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Abstract

It is shown that the positive first-order theory of an HNN-extension
G = (H,t;t  at = p(a)(a € A)) can be reduced to the existential first-
order theory of G provided that A and B are proper subgroups of the base
group H with AN B finite. For an amalgamated free product G = H x4 J,
we show that the positive first-order theory of G can be reduced to the
existential first-order theory of G in case A is finite.

1 Introduction

This paper is the third paper in a serious of papers on equations over HNN-
extensions and amalgamated free products. These two operations are of funda-
mental importance in combinatorial group theory [15]. Recall that an amalga-
mated free product

G=H=xsJ (1)

of two groups H and J, where A is a subgroup of H and J and w.l.o.g. A = HNJ,
results from the free product H * J by identifying every element of A < H with
its corresponding element in A < J. An HNN extension

G = (H,t;t 'at = p(a)(a € A)) (2)

of a group H, where A and B are isomorphic subgroups of H and ¢ : A — B
is an isomorphism, results from adding to H a new generator ¢ such that the
conjugation of the subgroup A < H by t equals the isomorphism ¢.

In [14] we proved several decidability results for algorithmic problems for
rational subsets in HNN-extensions and amalgamated free products. Based
on theses results, we continued our investigations with existential theories of
equations (together with additional constraints for variables) in HNN-extensions



and amalgamated free products [13]. Equations over groups and also monoids
are a classical research topic at the borderline between algebra, mathematical
logic, and theoretical computer science. This line of research was initiated by
the work of Lyndon, Tarksi, and others in the first half of the 20th century. For
a given group G, we are mainly concerned with two theories associated with G:
(i) the existential theory of G contains all true statements about G of the form
Jdx, € G---dx, € G : p, where @ is a boolean combination of equations over
G. The left- and right hand sides of these equations are products of elements
from the group G as well as variables x; and their inverses. The positive theory
of GG consists of all true statements about GG, where also universally quantified
variables are allowed, but the use of negations is forbidden, i.e., conjunction and
disjunction are the only allowed boolean connectives.

Basically, Merzlyakov has shown that the positive theory of a free group
can be reduced to the existential theory of another free group [19], see also
[11]. Toghether with the later result of Makanin concerning the decidability
of the existential theory of a free group [16, 17], this shows that every free
group has a decidable positive theory [17]. This result is an important step
in the recent proof of Tarski’s conjecture by Kharlampovich and Myasnikov,
namely that the full first-order theory of a free group is decidable [12]. Roughly
speaking, Merzlyakov proved that a positive sentence v, which is interpreted
in a free group F, is equivalent to the existential sentence 6 that results from
1 by replacing its universally quantified variables x1,...,z, by new constants
k1, ..., k. These new constants do not interact with the free group F, i.e., the
resulting sentence 6 is interpreted in the free product F * F(kq,...ky) (where
F(ky,...ky) is the free group generated by ki,...k,), which is again a free
group.

Merzlyakov’s technique was recently extended to larger classes of groups: [6]
deals with graph products of free and finite groups and [10] considers groups
with a free regular length function. In [5] a general transfer theorem for positive
theories was shown for graph products: under some algebraic restrictions, the
decidability of the existential theory of a graph product implies the decidability
of the positive theory of the graph product. Graph products are a well-known
mathematical construction that generalize both free and direct products, see
e.g. [9].

In this paper we adapt Merzlyakov’s technique to certain HNN-extensions
and amalgamated free products. In order to do this for an HNN-extension
G = (H,t;t 'at = ¢p(a)(a € A)), we have to assume that A and B = p(A) have
finite intersection. In this situation, we are again able to replace the univer-
sally quantified variables x1,...,x, of a positive sentence ¥ by new constants
ki, ..., k. But unlike for the case of a free group, we cannot avoid some interac-
tion between these new constants and the group G. More precisely, there exists
a (necessarily finite) subgroup X € AN B < @ such that for every 1 <i <mn
we have to impose the defining relation k; 'ak; = f;(a) (a € X) for some auto-
morphism f; : X — X. Thus, the existential sentence 6 that results from 1 by
replacing the universally quantified variable z; by the constant k; is interpreted
in a multiple HNN-extension G of GG, where in each single HNN-extension the



finite subgroup X is associated with itself. Finally we can apply [13, | in order
to reduce the existential theory of the this HNN-extension G to the existential
theory of the initial HNN-extension G. This shows that for an HNN-extension
G = (H,t;t7tat = p(a)(a € A)) with AN p(A) finite, the positive theory of G
is decidable if the existential theory of G is decidable (Theorem 3.1). Similarly,
for an amalgamated free products G = H %4 J, where A is finite, we show that
the positive theory of G is decidable if the existential theory of G is decidable
(Theorem 4.1). Finally, from Theorem 3.1, 4.1, and [13, ], we can easily deduce
that every virtually free group (i.e., a group with a free subgroup of finite in-
dex) has a decidable positive theory. This result relies on the fact that every
virtually free group can be built up from finite groups using the operations of
amalgamated free products and HNN-extensions, both subject to the finiteness
restrictions above, see e.g. [4].

2 Preliminaries

For sets A and B we write f : A —, B in order to express that f is a partial
mapping from A to B. For C C A we denote by f[¢ the restriction of f to C.
The identity function on a set A is denoted by id 4.

Let us fix a group G. Formulas of first-order logic over G are built up
from atomic formulas of the form zy = z, 27! = y, and = g (where x and
y are variables ranging over elements of G, and g € G is a constant) using
boolean connectives and quantifications over variables. A boolean formula is
a formula without quantifiers. A formula ¢ is called positive if there are no
negations in ¢, i.e., it is built up from conjunctions, disjunctions and (universal
and existential) quantifiers. A formula ¢ is called existential (resp. existential
positive) if it is of the form Jzq--- 3z, : Y(x1,...,2,), where ¥ is a boolean
(resp. positive boolean) combination of atomic formulas. For G countable, we
denote with Th3(G) (resp. Thy(G), Tha(G)) the set of all existential (resp.
positive, existential positive) sentences that are true in G, this set is countable
again. For a countable set C C 29 of constraints we denote with Th3(G,C) the
extension of Th3(G), where also atomic formulas of the form z € L for L € C
are allowed. We restrict here to a countable G and a countable C, in order to
ensure that the above theories are countable. Hence, it makes sense to ask for
the decidability of these theories. We will use the following result from [13]:

Theorem 2.1. Let H be a group and let A be a finite subgroup of H. Let
C={B;|i€ I} bea class of constraints in H, where every B; is a subgroup
of H, which contains A. Let G = (H,t;t tat = ¢(a)(a € A)) be an HNN-
extension of H, where ¢ : A — A is an automorphism of A. For every i € I
let C; be the subgroup of G generated by B; and the stable letter t. Let D =
{B; | i € I}U{C; | i € I} If Tha,(H,C) is decidable, then also Tha; (G, D) is
decidable.

For a subgroup X of G, we denote with In(X, G) the group of all automor-
phisms f of X such that for some g € G we have: f(z) =g 'ag for all x € X.



The notation In(X,G) is intended to refer to the inner automorphism group
In(X) = In(X, X) of X.

3 HNN-extensions

In this section we consider positive theories of HNN-extensions. Let us fix
throughout this section a group H (the base group), two proper subgroups
A < H,B < H and an isomorphism ¢ : A — B. The subgroups A and B are
not necessarily finite. Let

G = (H,t;t 'at = p(a)(a € A))

be the corresponding HNN-extension. The aim of this section is to prove the
following result:

Theorem 3.1. Let G = (H,t;t tat = ¢(a)(a € A)) be an HNN-extension,
where A and B are proper subgroups of H with AN B finite. If Tha, (G) is
decidable, then also Thy(G) is decidable.

Remark 3.2. Theorem 3.1 can be slightly generalized by only assuming that for
some h € H, h"YAhN B is finite, because by applying a Tietze transformation
[15], which replaces t by ht, this case can be reduced to the case that AN B is
finite.

3.1 Reduced t-sequences

Recall from [14] that a t-sequence is an element from the free product H
{t,t71}*. A t-sequence is reduced if it does not contain a factor from Forbid =
{t7lat | a € A} U {tbt~! | b € B}. Alternatively, we can view a reduced t-
sequence as a word from the language Red(H, t) = ((H{t,t~'})*H)\I'* Forbid I'*,
where I' = H U {t,t71}. Usually, we omit a factor 1 in a reduced t-sequence,
e.g., we identify the reduced t-sequence 1¢1¢t1 with the word tt. For u,v,w €
Red(H,t) we write u-v = w if and only if uv = w as words over the alphabet T
Note that this implies that we cannot have v € T*(H \{1}) and v € (H \ {1})I"*
at the same time. In this case, we also say that the concatenation u-v of u and
v is defined.

With ~ we denote the smallest congruence on H * {t,t~'}* containing all
pairs (t,a"ttp(a)) for a € A and (t71,b=1t"Lp=1(b)) for b € B. Then u,v €
Red(H,t) represent the same element of the HNN-extension G if and only if
u ~ v [14]. Equivalently, if

u = hotalhlta2 s hn_lta" h,, and (3)
v o= kotPkit? ok 1 tPmk,, (4

~—

(with n,m >0, a1,...,an,0B1,...,8m € {1,—1} and ho, ... hn, ko, ..., km € H)
are reduced t-sequences, then u ~ v if and only if n =m, a; = §; for 1 < i < n,
and there exist ¢1,...,cs, € AU B such that:



e if a; =1 then ;-1 € A and ¢o; = p(coi—1) € B (1 <i < n)
o if ; = —1then co; € Aand ;1 = (o) € B (1<i<n
e hicoip1 = coik; in H for 0 <4 <n (here we set ¢y = capy1 = 1)

This situation can be visualized by a diagram of the following form (also called
a Van Kampen diagram, see [15] for more details):

o2 ho tes

Cq Cs5

Y

t>2 ko tes

Note that if e; = 1 (resp. e; = —1), then we must have cg;—; € A and ¢o; € B
(resp. coi—1 € B and cg; € A).

