disequations

— the operation of free product with amalgamation instead of the operation of HNN-extension.

It turns out that all these variations lead to analogues of Theorem 5.

10 Equations with positive rational constraints over G

10.1 Positive rational constraints

We consider here constraints for the variables consisting of rational subsets of the monoid
(while in Theorem 5 the constraint sets are boolean combinations of rational subsets). More
formally, a system of equations with positive rational constraints in the monoid M is a system
(S, C) with constraints in C = Rat(M).

Theorem 6. Let H be a cancellative monoid and G an HNN-extension of H with finite as-
sociated subgroups. The satisfiability problem for systems of equations with positive rational
constraints in G is Turing-reducible to the satisfiability problem for systems of equations with
positive rational constraints in H.

Proof. 1t suffices to adapt the reduction given in the proof of Theorem 5:

— The strict normal partitioned fta A with labeling set bool(Rat(H)) is merely replaced by a
normal partitioned fta A with labeling set Rat(H). The existence of such an fta recognizing
the given positive constraints is ensured by point (1) from Proposition 2.

— The AB-algebra H; is replaced by the AB-algebra H; 4 (defined in (67)).

— For every W € Wyp: C,(W) ={h € H| 7, (W) C v4(h)}.

~ For W € W)\ Wi €, (W) = {s € Hx {t,1-1}* | 7(W) 74 (s)}.

— For W € W; \ Wy, each of the sets C;(W), C,(W), C,(W), and C5(W) is recognized by
an fta with labels in EQ(H, Rat(H)). O
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10.2 Positive subgroup constraints

We consider here the case where G is the HNN-extension of a group H by an isomorphism
@ : A — A from a finite subgroup A of H into itself. Let Cq,...,C, be finitely generated
subgroups of H containing A. Let us consider the sets

Cu = {Cy,...,Cu} and Cg = {C1,...,Ch, (C1, 1), ..., (Cp,t)}.

The set of constraints Cg turns out to be useful for the decidability of the positive first-order
theory of G (see [LSO05]).

Theorem 7. Let H be a group and G an HNN-extension of H with finite associated subgroups
A = B. The satisfiability problem for systems of equations over G with constraints in Cg is
Turing-reducible to the satisfiability problem for systems of equations over H with constraints
in Cy.

Proof sketch. It suffices to adapt the reduction given in the proof of Theorem 5:

— The strict normal partitioned fta A with labeling set bool(Rat(H)) is replaced by a normal
partitioned fta A with labeling set {{a} | a € A} UCq.
— The AB-algebra H; is replaced by the AB-algebra H; ; (defined by (67)).

Let us describe more precisely the necessary adaptations. Given a finitely generated subgroup
C;, we consider the fta A; that posesses exactly two states (1, H) (its initial state) and (1, 1)
(its terminal state) and one transition ((1, H),Cj,(1,1)). This fta A; is trivially partitioned,
~-compatible, ~-saturated, unitary and it recognizes the subgroup C;. Let us consider now
the fta B; obtained from the fta Gg by replacing each occurence of the label H by the label
C;. This fta B; is partitioned, ~-compatible (because A C (}), ~-saturated (because each of
the four states (A,T),(B,H),(B,T),(A, H) has a loop labeled by A) unitary (because, for
every vertex-type 6, there exists only one state mapped to the type 6 by 7) and recognizes
the subgroup (C;, t).

Let A be the direct product of all these partitioned fta A; and B;. The fta A is a partitioned
fta which is also ~-compatible and ~-saturated (by [LS08, Lemma 5]) and unitary (because
unitarity is also preserved by direct products). Given a finite set of constraints u : U* — Cg,
there exist Iy € Q 4, Ty C Q4 such that

CU)={9€G |y xTv)Npac(g) #0}.