In Section 3.4 we will reason a lot with diagrams of the above form. The
elements ¢; are also called the connecting elements. Sometimes we will also
omit in diagrams some of the connecting elements. The two paths between
the leftmost and the rightmost point in the above diagram are also called the
upper and lower bow, respectively. An interval on one of these bows is called a
segment.

For the above u € Red(H,t) in (3) define m(u) = t*1t¥2 ...t y~1 =
hytt=onh 1 oot gt and |u| = n. Note that |u| is not the length
of u as a word over I' = H U {t,t~!} but only the number of occurrences of ¢
and ¢~ in u. This definition has the advantage that u ~ v implies |u| = |v| for
u,v € Red(H,t). In fact, u ~ v even implies m(u) = m¢(v).

In the following, we identify the set Red(H,t) with the relational structure
that contains the following predicates and constants:

e the ternary relation {(u,v,w) | u-v ~ w}
e the ternary relation {(u,v,w) | u,v,w € Hyuv =w in H}
e the binary relation {(u,v) | u ~ v~}
e cvery element of Red(H,t) as a constant
We will use the following lemma from [13]:

Lemma 3.3. For a given boolean combination ¢(x1,...,x,) of word equations
over the HNN-extension G we can effectively construct an ezistential formula
Jyr - Fym s X (@1, Ty Y1y - -+, Ym) over the structure Red(H,t) such that for
all s1,...,8, € Red(H,t) we have:

O(81,...,8,) iIn G & Fyr--Fym : x($1,--, S, Y1, -+, Ym) in Red(H, 1)



(here, when writing ¢(s1,...,8,) in G, we identify s; € Red(H,t) with the
element from G it represents).

3.2 The finite normal subgroup X and stabilizing sequences

For a (necessarily finite) subgroup X < AN B and g € G we define the partial
automorphism act[g, X] : X —, X by conjugation: act[g, X](y) = z if and only
if y,2 € X and g~lyg = 2. For a reduced t-sequence u, actu, X] is defined as
actlg, X|, where g is the element of G represented by u. The goal of this section
is to prove the following lemma:

Lemma 3.4. There exists a subgroup X < AN B and for oll o, 8 € {1,-1}
there exist sqop € Red(H,t) such that

e 5,5 €t Red(H,t)-t°,

e X is a normal subgroup of G, i.e., for all g € G: act[g, X| is an (totally
defined) automorphism of X, and

o forallc,de AUB, if csag = Sapd in G thenc=d € X.

The subgroup X and the reduced ¢-sequences s, will be used in Section 3.4
in order to construct reduced t-sequences with some desired behavior. The
sequence s,3 has a stabilizing behaviour in the following sense: Note that for
all c,d € AU B, csqp and sqp d are reduced t-sequences. If we have a diagram
of the form

S1 Sap S92

83 Sa,B3 84

then we must have ¢ = d € X by the last point from Lemma 3.4.

We will construct the subgroup X as the limit of a decreasing chain ANB 2
Xo 2 X1 2 Xy---. Since AN B is finite, this chain has to terminate with some
X, =X.

Recall that ¢ : A — B is an isomorphism. We start with the subgroup

Y={zrcANB|Vk>0:¢"@x) e ANB} < ANB.

Note that Y is closed under ¢. Since ¢ is injective and Y is finite, p[y is a
permutation on the finite set Y. In particular, Y is also closed under ¢~ 1. Let
us fix a number n € N such that n — 1 > |[AN B| and (ply)" = idy.

Lemma 3.5. Forallc,d € AUB, if ct™ =t"d in G thenc=d €Y.

Proof. Assume that ct™ = t"d in G for some ¢,d € AUB. Since ct™ and t"d are
reduced t-sequences, we obtain a Van Kampen diagram of the following kind:



C=Cp C1 C2 C3 Cn—1 ¢, =d
Y Y Y Y Y

[2 [4 t Tt

We get ¢ =c€ A, ¢, =d€ B, c1,...,cn1 € AN B, and p(¢;) = ¢;41 for
0 <i<mn. Since n—1> |AN B, there are 1 < i < j < n such that ¢; = ¢;.
Thus, ¢ enters a cycle at ¢; € AN B, i.e., ¢; € Y. Since Y is closed under ¢
and o~ !, we get ¢,cq,...,¢n_1,d € Y. Moreover, (ply)" = idy implies that
c=d. O

Next we define sequences s|a, 8]; € Red(H,t) (a, 8 € {1,—1}) and a sub-
group X; < Y for all i > 0 inductively. We start with ¢ = 0: Choose an
element

heH\(AUB), (5)

which will be fixed for the rest of Section 3.! Let act := act[h,Y]:Y —, Y and
let
Xo={z €Y |Vk>0:act’(z) is defined} < Y.

Thus, act|x, is a permutation on the finite subgroup Xy. Now choose a number
m € N such that m + 1 > |Y] and (act|x,)™ = idx,, and define (n > 0 is the
constant from Lemma 3.5):

s[1,1g = (t"h)™"

s[1,-1]o = (t"h)™t™"
s[-1,1]0 = (t"R)™"
s[~1, ~1]o (t~mhym

Note that s[a, 3o is a reduced t-sequence (because h ¢ AU B) and s[a, f]o €
t* . Red(H,t) - t°.

Lemma 3.6. Forallc,d € AUB, if csla, Blo = sla, Blod in G, thenc = d € Xy.

Proof. We restrict to the case that a = 3 = 1, the other cases can be dealt anal-
ogously. Assume that we have ¢,d € AUB with c(¢t"h)™t" = (t"h)™t"d. Due to

Lemma 3.5 we obtain a diagram of the following form, where cg,c1,...,¢m € Y:
t" ., h t" By t" . h t"
¢ =Co Co c1 c1 C2|  Cm—1 Cm—1 Cm cm =d
Y o1 Y Y IS S o1 Y Y
tr h t" h t" h [

ISuch an element exists: Recall that we assume that A # H and B # H. Let x € H\ A
andy € H\ B. If z & B (resp. y ¢ A) then we can choose h = x (resp. h = y). Thus, z € B
and y € A. But then zy ¢ AU B.



Hence, act(c;) = ¢;41 for 0 < i < m. Since m + 1 > |Y|, there are i < j with
¢; = c¢;. Thus, act enters a cycle at ¢;, i.e., ¢; € Xo. But since Xy is closed under
act and act™!, we get ¢,c1,...,¢m_1,d € Xo. Moreover, (act|x,)™ = idx,
implies ¢ = d. O

Now assume that for some ¢ > 0, reduced t-sequences s|«, §]; € Red(H,t)
and a subgroup X; < AN B with the following properties are already defined:

e s[a, B); € t*-Red(H,t) - t°
e forall c,d € AUB, if ¢s[a, f8]; = s, B]id in G then ¢ =d € X;

If for all g € G, act[g, X;] is totally defined, i.e., X; is a normal subgroup of
G, then we stop and set sop = s[a, 8]; and X = X;, which proves Lemma 3.4.
Otherwise there exists g € G such that act = act[g, X;] is not totally defined on
X;. We identify g with a reduced t-sequence representing g. Define

Xip1 = {z € X; | Vk > 0: act®(z) is defined} < X;.

Note that there exist a, 3 € {1,—1} such that t* - g - t# is again a reduced
t-sequence. Let us assume that @ = G = 1, the other cases can be dealt
analogously.

Clearly, act[x,,, is a permutation on the subgroup X;y;. Let m be such
that m +1 > |X;| and (act[x,,,)™ =idx,,,, and define:

s[1, 11 = (s[1,1]i9)™s[1, 1],
s[l, =141 = (s[1,1]:9)™s[1,—1];
s[-1,1)01 = s[—1,1];(gs[1,1];)™
s[=1,=1]it1 = s[=1,1]i(gs[1,1])"™ *gs[1, —1];

By construction we have s[a, 3];11 € t* - Red(H,t) - t?. The following lemma
can be proved analogously to Lemma 3.6:

Lemma 3.7. For all ¢,d € AU B, if cs|a,Bli+1 = s[a, Bliv1d in G, then
c=de Xi—i—l-

This concludes the proof of Lemma 3.4.

3.3 Reducing to the existential positive theory

Our strategy for reducing the positive theory of the HNN-extension G to the
existential positive theory of G with rational constraints is similar to [17, 19]:
Given a positive sentence 6, which is interpreted over G, we construct an ezis-
tential positive sentence ' with subgroup constraints of a very restricted form,
which is interpreted over a multiple HNN-extension G of G, where only finite
subgroups of H < G are associated (in fact, X C AN B from Lemma 3.4 will
be associated with itself). Roughly speaking, ' results from 6 by replacing the
universally quantified variables by the stable letters of the HNN-extension G.



Let X < AN B be the subgroup from Lemma 3.4. Recall that with In(X, G)
we denote the group of all automorphisms f of X such that for some g € G we
have: f(c) =g tecg for all ¢ € X. In the following, we use the abbreviation

In = In(X, G).

For new constants ky,...,k, € G and fi1,...,fn € In we define the HNN-
extension

Goodm = (G ky,.. ki k ek = fi(o) (c€ X,1 <i<m)).

The next two lemmas yield the main steps for the reduction from the positive
to the existential positive theory. For the further consideration let us fix m € N,
groups Hy,...,H,,, H such that H C H; C H' for 1 <7 <m. Let

Gi = (H;, t;t rat = p(a)(a € A))
G' = (H' t;t  at = p(a)(a € A))

These groups contain G = (H,t;t tat = ¢(a)(a € A)). Let k € G’ be a new
constant and let f € In. In the following symbols with a tilde like Z will denote
sequences of arbitrary length over some set that will be always clear form the
context. If say a = (a1,...,am,), then @ € A means a1 € A,...,a, € A.

Lemma 3.8. Assume that ¢(z,y1,...,Ym,2) 18 a positive boolean formula with
constants over the group G. If

/\ Yi € (Gi)£ A
Jyp - Fym { 1<i<m in (G"I,

¢(k,y1,-",ymﬂ7)

then

/\ yi € Gi A
Vee{geG|actlg,X]=f}Ty1 - TFym 1<i<m in G'.

(b(xvyla s aymaﬂ)

Proof. Assume that there are g; € (GZ){: (1 <i < m)suchthat ¢(k,g1,...,9m,u)
is true in (G')ﬁ. Let g € G be an arbitrary element with act[g, X] = f. Then we
can define a homomorphism p : (G’)£ — G’ by p(k) = gand p(g) =g forg € G'.
This homomorphism is well-defined since act[k, X] = act[g, X|. Then p(g;) € G;
for 1 <1 < m and, since ¢ is a positive formula, ¢(g, p(g1), - - -, p(gm ), @) is true
in G’'. This proves the lemma. O

Note that the assertion of Lemma 3.8 does not hold in general, if ¢ involves
negations. For example Vx : x # 1 is false, but & # 1 is true. On the other
hand, the converse implication of Lemma 3.8 is true for arbitrary formulas:



Lemma 3.9. Assume that ¢(x,y1,...,Ym,2) is a (not necessarily positive)
boolean formula with constants over the group G. If

/\ yi € Gy A
Va e {g €eqG ‘ aCt[gaX] = f} Elyl o 'Elym 1<i<m m Gl,

(b(xvyla cee 7ymvﬂ)

then

N\ vie (G)i A
Jyi -+ Fym { 1<i<m in (G')].

¢(kay17 s ,ym,ﬂ)

Let us postpone the quite involved proof of Lemma 3.9. The following theorem
yields the reduction from the positive to the existential theory.

Theorem 3.10. Let §(2) = Va13y; - - -V, Jyn ¢(x1, ..., Ty Y1, - - -, Yn, 2) where
¢ a positive boolean combination of word equations (with constants) over the
group G. For all w € G we have 8(u) in G if and only if

N vl
A i N\ Ty 1<ise - (6)

fr€ln Jn€ln (b(kl’ R knv Yi, -y Yn, ﬂ) in Gilli,,i:

Proof. The proof is similar to the proof of [6, Theorem 17]. We proceed by
induction on n. The case n = 0 is clear. If n > 0, then inductively we can
assume that for all s1,t1,u € G we have

V$23y2 o vxnayn ¢(817.'L'2, .. 'axnatlayQ, e a?/mﬂ) in G

if and only if
N\ wieGRIL A
A v N\ Fyn{ 2sisn
f2€In fn€ln gb(sl,kg,...,kn,tl,yg,...,yn,ﬂ) in Giz:i{z
Thus, for all w € G we have
V$13y1 o Vxngyn d)(zla e Ty Y1y -5 Yns ﬂ) in G
if and only if
N\ v GRIIA

Vo, € G Iy /\ Jyg - - /\ Jy,, ¢ 1<i<n

f2€ln fn€ln ¢(x17k25"-7kn7y17"'ay’naa> in G]];Z?m’i"

Now we replace the universal quantifier Vz; € G by /\fleln Vz, € {g € G |
actlg, X] = f1}. Hence, by Lemmas 3.8 and 3.9 the above formula is true in

10



Gy ks if and only if

N wie Gzl A
A 3 A 3w N\ FuaQ rsise

f1€ln f2€In fn€ln d(k1,kay .o kn, Y1y oy Yn, ) in GQ"_‘_‘.’?

n

O

Remark 3.11. In [5], a result analogous to Theorem 3.10 for the case that G is
a free product (in fact, a certain graph product) was shown. In this case, the new
generators ki, ..., k, do not interact with the group G, i.e., the HNN-extension
GQ& is replaced by the free product G * F(ky,...,ky), where F(k1,..., k)
1s the free group generated by ki,...,k,. For the more general case that G is
an HNN-extension, we cannot avoid some nontrivial interaction between k; and
G;: this interaction is expressed by the identities ki_lcki = fi(c) forc € X in
the HNN-extension Gﬁiéi In order to use Theorem 2.1, it is crucial that the
group X is finite.

Note that the sentence in (6) is not interpreted in a single HNN-extension
of G. In order to reduce (6) to an existential statement over a single group G,
assume that In = {p1,...,pe}. Let S = {1,...,¢}. For a > 0 let S=° be the set
of all non-empty words over S of length at most «. For 7 € S" and 1 < a <n
let 7l € S be the prefix of 7 of length o, whereas 7[a] € {1,...,¢} denotes
the symbol at position « in 7. Take new constants k, for every o € S<" and
define the multiple HNN-extension G over G that results by adding to G for
every word o € SS" the stable letters k, together with the defining equation
k lck, = pi(c) (c € X), when i is the last symbol of the word o. This is a fixed
multiple HNN-extension over G, where only finite subgroups are associated.

Lemma 3.12. For all u € G, we have

N vi€GLI A
/\ Jy - - /\ Jyn { 1<i<n (7)

f1€In frn€ln ¢(/€17~--,kn,yl,---,ymﬂ) in Gii::wfn

S ln

if and only if

Pr(1]5-5P7[a]
Yria € Gyl T ke N .
(Fo)ges<r [\ a/:\l e inG. (8)

Sn
T ¢(kTT1""’kTM7yT[1a---vy'r[nau)

Proof. By tranforming sentence (7) into prenex normal form, we obtain the
equivalent sentence

n
Pr(1]sPr]al
/\ Yria € Gy i A
(o) yeg<n /\ a=1 9)

TES™ ~N\ s Pr(1]s-+P7[n]
¢(k17 cee kﬂmy‘r[h vee ayT[’rwu) m le,,..,kn

11



It remains to show that (8) < (9). First assume that (9) holds. For every
7 € S we define an isomorphism

h/ GZI sesPrn] Gp-r[l ~Pr[n]

155krin
by h.(g) = g for g € G and h, (k;) = kry; for 1 <i < n. Slncer”]’ ’51{3 C G,

pr
we can view h, as an embedding of G~

n k’pr[”] into G. Since (9) is true, there

exist y, (0 € S=") such that for every 7 € S™ we have:
° yTraerTl]v PT[a fOrl<O{<'I’L

o ¢(k1,.. kn,Yri1, o Yrin, @) in the group G777
By applying for every 7 € S™ the embedding h,, we obtain y, (¢ € S=") such
that for every 7 € S™ we have:

® Yria € GZ:[FII]:_':."’;):Z] forl<a<n
b d)(kr[lv s 7k7'[nay7'[17 e Yrin, U ) in the group G

Hence, (8) is true.
Now assume that (8) is true. Then, for every 7 € S™ we define the isomor-
phism

Pr(1]s++3P7[n] Pr(1]> 7P1—[n]
cG le,

by h-(g) = g for g € G and hT(kT[i) = ki for 1 <i < n. Since (8) is true there
are y, (o0 € S=™) such that for every 7 € S™:
° yT[a c Gpr[l],..w’fr[a] for 1 S o S n

kritsenkrra
o O(kriiy-- s Kkrpn, Yrits-- -5 Yrin, @) is true in the group G and hence is also
true in sz[”"“’gf["] cCG
711y Krtn
By applying the isomorphisms h, we obtain y, (¢ € S<") such that for every
7 € S™ we have:

* Yria € G for 1 <a<in

o ¢k, kn,Yr1,- -5 Yrin, 0) In the group GZIE?";,;;LPT["]

Thus, (9) is true. O

To complete the proof of Theorem 3.1, notice that an iterated application of
Theorem 2.1 enables us to reduce the existential theory of G with constraints
of the form GPT " p: °l to the existential theory of G.

Tt remains to prc;ve Lemma 3.9, which will be down by a reduction to reduced
t-sequences. For this, we need one more lemma concerning reduced t-sequences.
Note that elements from G’ (resp. G;) can be represented by reduced t-sequences

from Red(H’,t) (resp. Red(H;,t)). Fix a tuple

W= (wy,...,WN), (10)

12



where w; € Red(H,t) is a reduced t-sequence which represents the fixed group
element u; € G. Recall from Section 3.1 that we view Red(F,t) (where F is
some base group) as a relational structure equipped with the multiplication in
the base group F', and the concatenation and inversion of reduced t-sequences.

Lemma 3.13. Let x(z,y1,.-.,Ym,2) be a (not necessarily positive) boolean
formula over the signature of the structure Red(H’,t) and with constants from
Red(H,t). If

/\ ¥i € Red(H;, 1)
Vo € {u € Red(H,t) | act[u, X] = f} Jy1 -+ Fym { 1<i<m

A X(xaylv"'vymaﬁ)

in Red(H',t), then there are v1,ve € Red(H,t) with act[vy, X]o foact[vy, X| = f
and

N\ i € Red((H;){,1)
Jyp - Fym { 1<i<m in Red((H"){,t).

/\X(vl 'k'v27y1a"'7ymaﬁ;)

The proof of Lemma 3.13 is the main technical difficulty and shifted to the next
section.
Using Lemma 3.13, we can finish the proof of Lemma 3.9: Assume that

/\ yi € Gi A
Vee{geGlactlg,X]=f}3y1- Tym { 1<i<m in G,

¢(Z‘7y1a s 7y’m’a)

By Lemma 3.3, we obtain a boolean formula x over the structure Red(H’,t)
such that

/\ yi; € Red(H;,t)
1<i<m

Vo € {u € Red(H,t) | act[u, X] = f} Jy1 -+ Jym Ty A§ € Red(H',t) A

X(xayl7"'7ym7g?ﬁ;)

is true in Red(H’,t). Note that by applying Lemma 3.3, we only introduce a
sequence ¥y of new existentially quantified variables. Thus, by Lemma 3.13 there
exist v1,vy € Red(H,t) such that act[vy, X] o f oact[vy, X] = f and

N\ i € Red((H){, 1)

_ 1<i<m
Jyi - - Jym 3T AT E Red((H/)ivt)

/\X(Ul 'k'U27y17"'7ym7ﬂ7/&7)

in Red((H"){,t).