Any system of equations Sy over G with constraints in Cg can thus be reduced to a disjunction
V jeJ 81, of systems of equations with rational constraints over G with set of variables i1 2
Up, of the form (126), fulfiling points (a), (c), (d), and (e) of Proposition 5 and point (b), with
the modification that the fta A is a normal partitioned fta (which might be non-strict) over
the labelling set {{a} | a € A} UCp. Line 6 of the algorithm scheme amounts to the following:

— Find a solution in H to the system
ow(Su(S, W, e)) U{(Wi,a; ‘Wb ') | 1 <k < py U{(Wi, arWiby) | 1 < k < p}

with the additional constraints C(W) for W € Wy; this is an instance of the satisfiability
problem for systems of equations with constraints in Cy.

— Find an element in the set C(W) for W € W] — Wy; the set C(W) is recognized by an fta
where each label is the set of solutions of a system of equations in H with constraints in
Cp. This problem thus reduces to finitely many instances of the satisfiability problem for
systems of equations with constraints in Cy. O
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10.3 Constants

The sets of constraints corresponding to so called equations with constants are
Cu = {{h} | h € H} U{H} and Cc = {{g} | g € G} U {G}.

Theorem 8. Let H be a cancellative monoid and G an HNN-extension of H with finite as-
sociated subgroups. The satisfiability problem for systems of equations with constants in G is
Turing-reducible to the satisfiability problem for systems of equations with constants in H.

Proof sketch. It suffices to adapt the reduction given in the proof of Theorem 5:

— The strict normal partitioned fta A with labeling set bool(Rat(H)) is replaced by a normal
partitioned fta A with labeling set Cy.
— The AB-algebra H; is replaced by the AB-algebra H; ; (defined in (67)). O

11 Equations and disequations with rational constraints over G

We recall that the notion of systems of equations and disequations with rational constraints
over a monoid has been defined in Section 2.6.

11.1 Rational constraints

Let us show how to reduce a system of equations and disequations (with rational constraints)
over G to a systems of equations (with rational constraints) over H; together with a system
of (dis)equations (with rational constraints) over H.

Let us start with a system of equations/disequations with rational constraints, over G,
which is in normal form (see Proposition 5):

((Ei)1<i<n, (Bi)nt1<i<ans BAG, M) (378)
The equations F; have the form
E; : (Uig,UipU;3) forall 1 <i<n
while the disequations F; have the form
E;: (Ui1,Uig) foralln+1<i<2n

where, for every i € [1,n], the symbols U; 1,U;2,U; 3,Upyi1,Unyi2 belong to the alphabet
of unknowns U. Let us consider the alphabet Vy = [1,2n] x [1,3] x [1,5] x [0, Ny] and the
alphabet W constructed from this V; in Section 3.6. We choose the integer Ny in such a way
that

1
Card({W e W | 3i, 5, k,p1 (W) = (i,4,k,0)}) < §Card(VO) (379)

(one can still take, as in the case of equations, Ny := 2Card({—1,0,1} x Tur x B%(Q) x
PGI{A, B}) + 1 in order to achieve this inequality).

We consider all the vectors (szk) where 1 <i<2n,1 <j <3,1 <k <5 of elements of
WU {1} and all triple (e;1,2,€i23,€i3.1) € (AU B)3 such that: the vectors

(Wi jk)i<i<ni<j<3,i<k<s, (€i1.2,€i2,3,€i31)1<i<n
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fulfill conditions (137)-(145) and their counterpart for disequations

(Wi jk)nt1<i<on1<j<2,1<k<5; (€i,1,2)n+1<i<2n

fulfill the analogous conditions:

p1(Wi k) = (i,4,k,0) € Vo for W # 1 (380)
5

Y[ Wijk) = (1, H,b,1,1) for some b € {0,1} (381)

k=1

5
H ijk) = bu(Uij) (382)
’Y(H Wiak) H Wiap) (383)
k=

Wi € W A %;(Wz‘,j,s) is an H-type (384)
€i1,2 € Gi(Wi71,3) = Gi(Wi72,3) (385)

A vector (W, e) fulfilling (137)-(145) for the indices i € [1,n] and (380)—(385) for the indices
i € [n+1,2n] is called an admissible vector. For every admissible vector (W, e) we define the
following equations and disequations:

— For all 1 <4 < 2n:

5 5
LI Wise = [I Wiy i Usj = Uiy (386)
k=1 k=1
WitiWii2€i12 = Wi21Wi22 (387)
— Forall 1 <i<mn:
Wi2aWios = €i230u(Wis2)Ly(Wisz1) (388)
€i31Wi1aWi1s = WizaWiss (389)
Wii3s=ei12Wi23€i23Wi33€i31 (390)

— For all n+1 < i < 2n such that 7e(W; 1 3) = 7e¢(W;2,3) and all d € Ge(W; 1 3):
Wi13d #e;12Wios (391)

We denote by Si(S, W, e) the system of equations (386)—(389), and by Su(S, W, e) the system
of equations and disequations (390)—(391). For every (i,5) € [1,n] x [1,3] U [n+ 1,2n] x [1, 2]
we denote by 7, j the smallest pair such that U; = UW' By ow e : U* — W we denote the
unique monoid homomorphism such that



A,
Wi Wii,2 Winis Wii,4 Wii,s

Fig. 22. A disequation cut into parts

Lemma 66. Let S = ((E;)i<i<n, (Ei)n+i1<i<on, LAG, fu) be a system of equations and dise-
quations over G with rational constraint. Let us suppose that S is in quadratic normal form.
A monoid homomorphism

o:U" -G

is a solution of S if and only if there exists an admissible vector (W, e) of variables from W,
and elements of AU B and an AB-homomorphism

UtIWt—)Ht

solving simultaneously the system Si(S, W, e) of equations over H; and the system Sp(S, W, e)
of equations and disequations over H, and such that

0 = OW e © 04 O TG.

From G-solutions to t-solutions. Let ¢ : U* — G be a monoid homomorphism solving
the system S. For every 1 < i < n we construct the vector (W . «,€i++) as in Section 5.2.
Let us fix now some disequation from &, i.e. some integer n + 1 < ¢ < 2n. Let us choose, for
every j € {1,2} some s; ; € Red(H,t) such that

o(Ui;) = m(si;)-
Let us consider some decomposition of the form (5) for s;; and s; o
8;1 = hotal hy-- -t hy--- tazhg, (392)

8172 = hlota/l hll “ o tal)\ hl)\ . o talel h/gl. (393)
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Fig. 23. Disequations, case 1

We know that s;1 # s;2. Let us distinguish the possible forms for s;, as represented in
Figures 23-25.

Case 1. There exists 2 < A\ < min{¢,¢'} and e; 12 € B(a)_1) such that ag = o for 1 < s < X
and

hotal hl te tak*lei&g = hétal h/l cee tak*l, h)\,ld 7& €i7172h/)\71 for all d € A((X)\).
We consider the following factors of s; 1 and s; 2:

Ll}l = hot* hy - - t92-1, ]\4@1 = hy_1, Rl}l = (UM LML Oy,

/ /
Li,2 = hétal h/l s taA*l, MZ‘,Q = hl)\_l, RZ'72 =t h/)\taA‘H . h;’

Following the lines of Section 5.2, the reduced sequences s; ; (1 < j < 2) can be cut into five
factors v; ;1 (1 < k < 5) and subsequently lifted to five letters (W; ;1) (1 < k < 5) such that
the vector (W x «, €;,1,2) fulfills conditions (380)-(385) and the classes ([v; ««]~) fulfill equation
(387) and disequations (391). We can define o(W; ;1) = [vi jk|~. Then, o, can be extended
to an AB-homomorphism solving both systems S;(S, W, e), Su(S, W, e) and such that

0 = OWw e © 04 O TG.

Case 2. There exist 2 < X\ < min{/,¢'} and e;12 € B(ay_1) such that ay = o/, for 1 < s <
A—1, ay=—a) and
hotalhl v ta’\_lei7172 = h{)talhll R A

We consider the factors L; 1, M; 1, R; 1, L;2, M; 2 defined by the same formulas as in case 1,
and define
Rig =t ONRAtO N1 - £ Rl

120



1

Fig. 24. Disequations, case 2

This time we obtain a vector (W; . ) such that Te(W;;3) # 7e(W;23). Hence, there is no
disequation (391) associated to this index i. The vector (Wj , ., e;1,2) fulfills conditions (380)-
(385) and the classes [v; « ]~ fulfill equation (387).