13



By applying Lemma 3.3 again (with G replaced by (G’)ﬁ), it follows that

Fyr - Fym /\ Yi € (Gz)f: N d(vikva, Y1, ..., Ym,u) p in (G/)£7 (11)

1<i<m

where v; € Red(H,t) is identified with the group element from G it represents.
Note that act[v; 'kvy ', X] = act[vy, X]7' o f o actlve, X|7' = f = act[k, X].
Thus, we can define a group homomorphism % : (G’)£ — (G’)£ by h(k) =
vy 'kvy ' and h(z) = x for x € G'. First, note that h is injective (the homomor-
phism defined by g(k) = v1 kv, defines an inverse). Hence, since constants from
G’ are mapped to itself by h, the truth value of all (negated) equations in (11)
is preserved by h. Moreover, h(vikvs) = Ulvflkvglvg =k in (G')i. Hence,
applying h to the above statement yields

Eiylzlym /\ Y; € (G1)£ A ¢(k,y1,--~aym,ﬂ) in (G/)£

1<i<m

3.4 Proof of Lemma 3.13
The following data were already fixed:

o the element h € H \ (AU B) from (5) in Section 3.2

e the finite normal subgroup X < AN B and the elements so3 € Red(H, 1)
(a, B € {1,—1}) from Lemma 3.4

e f € In from Section 3.3

e the sets Red(H,t) C Red(H;,t) C Red(H',t) C Red((H')i,t) of reduced
t-sequences

e the tuple w = (wy,...,wy) with w; € Red(H,t) from (10) in Section 3.3

Moreover, let us fix a (not necessarily positive) boolean formula x(x, y1, . . ., Ym, 2)
over the signature of the structure Red(H’,t). Thus, y is a boolean combination
of propositions of the form z -y ~ z, * ~ y~!, and xy = z in the base group
H', where z, y, and z are either variables or constants from Red(H',t). Let W
be the union of {wy,...,wy} and the set of all constants appearing in x, and
let d be the number of atomic propositions of the form z -y ~ z that occur in
X. Choose a number A > 2d such that |X|! divides A — 1. Finally, choose an
element xy € Red(H,t) such that act{xy, X]| = f, which exists since f € In.
By appending suitable sequences s,g to the left and right of x ¢, we can enforce
that «y is of the form ¢ - y - ¢ for some y € Red(H, ).
A t-system of degree n (n > 2) is a tuple R = (rg,..., 7)) with

ri € (th) X (th) X1 (¢~ T R) I X1yl X

14



The value of n will be made more precise later; but recall that A is already
defined. The idea is to encode sequences over a binary alphabet {a,b} using
the correspondence a = (th)XI' and b = (t~'h)XI'. The information density
of a sequence r; is only (n+1)2\7)l<|!+\X|! > but since | X|! is a constant,

1
51X
this won’t be a problem. The exponent |X| ! ‘enforces that the sequences rf
(a € {1,—1}) have a trivial action by conjugation on the subgroup X. The
element h makes sequences reduced: since h € H \ (AU B), t~'ht and tht!
are reduced t-sequences. Finally, the initial (resp. final) sequence (th)X!" (resp.
tIXI') ensures that every r; starts (resp. ends) with ¢. It follows that for every
1 <i <\ ri_isnzysiir; is a reduced t-sequence with act[r;_1s11x 581175, X| =
act[zy, X] = f.

There are 271D t_systems of degree n. The t-system R = (ro,...,7rx) has
no long overlapping, if for all 0 < 4,5 < X and «,3 € {1,—1} we have:? if
m(rd) = xy and Wt(T?) = yz, and |y| > M;MS“' then: x =z =¢, i = j,
and a = (3.

This condition implies that if we have a Van Kampen diagram of the form
shown in Section 3.1, the upper bow contains a segment r{*, which overlapps a
segment, Tf in the lower bow, then either these two segments are exactly opposite
to each other (and ¢ = j and a = f3), or their overlapping region has length less
than 7|”‘7‘8121$f5“|.

The next lemma follows immediately from the above definition:

Lemma 3.14. Assume that R has no long overlapping. If
(ri—isnzgsir)® ~p- Tf 4

forp,q € Red(H,t) and «a, 5 € {1,—1}, then we either have |p| =0 or |q| = 0,
i.e., T; cannot be properly contained in a segment which is opposite to a segment
(ricisuizysiir:)® in o diagram.

Lemma 3.15. There exists ng (depending only on A) such that for all n > ng
there exists a t-system of degree n without long overlapping.

Proof. There are 2"(*1) t_systems of degree n and every t-system can be de-
scribed with n(A + 1) bits. We show that if the ¢t-system R = (r¢,...,7)) has a
long overlapping and n is large enough, then R can be described with strictly
less than n(A + 1) bits. It follows that there is at least one ¢-system without
long overlapping. We can distinguish the following four cases:

Case 1: for some a € {1,—1} and some 0 < 4,5 < X with ¢ # j, m(rd)
and 7;(r§') have a long overlapping, i.e., m(r{) = zy, m(r§) = yz, and |y| >
M. Thus, r$ can be reconstructed from the pair (4, z) (note that the
length of y is fixed by z). Since A is a fixed constant, ¢ € {0,...,A} can be
specified by O(1) many bits. Thus, in the description of R we can save at least

ri|—|s11xss n+2)| X |!—|s11z¢s n
M —oq) > lfaenl o) = WA gmeenl o) = 2 - 0(1)

2Recall that the length of a reduced t-sequence s was defined as the number of occurrences
of t and t~1 in s.
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many bits. For a sufficiently large n, this term is strictly greater than 0; note
that |s112y811] is a constant.

Case 2: for some 0 < i < A, m(r;) has a long overlapping with itself, i.e.,
7 (r;) = vy = yz, and |y| > l”‘_lbg& It follows that m;(r;) = 2Pz’ for some
p > 0, where 2’ is a prefix of . Thus, r; can be reconstructed from z. Hence,

in the description of R we can save at least % = 2 —0(1) many bits.

Case 8: for some 0 < 4,5 < A with ¢ # j, m(r;) and 7rt(7'j_1) have a long

overlapping. This case can be treated analogous to Case 1.

Case 4: for some 0 < i < A, m(r;) and m(r; ') have a long overlapping,

ie., m(ri) = xy, m(r;Y) = m(r;)™' = yz, and |y| > M From

7 (r;) "t = yz we get m(r;) = 2 ty~! = zy, i.e., y = y~ 1. But this means that

the last L%j many symbols in y can be reconstructed from the first ‘f%w m:lmy
s11xgsii|

symbols. Hence, in the description of R we can save at least Iril = X!

O(1) = % — O(1) many bits.

We will use R to construct a sequence s, which can be replaced by the
sequence v1 - k - v in Lemma 3.13.

Let us fix a t-system R = (79, ..., 7)) of degree n without long overlapping,
where moreover n is chosen large enough such that

Yw e W : |7"Z‘,1811£L’f8117'i| > |’U.)| (12)

For 1 <i <\ wu,ve€ Red((H’)i,t), and 0 < j < |u| we write u in v if there
exist uy, us € Red((H’)g,t) and « € {1, —1} such that

® U=1Uy- (Ti—151117f5117’¢)a s U2,

® U ="1Up-" (T‘i_1$11k8111"i)a s U2, and

o |urf =3
We write u —; v if there exist 0 < j < |u| such that u 2, v. Thus —; can be
seen as a string rewriting relation (see e.g. [1]), which is restriced to reduced t-
sequences. In the notation -; we also specify the position, where the rewriting
step is carried out. We write u =; v if there exist u’,v’ € Red((H’)g,t) such

that u ~ v/ 2; v/ ~ v, and we write u =>; v if there exist 0 < J < |u] such

that u :]>1 v. Clearly, the relation =; is terminating, i.e., there does not exist
an infinite chain ug =; w1 =; ug =; +--. Let IRR; = {u | =3v : u =; v}. Note
that W C IRR, by (12). Moreover, s =; t implies also sTh=, t7L,

Lemma 3.16. If p,<x =; q then p ~ q or there exists w € Red((H’)i,t) such
that p =; w;<q.
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Proof. Assume that
(13)

j ¢
Pi—u~v—4q,

where w.l.o.g. j < ¢. We will show that either p ~ ¢ or there exists w €
Red((H')i, t) such that p =; w ;< ¢. This proves the lemma.
From (13) we obtain a diagram of the following form, where «, 8 € {1, —1},

the upper bow is u, and the lower bow is v:
D (T)
)B

Ti—1811Z£S1173)

(
Case 1. j = ¢. Then pi<iu ~ v i‘>,- q. We can distinguish on the values of «

and (. This results in four different cases. We only consider the following two
cases, the other two cases are symmetric:

(ric1s112£81173

Case 1.1 a =1 and f = —1. We obtain a diagram of the following kind:

ri-1 si Tf  S11 T
Co Ci| C2| C3| C4 Cs
Y Y Y Y Y Y
1 S G R 1
L S11 Ty S Ti—1

But this is not possible, since R has no long overlapping and hence r;_; and

T, 1 cannot be exactly opposite to each other in a diagram.

Case 1.2. o = § = 1. Together with Lemma 3.4 and the fact that act[r;_1, X] =
act[r;, X] = idx and act[z;, X] = f, we obtain a diagram of the following kind,
where ¢ € X, the upper bow represents u and the lower bow represents v:

17
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But due to the defining relations for the generator k (namely k~'ck = f(c) for
ce X)in (H’)£7 we obtain also the following diagram:

ri-1 su kS T
c o o |fl) |fe) f(e)
Y Y Y Y Y Y
Ti-1 Sin ko S T

Here, the upper bow is precisely p and the lower bow is ¢ from (13). Thus,
p~q.

Case 2. j < £. Diagram () together with Lemma 3.14 implies that £ — j >
|ricisiizpsii|. Thus, the z§-segment in the upper bow of diagram () and
the x’?—segmen‘c in the lower bow of diagram (}) are separated by a segment
of length at least |s117;511], and the diagram () looks as follows, where |us| =
|va| > |s117:811| (We omit in this diagram the context (r;—1s11 - $117;)* around
the x-segment in the upper bow and analogously for the lower bow):

{03

Ul 'Tf U2 T’ us
| @ c2| ¢3 (1)
Y ). ). Y
U1 2! Vg P U3

Let us assume o = 3 = 1 for simplicity. We obtain the derivations in Figure 1,
where diagram (c) is diagram (1) above. Note that the sequence in (e) is identical
to the lower bow in diagram (a). It is important to note that in diagram (b),
|ug| > |s117;]. This ensures that the context uy - - - ug around x5 in the lower bow
contains the context r;_1s11---s117;. This is crucial in order to carry out the
reduction 1z yus (chcgl)u;), L urkus (CQk‘cgl)u?,. The same remark applies to
the context vy --- vy around zy in diagram (d). This finishes the proof of the
lemma. O

By general results about rewriting systems modulo a congruence (see e.g.
[3]), Lemma 3.16 implies:

Lemma 3.17. The relation =; is confluent modulo ~, i.e., u ;<= v =; w implies
that uw ~ w or there exists p € Red((H')i,t) such that u =; p;<w.
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The previous lemma implies that for every 1 < i < A\ and every sequence
u € Red((H’)i,t), if u =, velIRR,; and u =; w € IRR;, then v ~ w. Since the

relation =; is terminating, there exists at least one v € IRR; with v =; v. In
the following, NF;(u) denotes an arbitrary sequence with u =; NF;(u) € IRRy;
we only (w.l.o.g.) require that if u starts (resp. ends) with t¢ (o € {1, —1}) then
also NF,;(u) starts (resp. ends) with ¢®. This ensures that if the concatenation
u-v of u and v is defined then also the concatenation NF;(u)-NF;(v) is defined.
Note that the sequence NF;(u) is unique up to ~.

Lemma 3.18. For all 1 < i < \ we have:
o NF;(w) ~w for allw e W,
o ifu~ vt foru,v € Red(H',t), then NF;(u) ~ NF;(v)~ .

Proof. The first point follows from the fact that W C IRR;, see (12). For the
second point note that u ~ v~! implies NF;(u) ~ NF;(v™!). Since z =; y
implies 71 =; y~!, we have NF;(v™1) ~ NF;(v)~L. O

Lemma 3.19. Let u,v,u, v ,w € Red((H’)i,t) such that
e the concatenations u-v and u' - v’ are defined (as reduced t-sequences),
o (U —;uand v =v) or (v —; v and u' =u) (thus, v’ - v —; u-v),
® UV :Jn w, and

o 0<|ul—j<|ricisiizsiiril.

Then there exists w' € Red((H’)Lt) and j' € N such that v’ - v’ L, w' and
u'| = 5" = [ul = 3.

Proof. Let us assume that v —; u and v = v, the other case is only sim-
pler. Since v/ —; u, there exists a factorization u' = u1(r;—151125117;) U2

and u = wuy(r;—1811ks117;)*ue. Together with u - v L, wand 0 < lu| —j <
|ri—1s112s117;| we obtain a diagram of the following form, where g € {1, -1}
and c € AU B:
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U1 (ricisuixpsiir)® U2 v
Uy (ri—1s11ksiim)® g v
c

Y
(Tiflsllesll'ri)ﬁ
Note that 0 < |u| —j < |r;—1S11258117;| means that the end point of the vertical
c-edge lies strictly within the segment (r;—1s112¢s117;)” of the lower bow.
Lemma 3.14 implies that the segment (r;_1s11ks117;)® in the upper bow
overlaps the segment (ri,lsllmfsum)ﬂ in the lower bow by at most |r;_1| = |r]
(these two segments cannot be exactly opposite to each other, since the segment
(ri—1811ks117;)® in the upper bow is completely contained in the left factor u
but the segment (Ti_lsnxfsuri)ﬁ in the lower bow contains the end point of
the vertical c-edge). Thus, the above diagram looks in fact as follows, where we
omit the context (r;—1s11 - s117;)® in the rewriting step within wu:

/ @ xr / v v
uy Ty Uy ! 2
/ li
Uy kY x Ug V1 Vg
Co C1 C2 C C3
¥ \ & ¥ ¥
w —1 w
1 co k1 (ricisuizmpsuir)’ 2

Here v = vyv9 and

r U1Ti—1511 ifa=1
up = 1.-1

wir; s ifa=-1

8
2
S~
I

S$1173U2 fa=1
st ug ifa=—1
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The existence of the sequences xz and y follows from Lemma 3.14. Moreover,
u = uik*ruy and j = |ujk“z| and hence |u| — j = |uy|. By replacing k by z¢,
we get the following diagram:

/ o /
U} Tf x Up U1 V2

Co C1 C2 C C3

Y \ & Y ¥
—1 w
ao x‘]’éal (n—,lsuxfsun)ﬁ 2

wy

-/
. . . . i
which shows that there exist w’ and j' with wjz¢rujvive = u'v = W' = w'.
I — ) e / ) !’ o - -
Moreover, u' = wjzfruy and j' = ujz¢z, and hence [u'| — j" = |up| = [u| — j.
This proves the lemma.

By Lemma 3.18, every normal form mapping NF; preserves sequences from
W and the inverse mapping ~' modulo ~. On the other hand, concatenation on
Red(H’,t) is in general not preserved, but the following statement will suffice:

Lemma 3.20. Let v,w € Red(H’,t) such that v - w is defined (as a reduced
t-sequence). There are at most two i € {1,...,A} with NF;(v) - NF;(w) #
NF; (v - w).

Proof. Since =; is confluent modulo ~ we have v - w =; NF;(v) - NF;(w) =,
x ~ NF;(v - w) for some xz. Now assume that NF;(v) - NF;(w) ¢ NF;(v - w).
Thus, v - w =; NF;(v) - NF;(w) & z for some position j and some sequence
z. If j > |NF;(v)|, then we would have NF;(w) ¢ IRR;. Similarly, if j <
INF;(v)|—|ri—1s112¢s117;|, then NF;(v) ¢ IRR;. Thus, we obtain 0 < |[NF;(v)|—
J < |ricis11zps1iril. By applying Lemma 3.19 to every rewriting step in the

derivations v =; NF; (v) and w =, NF;(w), it follows that v - w L., 2’ for some
sequence z’ and some position j' such that 0 < |v| — j" < |ri_1s112551173]-
Now assume that there are three different iq,is,435 € {1,...,A} such that
NF;,(v) - NF;,(w) # NF;, (v - w) for £ € {1,2,3}. By the above consideration,
we obtain v - w %iz z¢ for sequences z1, 22, z3 and positions j1, jo, j3 such that
0 < |v| —je < |ricisnizgsiiri|. W.lo.g. assume that j; < jo < j3. Then

either jo — j1 < lr’lslgw or jz—jo < % W.l.o.g. assume that
jo — 1 < m=enrssnrid pemma 3.14 implies jy = ji. But with i # iy this
leads to a contradiction. O

Recall that A was chosen to be larger than 2d, where d is the number of
atomic propositions of the form z - y ~ z that occur in our boolean formula y.
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Lemma 3.21. Let z;,y;,2; € Red(H',t) for 1 < j < d. Then there exists
1 <@ < X such that for all 1 < j < d, xj-y; ~ z; if and only if NF;(x;) -
NF;(y;) ~ NF;(2;).
Proof. The “only if”-direction follows from Lemma 3.20 and the fact that A >
2d, where d is the number of equations in the formula y. For the “if”-direction
assume that NF;(z;) - NF;(y,;) ~ NF;(z;). Thus, NF;(z;) - NF;(y;) € IRR,,
which implies NF;(x; - y;) ~ NF;(z;) - NF;(y;) ~ NF;(2;). Hence, it suffices to
show that NF;(u) ~ NF;(v) for u,v € Red(H’,t) implies u ~ v. For this, define
a morphism o : (H’)£ — H' by o(k) = zy and o(x) = x for all z € H’', which is
well-defined. This morphism can be extended to a mapping o : Red((H’ )ch, t) —
Red(H’,t) in the natural way. Note that p ~ ¢ (for p,q € Red((H’)i7 t)) implies
a(p) ~ o(q).

We claim that p =; ¢ (for p,q € Red((H’)i,t)) implies o(p) ~ o(q). If
p =; q then there exist p’, ¢’ such that p ~ p’ —; ¢’ ~ ¢. This implies o(p) ~
o) =0(q) ~0a(q), ie., a(p) ~ o(q).

Now assume that NF;(u) ~ NF;(v) for u,v € Red(H’,t). Since u =} NF;(u)
and v =7 NF;(v), we obtain u = o(u) ~ o(NF;(u)) ~ o(NF;(v)) ~ o(v) =
v. O

Now we are able to prove Lemma 3.13: Assume that
/\ ¥ € Red(H;,t)
Vo € {s € Red(H,t) | act[s,X]| = f} Ty1- - Fym { 1<i<m
A X(xvyla cee 7y7naﬁ;)

in Red(H',t). Let
S =T0S511TfS11T1811X £S1172 * * * S11L FS11TA-1511T FS11T A S I{Cd(fl7 t).

Note that act[s, X] = act[zs, X]* = act[zy, X] = f since A — 1 is a multi-
ple of |X|!. Thus, there exist sequences ¢; € Red(H;,t) (1 < ¢ < m) with
X(8,t1,. .. tm, W) in Red(H’,t). By Lemma 3.18 and Lemma 3.21 there ex-
ists 1 < j < X such that x(NF,(s),NF;(¢1),...,NF;(t,,),w) in the structure
Red((H’)i,t). Moreover, we have NF;(¢;) € Red((Hi){;,t). Since R has no
long overlapping, there exists exactly one occurrence of 7;_15112¢5117; in every
sequence which is ~-equivalent to s. Hence, we can write s = vy - x¢ - vo and

NF;(s) ~ vy - k- vg for vi,vs € Red(H,t). Thus,
f =act[s, X] = act[v1 - x5 - v2, X] =
act[v1, X] o act[z s, X] o actve, X| = act[v1, X] o f o act[vg, X]
and

/\ i € Red((H;){,1) ;
Jy1 - ym § 1<i<m in Red((H")y,,t).