Case 3.1 <<V, as= o for 1 <s </{ and there exists e; 12 € B(ay) such that
hot® hy -+ -t%e; 1.9 = hot“ Ry - - -t
This case can be treated similarly as case 2. We just define R;; = 1 and, correspondingly
Witk =1,for4 <k <5.
Case 4.1 <l <!, ag= o for 1 < s </{ and there exists ;12 € B(ay) such that
hot®hy -+ t% ;1.9 = hot® R - - 170

This case is obtained from Case 3 by exchanging s; 1 and s; ».
It remains to treat some degenerated cases.

Case 5. a1 = —aj or (a1 = o) and hod # hy for all d € A(ay)). We set L;y = Lo = 1,
€i,12 = 1, Mi,l = ho, MZ’72 = hlo, Ri,l = talhl ...tazh£7 and Ri,Q = ta/lh/l ---taf/hz,. The
construction is ended as in the degenerated cases from Section 5.2.

Case 6. £ = 0 < {'. We set Li,l = Li,Z = Ri,l =1, €12 = 1, Mi,l = hy, Mi,Z = h6, and
R;s = o Ry v hy. The construction is ended as in the degenerated cases of Section 5.2.

Case 7. ' = 0 < £. This case is treated analogously to the previous case.

Case 8. ¢ = f, = 0. We set Li,l == LZ‘,Q == Ri,l == RZ"Q == 1, €i12 = 1, Mz’,l == ho, and MZ'72 == h6

From t-solutions to G-solutions Let o; : W; — H; be an AB-homomorphism solving both
systems Si(S, W, e) and Sy(S,W,e). Owing to the proofs of Section 5.2, we just have to
prove that for every i € [n + 1,2n],

oi(ow,e(Uir)) # ot(ow e(Ui2)).
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Fig. 25. Disequations, case 3

Using equation (386) and the definition of ow ., the above inequalities are equivalent with

5 5
or([T Winw) # oe([] Wizw)- (394)
k=1 k=1
Equation (387) states that
or(Wii11Win2)eire = ot(Wia1Wia2). (395)

Since G is cancellative, we must show

HWuk ?96@120tHWz2k (396)

Let us distinguish several cases according to the values of Te(W; ;3). Since by (384), the
Yw(Wi j3) are H-types, one of the following cases must occur.

Case 1. Te(W;13) = Te(W;23) = (1,1). With (381), we get v(W; ;aW; ;5) = (1,1,0,1,1), i.e
ot(W; jaWi j5) =1 for j € [1,2]. Hence, the negation of (396) and cancellativity of G imply
ot(Wi13) = ei120:(Wia3), i.e., 04(Wi13) # €;1.20:(W;23) But this contradicts disequation
(391) for d = 1.

Case 2. Te(W;13) = 1e(W;23) = (A, T). Then we would get an identity of the form oy (W; 1 3)d #
ei1,20t(Wia3) for some d € A from the negation of (396). But this contradicts disequation
(391).

Case 3. Te(W;1,3) = 7e(W;23) = (B,T). The same argument as for Case 2 works.

Case 4 Te(Wi13) # Te(Wj23). This implies that the projections of Ut(Hk _sWiik) and
O't(Hk 1 Wia3) on {t,t71}* are not equal. Hence, inequality (396) holds.

This concludes the proof of Lemma 66. O
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Theorem 9. Let H be a cancellative monoid and G an HNN-extension of H with finite asso-
ciated subgroups A and B. The satisfiability problem for systems of equations and disequations
with rational constraints in G is Turing-reducible to the satisfiability problem for systems of
equations and disequations with rational constraints in H.