A X(Ul -k 'U25y17"'>ym7w)
This finishes the proof of Lemma 3.13.
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4 Amalgamated free products

In this section we consider positive theories of amalgamated free products. Let
us fix throughout Section 4 two groups H and J where A = H N J is a proper
subgroup of both H and J. Let

G=Hx*,J (14)
The aim of this section is to prove the following result:

Theorem 4.1. Let G = H x4 J be an amalgamated free product, where A =
HNJ is a proper subgroup of both H and J and such that A is finite. If Thay(G)
is decidable, then Thy(G) is decidable.

Remark 4.2. Note that Theorem 3.1 cannot be extended by allowing monoids
for H and J, since already the Y33-theory of the free monoid {a,b}* is undecid-
able [7, 18].

Let us first consider a special case of Theorem 4.1, namely the case that the
index of A in H and J is both 2: [H : A] = [J : A] = 2. In this case, G = Hx4 J
has Z as a subgroup of finite index [2, p. 31], hence, the whole first-order theory
of G is decidable [8]. Thus, we may assume that either [H : A] > 3 or [J: A] > 3
in the following. W.l.o.g. we assume for the rest of Section 4 that [J : A] > 3.

4.1 Reduced (H, J)-sequences

Recall from [14] that an (H,J)-sequence is an element from the free product
H % J. Similarly to HNN-extensions, elements from H %4 J can be represented
by certain reduced sequences: An (H, J)-sequence s is reduced if either s € A
or s does not contain a factor from A. Alternatively, we can view a reduced
t-sequence as a word from the language Red(H,J) = AUT* \T*{zy | x,y €
Horz,y € JIT'*, where ' = (HU J) \ A. For u,v,w € Red(H,J) we write
u-v = w if and only if uv = w as words over the alphabet I'. In this case, we
also say that the concatenation u - v of u and v is defined. With ~ we denote
the smallest congruence on H *J such that j(ah) ~ (ja)h and h(aj) ~ (ha)j for
a€ A he H,and j € J. Then u,v € Red(H, J) represent the same element of
the amalgamated free product G if and only if u ~ v [14]. Equivalently, if

u = hgjihijo - hn_1jnh, and (15)
= hogrhids -l 1B, (16)

(with n,m > 0, ho, - hn,hy,..., A, € H, and j1, - Jn,J1,---+Jm € J) are
reduced (H, J)-sequences, then u ~ v if and only if n = m and there exist
ai,...,as, € A such that:

e hjagit1 = azh} in H for 0 <i <n (here we set ap = agp+1 = 1)

® jiGo; =agi_1j,inJfor1<i<n

24



In other words, there exists a Van Kampen diagram of the following kind:

) hy J2 ha J3 hs )
J 4
ho ha
ay a2 as Gy as ag ar as
I hy
; ¥ vy Y Y i/
A

As for HNN-extensions, the elements a; are called the connecting elements and
occasionally we will omit in diagrams some of the connecting elements.

For the above u € Red(H, J) in (15) let u=t = h; Y th by -5y thy tir thg t
The length |u| of v € Red(H,J) is the number of occurences of letters from
(HUJ)\ A in the sequence u. As for reduced t-sequences in the case of HNN-
extensions, u ~ v implies |u| = |v|. We identify the set Red(H,J) with the
relational structure that contains the following predicates and constants:

e the ternary relation {(u,v,w) |u- v ~w}
e the ternary relation {(u,v,w) | u,v,w € Hyuv = w in H}
e the ternary relation {(u,v,w) | u,v,w € Jyuv =w in J}
e the binary relation {(u,v) | u ~ v~}
e every element of Red(H, J) as a constant

We will use the following lemma from [13]:

Lemma 4.3. For a given boolean combination ¢(x1,...,x,) of word equations
over the amalgamated free product G we can effectively construct an existen-
tial formula Jyy - - Fym : X(@1, .., Tny Y1, - - -, Ym) over the structure Red(H, J)
such that for all sq,...,s, € Red(H, J) we have:

d(s1,.-.,8,) in G & Fyr-Fym : x(T1, - Ty Y1, - -+, Ym) in Red(H, J)

(here, when writing ¢(s1,...,sn) in G, we identify s; € Red(H,J) with the
element from G it represents).

4.2 The finite normal subgroup X and stabilizing sequences

Analogously to Section 3.2 we define stabilizing reduced (H, J)-sequences and
a normal finite subgroup X of A in this section.

For a subgroup X < A and ¢ € G we define a partial automorphism
act[g, X] : X —, X by conjugation: act[g, X|(y) = z if and only if y, z € X and
g tyg = 2. For a reduced (H, J)-sequence u, act[u, X] is defined as act[g, X],
where g is the element of G represented by u. The goal of this section is to
prove the following lemma:
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Lemma 4.4. There exists a finite subgroup X < A and there exist sequences
Sttty Sa05 Sam Sus € Red(H, J) such that

* sap € (a\ A)-Red(H, J)- (B\ A),

e X is a normal subgroup of G, i.e., for all g € G: act[g, X] is an (totally
defined) automorphism of X, and

o foralla,be A, if asas = Sapb in G thena =be X.

Recall that we assume [J : A] > 3 and that A is finite. For reasons, which
will become clear in Section 4.3, we will assume the following weaker restriction
in this Section 4.2:

[J:A]>3and 3h€ H\ A: ANhAh™ is finite (17)
Choose an arbitrary j € J\ A and let
jed\(AujTA), (18)
which exists since [J : A] > 3. Next, let h € H \ A such that
Y = ANnhAh™

is finite, which exists by assumption (17). Note that ah = hb for a,b € A implies
acyY.

We will first construct the sequences s;; and sy, together with the normal
and finite subgroup X < A. We will construct the subgroup X as the limit of
a decreasing chain Y D Xy 2 X; 2 Xy ---. Let act = act[hj, Y] and define the
subgroup

Xo={z €Y |Vk>0:act’(z) is defined}.

The restriction actx, is a permutation on the finite subgroup Xy. Hence we
can fix a number n € N such that n > |Y| and (act|x,)"” = idx,.

Lemma 4.5. For all a,b € A, if a(hj)™ = (hj)"b in G then a =b € Xj.

Proof. Assume that a (hj)"™ = (hj)"bin G for some a,b € A, i.e., (ah)j(hj)" ! =
(hj)"~th(jb). Since (ah)j(hj)"~* and (hj)"~th(jb) are reduced (H, J)-sequences,
we obtain a Van Kampen diagram of the following kind:

hj hj hj — hj
a = ag a as as an—1 a, =b
, Y Y e ,‘ Y
hj " hj ~ hj hy

Weget ag,...,a,—1 € Y, act(a;) = a;41 for 0 < i < n—1, and act[hj, A](an—1) =
ap,. Since n > |Y| there are 0 < ¢ < j <n — 1 such that a; = aj, i.e., act enters
a cycle at a; and a; € Xy. Since X is closed under act and act™!, we obtain
a,a1,...,an-1,b € Xo. Moreover, (act|x,)" =idx, implies a = b. O
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Let s = (hj)™ and s§" = (57 'h~1)". Next we define s, s € Red(H,J)
and a subgroup X; <Y for larger i inductively:
Assume that for some i > 0, reduced (H, J)-sequences s, s € Red(H, J)

and a finite subgroup X; < A with the following properties are already defined:
o 577 € (a\ A) - Red(H, J) - (B\ A)
e forall a,b € A, if as® = sbin G then a = b € X,

If for all g € G, actlg, X;] is totally defined, then we stop and set sag = s?ﬂ and
X = X;. Otherwise there exists g € G such that act[g, X;] is not totally defined
on X;. We can assume that g € (H U J)\ A.3 Hence, we can choose elements
ho € H\ A and jo € J \ A such that either act[ho, X;] is not totally defined on
X; or act[jo, X;] is not totally defined on X;.

Let s = s hos/" jos’ € Red(H, J) and let act = act[s, X;]. If act[hg, X;] is
not totally defined on X;, then dom(act) C X; and if act[jg, X;] is not totally
defined on X;, then ran(act) C X;. Hence, act is not totally defined on X;.
Define

X1 ={z € X; |Vk>0:acth(z) is defined} < X;.

Clearly, act|x
and (act|x

.., 1s a permutation on Xj ;. Let m be such that m + 1 > [Xj|

™ —=idx and define

7‘,+1) i1

HJ] __ .M
siiy=s".

The sequence s/, is constructed similarly, we only have to take s/, = s™
for s = s/"josi hos/™ € Red(H,J). By construction we have sffl € (a\A)-
Red(H, J) (5 A).

Lemma 4.6. For all a,b € A and af € {JH,HJ}, if asffl = s?‘flb in G,
thena=5b¢€ X;41.

Proof. We restrict to the case that o« = HJ, the other case can be dealt
analogously. Assume that we have a,b € A with

HJ JH HJ\m HJ JH HJ\m :
a(si"”hos;" jos;i” )™ = (s;" hosi" jos;"”)"b in G.

We obtain a diagram of the following form, where ay = a, as,, = b, and
ao, ai, ..., a2, € X; due to the assumptions on s;* and s;”:
HJ JH . HJ HJ JH . HJ HJ JH . HJ
Si hg, S; Jq, Si S hg ST go S5 hg, S; Jq, i
ap  ag a; a1 a2 G2 a2 asz ag Gy Qg A2 —2 2m —1 a2m  |A2m
Y \ S \ S Y % Y Y Yy \ N \ M
s he s go s sV he s Jo s s "ho s go o s

3Since H U J generates G, we can assume that g € HU J. If g = a € A but act[h, X;]
is a permutation on X; for all h € H \ A, then set b’ = ha € H \ A. We obtain that also
act[h/, X;] is not totally defined on X;, a contradiction.
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Hence, act(az;) = agiy2 for 0 < i < m. Since m + 1 > |X;|, there are i < j
with ag; = ag;. Thus, act enters a cycle at ag;, i.e., az; € X;41. But since X4
is closed under act and act™!, we get a,as,... ;a2(m—1),b € Xiy1. Moreover,
(actlx,,,)™ = idx,,, implies a = b. O

This concludes the construction of the sequences sy, and s,; as well as the
normal finite subgroup X < A. In order to construct sy note that sy, = s-j
for some sequence s and that j’ was chosen in (18) such that 5’ € J\ (AUj~1A),
ie., jj’ € A. Now define

St = S 8 (37") b (5'h) X s, € (H\ A) -Red(H, J) - (H\ A).