In order to prove this theorem we must, as for the proof of Theorem 5, cope with the fact
that we do not know an algorithm for testing the satisfiability over H of an equation with the
constraint H \ I(H) (the set of non-units of the monoid H). Therefore we use again the notion
of a weak AB-homomorphism. ¢ We first adapt Lemma 65 to:

Lemma 67. Let DS = vjeJ S; be a finite disjunction of systems of equations and disequa-

tions over G, with rational constraint where S; = ((Es)i<i<n, (Ei)nt1<i<2n, WA, fut,j)- Let us
suppose that DS is in closed quadratic normal form. A monoid homomorphism

o: U =G

is a solution of DS if and only if, there exists and index j € J, an admissible vector (W, e)
of variables of W and elements of AU B, an involution ® € Hlnv, an AB-homomorphism
ow : W, — W, /® and a weak AB-homomorphism 1y : W, /® — H; such that:

(S1) ow is a solution of the system of equations Sy(S;, W, e),
(S2) ow oy is a solution of the system of equations and disequations Su(Sj, W, e),
(S3) 0 =0ow,e00owoomng.

This lemma can be proved in the same way as Lemma 65.

Sketch of the proof of Theorem 9. It suffices to adapt the reductions given in the proof of
Theorem 5 as follows:

— Lemma 65 is replaced by Lemma 67.
— Instead of a system of equations with rational constraints in H we use the system Sy (S, W, e)
of equations and disequations with rational contraints in H supplied by Lemma 66. O

11.2 Positive rational constraints
Here we consider Cg = Rat(G) and Cy = Rat(H).

Theorem 10. Let H be a cancellative monoid and G an HNN-extension of H with finite
associated subgroups A,B. The satisfiability problem for systems of equations and disequations
with positive rational constraints in G is Turing-reducible to the satisfiability problem for
systems of equations and disequations with positive rational constraints in H.

In order to prove this theorem we must, as for Theorem 5, cope with the fact that we do not
know an algorithm for testing emptiness of a set of the form {s € Hx{t,t=1}* | us(s) = p(W)}:
such a set is not known to be recognized by an fta with labels which are defined by equations,
disequations and positive rational constraints over H. Therefore we use the notion of weak-
AB-homomorphism.

Sketch of the proof of Theorem 10. It suffices to adapt the reduction given in the proof of
Theorem 5 as follows:

% Though we might also use a notion weaker than AB-homomorphisms and stronger than weak AB-
homomorphisms, since we are able to translate the conditions over v, u,d by equations and disequations
with rational constraints.
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— Lemma 65 is replaced by Lemma 67.

— The initial positive constraints given by the system of equations and disequations are
defined by normal (possibly non-strict) ftas with labelling set Rat(H).

— Instead of a system of equations with rational constraints in H we use the system S (S, W, e)
of equations and disequations with positive rational contraints in H supplied by Lemma 66.

— For every W € Wy, C(W) belongs to DEQ(H, Rat(H)).

— For every W € W[\ Wy, C(W) is recognized by an fta with labels in DEQ(H, Rat(H)):
this is clear for C;(W),C,(W),Cs(W); for C, (W), the trick consists just in seeing the
subset H \ A (resp. H\ B) as defined by the system of disequations A, ,v # a (resp.
Nocp v 7#b). O

11.3 Constants
Here, the sets of constraints are Cg = {{¢} | g € G} U{G} and Cy = {{h} | h € H} U {H}.

Theorem 11. Let H be a cancellative monoid and G an HNN-extension of H with finite
associated subgroups. The satisfiability problem for systems of equations and disequations with
constants in G is Turing-reducible to the satisfiability problem for systems of equations and
disequations with constants in H.

Proof sketch. We adapt the reductions given in the proof of Theorem 5 as follows:

— Lemma 65 is replaced by Lemma 67.

— For every W € WY, C(W) is recognized by an fta with labeling set DEQ(H, Cy), i.e. the
set of subsets of H which are definable by systems of equations and disequations with
constants. O

12 Equations and disequations over an amalgamated product

12.1 Equations and disequations

In this section we adapt the transfer result about the operation of HNN-extension (i.e. The-
orem 9) as a transfer result about free product with amalgamation (see Theorem 12 below).
We recalled in Section 2 Theorem 1 for equations and disequations and the operation of free
product. Let us use here the same notation £(Cp,,Cr,) and state a more general theorem.