In the group G, this sequence equals sy, sy, (7°h)!XI's;;. Now assume that

aSyy = Suyb in G for some a,b € A. We have to show that a = b € X.
From asyy = syyb and the properties of sy, and s;; we obtain the following Van
Kampen diagram, where a,b € X.

Spy S (]j/) h (j/h)p(l!_l SiH

a a b b

Y Y Y

S Y
s (37 b (5 )

Moreover, we have b = act[syy, X](a) = act[sy; sy, (j’h)'X“s_,H,X}(a) =a.
Finally, it remains to construct s;,. We set

Si = SJHj/(SHH(jj/))|X!|_13HHj3HJ € (J\A) -Red(H,J) (J\A),

which is a reduced (H, J)-sequence, since jj' € J\ A. Note that act[s,,, X|] =
act[sJH(j’sHHj)‘X!|sHJ, X|] =idx. This concludes the proof of Lemma 4.4.

4.3 Reducing to the existential positive theory

The reduction of the positive theory of the amalgamated free product G =

H x4 J to the existential positive theory of G is very similar to the case of an

HNN-extension in Section 3.3: Given a positive sentence 6, which is interpreted

over G, we construct an existential positive sentence ', which is interpreted

over a multiple HNN-extension G of GG, where only finite subgroups of A < G

are associated (in fact, X C A from Lemma 4.4 will be associated with itself).
Let us fix a formula

9(5’,) = vl‘layl o V-/Ijnayn ¢(x1a ey Yns Yy - e 7ynag)7

with ¢ a positive boolean combination of word equations (with constants) over
the group G. Let X < A be the subgroup from Lemma 4.4. Recall that with
In(X, G) we denote the group of all automorphisms f of X such that for some
g € G we have: f(c) = g~ lcg for all ¢ € X. In the following, we use the
abbreviation In = In(X, G).

The following theorem yields the reduction from the positive to the existen-
tial positive theory; k1, ..., k, € G are new constants.
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Theorem 4.7. Let 6(2) = Vz13y1 - - Ve, yn d(z1, .., Tny Y1, - -+, Yn, 2) be as
above. For allu € G we have (@) in G if and only if

/\ Jyy - /\ Jyp { 1<i<n in GQ,’::QL_ (19)
f1€In frn€ln ¢(k17...,kn,y1,...,yn,a)

Theorem 4.7 will be deduced completely analogous to Theorem 3.10. The
only new ingredient will be the proof of Lemma 4.8 below, which corresponds
to Lemma 3.13.

Fix a number m € N, groups Hi,...,H,,, H such that H C H; C H’
and ;,NJ=H NJ=HNJ=Afor1 <i<m. Let G; = H; x4 J and
G' = H'*x4 J. Thus, elements from G’ (resp. G;) can be represented by elements
from Red(H',J) (resp. Red(H;,J)). Let k ¢ G’ be a new constant, let f € In,
and let w = (wy,...,wy), where w; € Red(H, J) is a reduced (H, J)-sequence.
Recall from Section 4.1 that we view Red(F,J) (where F is some base group)
as a relational structure equipped with the multiplication in the base groups F
and J and the concatenation and inversion of reduced (F, J)-sequences.

Lemma 4.8. Let x(,y1,-..,Ym,2) be a (not necessarily positive) boolean for-
mula over the signature of the structure Red(H’,J) and with constants from
Red(H, J). If

/\ i € Red(H;, J)
Vo € {u e Red(H,J) | actfu,X] = f} Jy1-- - TFym { 1<i<m

/\X(xaylw'wymvﬁ)

in Red(H', J), then there are vi,vs € Red(H, J) with act[vy, X]o foact[ve, X] =
f and

A\ vi € Red((H)], )
Jy - Fym { 1<i<m in Red((H')T, J).
/\X(Ul 'k‘v%ylv"wyma{ﬁ)
Remark 4.9. The reader may observe some asymmetry in the above consid-
eration: We put the new generator k into the left factor (which is initially H)
of the amalgamated free product. But this is an arbitrary choice. If G1 and G»
are groups such that Gy NGy = A is a subgroup of Gy and Go, X < A, and f
18 an automorphism of X, then (G1)£ x4 Go = G x4 (Gg)i. In particular, in
Theorem 4.7 one gets GQ{Z ~ H,{llf; x4 J 2 Hx*y J,fllf;

4.4 Proof of Lemma 4.8
The following data were already fixed:

o the finite normal subgroup X < A and the elements s, from Lemma 4.4
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o fecln

e the sets Red(H,J) C Red(H;,J) C Red(H',J) C Red((H’)i,J) of re-
duced sequences from Section 4.3

e clements wy,...,wy € Red(H, J) from Section 4.3

Moreover, let us fix a (not necessarily positive) boolean formula x(x, y1, . . ., Ym, 2)
over the signature of the structure Red(H’, J). Thus, x is a boolean combina-
tion of propositions of the form z-y ~ 2z, x ~ y~!, and xy = z in the base group
H' or J, where z, y, and z are either variables or constants from Red(H’,J).
Let W be the union of {wy, ..., wy} and the set of all constants appearing in x
and let d be the number of atomic propositions of the form z -y ~ z that occur
in x. Choose a number A > 2d such that |X|! divides A — 1. Finally, choose
an element z; € Red(H, J) such that act[z;, X] = f, which exists since f € In.
By appending, if necessary, suitable sequences sog to the left (right) of zf, we
may w.l.o.g. assume that 2y = (H \ A)-Red(H,J) - (H\ A).

Fix an element h € H \ A and two elements jo,j1 € J \ A with j; € joA.
Since we assume that [J : A] > 3, jo and j; exist.

A J-system of degree n (n > 2) is a tuple R = (19, ...,r)) with

ri € {(hjo) X", (hjp) ¥

There are 27(A+1) J-systems of degree n. Note that r;_1su,2 55,7 € Red(H, J).
The J-system R = (ro,...,7x) has no long overlapping, if for all 0 < 4,5 < A

and all a,3 € {1,—1} we have:* if 7& = u; - u, r?

, and there exist a,b € A with avy = ugb in G, then: u; = vy = ¢,
1=j,and a = (.
The next lemma follows immediately from the previous definition:

= vy - Vg, |ug| = |v1| >

|7i|—|sarTpsys|
2

Lemma 4.10. Assume that R has no long overlapping. If
(ri—lsHfoSJJri)a ~p- T? q

for p,q € Red(H,J) and o, € {1,—1}, then either p = ¢ or q = ¢, i.e.,
7"]'6 cannot be properly contained in a segment which is opposite to a segment
(Pic1SmsxSyr:)Y in a diagram.

Note the difference between the definition of a J-system without long over-
lappings and a t-system without long overlappings in Section 3.4. For ¢-systems
we formulated the restrictions concerning overlappings in terms of the projec-
tions m(ry) (o € {1, —1}). One might think that for J-systems we may use the
projections of the sequences r{* onto the letters j&* (o € {1,—-1}, ¢ € {0,1}). But
this would not work. For reduced t-sequences, it was crucial that u ~ v implies
m(u) = m(v). A corresponding property for reduced (H, J)-sequences does not

hold: for instance, for every choice of j, € J\ A above, we may have jgl € AjoA.

4Recall that the length of a sequence s € Red(H,J) was defined as the the number of
occurences of symbols from (H U J) \ A in the sequence s.
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Hence we may have jo ~ jg 1 Therefore, in the above definition, we have to
exclude long overlappings by directly forbidding certain Van Kampen diagrams
in order to obtain Lemma 4.10: Note that excluding an identity av; = usb in the
group G (with uz a “long” suffix of some r¥ and v; a “long” prefix of some 7’? ),
means that we exclude the existence of a Van Kampen diagram of the following

form:

Uz

U1

For reduced t-sequences, in order to exclude such a diagram, one only has to
require m;(ug) # i (v1). Nevertheless, thanks to the finiteness of A, we can prove
the existence of J-systems (of sufficiently high degree) without long overlapping:

Lemma 4.11. There exists ng (depending only on A) such that for all n > ng
there exists a J-system of degree n without long overlapping.

Proof. Analogously to the proof of Lemma 3.15 it suffices to show that if the
J-system R = (rg,...,ry) has a long overlapping, then it can be described with
strictly less than n(\ + 1) bits. Again, we distinguish four cases:

Case 1: for some a € {1,—1} and some 0 < 4,5 < A with ¢ # j, r® and

r¢ have a long overlapping. Thus, assume that r{ = uy - ug, rj = v1 - va,

lug| = |vi| > Irs| = , and av; = ugb in G for some a,b € A. W.lo.g.
assume that o = 1. We first claim that the sequence vy can be reconstructed
from the sequence ug, and a € A: We know that v; € Red(H, J) is a sequence
over the letter h,jo,j1. Assume that w € Red(H,J) is a sequence over the
letters h, jo,j1 such that aw = ugc in G for some ¢ € A. Thus, v; = w(c™1b)
in G. This implies |v;] = |w|. We have to show that v; = w (as reduced
(H, J)-sequences). We prove this by induction over |vi| = |w]|. If |u1]| = 0, then
vy = e =w. If v = h-v', then we must have also w = h - w’ for some sequence
w'. Tt follows v/ = w/(c71b) in G. Inductively we obtain v = w’ and thus
v1 = w. Now assume that (w.l.o.g.) v3 = jo-v'. If also w = jo - w’ for some w’,
then we can conclude as above. Hence, assume that w = j; - w’. We obtain a
Van Kampen diagram of the following form, where a’ € A:

\SHszSJJ\
2

Jt
a ¢ b
Y Y

Jo ;

Thus, j1 € joA, which contradicts our choice for jy and j;.
From the above consideration, it follows that 7; can be reconstructed from
the triple (4, a, v2) (note that the length of v1 can be calculated from |vs]). Hence,

in the description of R we can save at least |Ti‘_‘slg]szJJ‘ 2|;<|! -0+ 4]|) =
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zn\X\FIQSHJIfSJJ| . 2‘)1(“ —O(1) = § — O(1) many bits. For a sufficiently large n,

this term is strictly greater than 0; note that |sy;zrs,,|, A, and | A| are constants.