Theorem 12. Let us consider two cancellative monoids Hy,Hs, two finite subgroups A; <
H, As < Hs, and an isomorphism ¢ : A1 — As. The satisfiability problem for systems of equa-
tions and disequations with rational constraints in the amalgamated product G = (Hy,Hy; a =
o(a) (a € Ay)) is Turing-reducible to the pair of problems (S1,S2) where

— 51 is the satisfiability problem for systems of equations and disequations with rational
constraints in Hy and

— Sy is the satisfiability problem for systems of equations and disequations with rational
constraints in Hs.
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Proof. Let us use the embedding n : G — G defined in Section 2.2 by formula (12), where
G = (Hy * Hy, t; t—tat = p(a)(a € Ay)). By Lemma 20 the satisfiability problem for systems
of equations and disequations with rational constraints in G is reduced to the same problem
in G. By Theorem 5 this problem reduces to the same problem in the product Hj *xHy and by
Theorem 1 this last problem reduces to the same problem in every factor, i.e., to (S1,S2). O

Note that when Cy, = {{h} | h € H;} U {H;} then £(Cn,,Cm,) 2 {{9} | ¢ € G} U{G}. Hence,
by similar arguments as above, one can prove the variant of Theorem 12 where equations and
disequations with constants are considered.

12.2 Equations

We strongly believe that one can adapt the main transfer result about equations and the
operation of HNN-extension (i.e. Theorem 5) as a transfer result about free product with
amalgamation. Since we lack such a theorem even in the case of a free product, the most
natural method would consist in adapting all the method developed in Sections 3-6 to the case
of a free product with amalgamation over finite subgroups. As well, analogues of Theorem 6,
dealing with equations with positive rational constraints, and of Theorem 8, dealing with
equations with constants, should hold for free products with amalgamation.

13 Equations and disequations over a graph of groups

A (finite) graph in the sense of Serre [Ser77] is a tuple (V,E,:,7), where V is a finite
set of vertices, F is a finite set of edges, and ¢+ : E — V (resp.,, 7 : E — V) maps
each edge to its initial (resp., terminal) vertex. Recall that a graph of groups is a tuple
G=V,E, t,7,(Gy)vev, (¢e)eck), where (V, E, 1, T) is a finite graph, G, is a group for every
vertex v € V, and for every edge e € E, o is a partial isomorphism from G into G, ().
For every vertex v, we denote by 71(G,v) the fundamental group of G with base point v (see
[Ser77] or [DD90] for background on graphs of groups).

Theorem 13. Let G = (V, E, 1, 7,(Gy)vev, (@e)eck) be a finite graph of groups where all the
partial isomorphisms . have finite domain and let vg € V. For a vertex v let Sat, be the
satisfiability problem for systems of equations and disequations with rational constraints in the
group G,. The satisfiability problem for systems of equations and disequations with rational
constraints in the fundamental group m1(G,vg) is Turing-reducible to the join of the problems

Sat, (v e V).

Proof. We can assume that (V, E, ¢, 7) is connected (otherwise adding some edges with trivial
partial isomorphisms would preserve the fundamental group and makes the graph connected).
Let T'C FE be a spanning tree, and let k = |T'| — |E| and ¢ = |T'|. The group 71(G,vg) can
be obtained as a k-fold HNN-extension of an ¢-fold free product with amalgamation of the
vertex groups Gy, where the associated (or amalgamated) subgroups are dom(y,) and im(¢e )
for e € E. Hence, using k times Theorem 9 and ¢ times Theorem 12, we obtain the desired
Turing reduction. O

Related works In [DGOT7], Dahmani and Guirardel proved Theorem 3 by geometrical meth-
ods. Using this result, they get an algorithm that solves equations in any word hyperbolic
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group (even with torsion) [DG10]. As mentioned in the introduction, Myasnikov and Khar-
lampovich showed that the full first-order theory of a free group of finite rank is decidable.
Their solution includes methods for solving equations in so called fully residually free groups
[KMO05a,KMO5b)].

Perspectives We think that part of the techniques exposed here can be extended to HNN-
extensions where the subgroups A and B are infinite but assumed to be nicely embedded in
the base group (or monoid) H.

We extend in [LSO05] our transfer theorems to the positive first-order theory of HNN-
extensions (or free products with amalgamation) of groups. Whether an extension to the full
first-order theory is true (or not) is a fascinating open question.
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