Case 2: for some 0 < i < A, ; has a long overlapping with itself. Thus, assume

that 7, = uy - v = vy - vy, |U| = |v1] > w, and av; = ¢'b in G for
some a,b € A, see the following diagram:

a b

Y Y

U1 Ty
It follows that there exists p > 1, a factorization r; = w1 - ug---up, and
ai,...,ap € A (we have a1 = a and a, = b) such that
o |ui] = fua| = |up—1| = |upl,

® a; qu;_1 =u;a; in Gforl<i<p-—1,and
e a, 1w = upa, in G, where w is the prefix of u,_1 of length |uy|,

see also the following diagram:

LUl U o ouz o Up1 Up
ay a9 as Ap—2 ap—1 Qp
Y Y Yy I Y e b
Uy U2 Up—2 W Up

We claim that r; can be reconstructed from the pair (u1,aq): First, u; and ay
determine uz. The idea is the same as in Case 1. If € Red(H, J) is a sequence
over the letters h, jo, j1 with aju; = zc in G (for some ¢ € A), then xc = usas,
ie., ug = x(cagl) in G. We then obtain us = x as in Case 1. Next from u1, us,
and a; we can determine as € A by the equation ayu; = usas. Having us and
as available, we can determine us. We continue in this way.

By the previous paragraph, in the description of R we can save at least

|m\—\s;;foSJJ\ 2|)1(\I —0(1) = % — O(1) many bits.

Case 3: for some 0 < 4,7 < X with ¢ # j, r; and r;l have a long overlapping.
This case is analogous to Case 1.

Case 4: for some 0 < i < A, r; and ri_l have a long overlapping. Hence,

g L= vy -0, |ug| = |v1| > MQ’“S”', and av,; = u9b in G for

some a,b € A. Thus, we have a diagram of the following form:

r; = Uy - ug, .

Uy U2

e

U1 T
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From r;l = vy - vy we get r; = v;l ~vf1 = uy - ug. With |us| = |vp| = |v;1|
I 1 h .

we get v = ug , i.e., auy = uzb in G. Assume that |us| is even (the case that

|uz| is odd is similar) and write ug = wy - wo with |w| = |we|. Thus, the above

diagram looks as follows:

Uy wq (%]

w;l w;l" g

But then we can shorten the description of R to less than n(A+1) bits as follows:
Instead of writing down r; using n bits, we write down the triple (u1,wn,a).
From w; and a we can reconstruct wy Lin the same way as v; was reconstructed

from us and a in Case 1. This saves at least @ : 2|)1(\' -0(1) > w :

2|§(|! —O(1) = 4 — O(1) many bits. -

The proof of Lemma 4.11 is the only place, where we need the assumption
that A is finite.

Remark 4.12. With some other restrictions on J and A, we can prove the
existence of a J-system without long overlapping also in the case that A is not
necessarily finite. Recall that a double coset of A in J is a set of the form
AjA for some j € J. The group J can be partitioned into double cosets of A.
Now assume for a moment that there are at least three double cosets of A in J.
Clearly, A is one of them. If follows that we can choose jo,j1 € J such that
(i) jo,j1 & A and (ii) j1 & AjoA. With these restrictions, it is not difficult to
prove again the existence of a J-system without long overlapping. The proof is
similar to the proof of Lemma 4.11. One only has to notice that in each of the
four cases, we never have to specify an element from the subgroup A in order to
reduce the size of the description of the J-system R. Since the finiteness of A
was only used in the proof of Lemma 4.11, it follows together with the weaker
restrictions (17), which where sufficient in order to prove the main Lemma 4.4
from Section 4.2, that Thy(G) can be reduced to Th3(G) also in case one of the
following restrictions hold for G = H x4 J:

o [H:Al=[J:Al=2or

o A has at least three double cosets in H (this implies that [H : A] > 3) and
JjeJ\A: ANjA;~L finite or

e A has at least three double cosets in J (this implies that [J : A] > 3) and
Jhe H\ A: ANhAh™! finite.

Let us fix a J-system R = (rg,...,rs) of degree n without long overlap-
ping, where moreover |r;_1Sy,x s, > |w| for all w € W. For 1 < i < A,
u,v € Red((H’)i,J), and 0 < j < |u| we write u 5; v if there exist u;,uy €
Red((H’)i, J) and a € {1, —1} such that
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® u=uy - (Ti_18u,Tp8Ti)" - Us,
o v =y (ri—18,ks;;7;)% - ug, and
o |ui[ =

We write u =; v if there exist u/,v" € Red((H’)ﬁ,J) and 0 < j < |u| = ||

such that u ~ o L; v/ ~ v. Clearly, the relation =; is terminating. Let
IRR; = {u | =3v : u =; v}. Note that W C IRR; by the choice of n, Moreover,
s =>; t implies also s™1 =; t71.

The next four lemmas can be shown analogously to the corresponding lem-
mas in Section 3.4.

Lemma 4.13. The relation =; is confluent modulo ~, i.e., u;<=v =; w implies
that uw ~ w or there exists p € Red((H')i, J) such that u =; p;<w.

The previous lemma implies that for every 1 < ¢ < X\ and every sequence
u € Red((H')],J), if u =; v € IRR; and u =; w € IRR;, then v ~ w. Let
NF;(u) denote an arbitrary sequence with u =; NF;(u) € IRR;; it is unique up
to ~. Note that if the concatenation u - v of u and v is defined then also the
concatenation NF;(u) - NF;(v) is defined.

Lemma 4.14. For all 1 < i < \ we have:
o NF;(w) ~w for allw e W,
o ifu~vl foru,v € Red(H',J), then NF;(u) ~ NF;(v)~1.

Lemma 4.15. Let v,w € Red(H',J) such that v - w is defined (as a reduced
(H',J)-sequence). There are at most two i € {1,..., A} with NF;(v) NF;(w) 7
NF; (v - w).

Lemma 4.16. Let x;,y;,z; € Red(H',J) for 1 < j < d. Then there exists
1 <4 < X such that for all 1 < j < d, z; -y; ~ z; if and only if NF;(z;) -
NFi(y;) ~ NFi(z;).

Now, Lemma 4.8 can be shown analogously to Lemma 3.13: Assume that

/\ yi; € Red(H;, J)
Va € {5 S Red(H, J) | act[s,X] = f} E'yl cee Eynz 1<i<m

A x(z,yl, e 7yma{[’)
in Red(H', J). Let
8 = TSy T f S5 T18ms T fS55T2 "+ * ST £ 875" A=15ms T fS55TA € Red(H, J).

Note that act[s, X] = act[zy, X]* = act[zy, X] = f since A — 1 is a multi-
ple of |X|!. Thus, there exist sequences t; € Red(H;,J), 1 < i < m, with
X(8,t1,. .. tm, W) in Red(H’,J). By Lemma 4.14 and Lemma 4.16 there exists
1 < j < Asuch that x(NF;(s), NF;(t1), ..., NF;(t,,), @) in Red((H")],J). Since
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R has no long overlapping, there exists exactly one occurrence of rj_1 84,2 55,7}
in every sequence which is ~-equivalent to s. Hence, we can write s = vy -z s -v2
and NF;(s) ~ vq - k - vg for some vy, v2 € Red(H, J). Thus,

f =act[s, X] = act[v1 - x5 - v2, X] =
act[v, X] o act[z s, X] o actve, X| = act[v1, X] o f o act[vg, X]

and

N\ i € Red((H:), )
Y- Fym { 1<i<m in Red((H')], J).

/\X(Ul'k'v%ylw",ymv@)

This finishes the proof of Lemma 4.8.

5 Applications

The number of ends of a group G is, roughly speaking, the maximal number
of connected components in the Cayley-graph of G which can be obtained by
removing an arbitrary finite set of nodes, see e.g. [4] for more details. It is well
known that the number of ends of G is either 1, 2, or co. Moreover, a famous
result of Stallings states that a group G has more than one end if and only if it
can be written as G = H x4 J or G = (H,t;t tat = p(a)(a € A)) with A finite
[24]. Hence we obtain:

Theorem 5.1. If the group G has more than one end and Tha; (G) is decidable,
then Thy (G) is decidable.

Recall that a group is virtually free if it has a free subgroup of finite index.
Every virtually-free group has more than one end. Moreover, in [13], we have
shown that every virtually-free group has a decidable existential theory. Thus,
Theorem 5.1 implies:

Theorem 5.2. Let G be a virtually-free group. Then Thy(G) is decidable.

In [20, 23], it is shown that the existential theory of a torsion-free hyperbolic
group is decidable. Again, with Theorem 5.1 we get:

Theorem 5.3. Let G be a torsion-free hyperbolic group. If G has more than
one end, then Thy(G) is decidable.

It should be noted that the statements of Theorem 5.2 and Theorem 5.3 are
orthogonal: By a result of Stallings [24], a torsion-free virtually-free group is
already free.
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6 Open problems

We presented quite general conditions under which the positive theory of a group
G can be reduced to the existential positive theory of G. To the knowledge of
the authors there is currently no example of a group G such that the existential
positive theory of GG is decidable but the positive theory of G is undecidable.
The decidability of the positive theory of a virtually-free group leads of course
to the question, whether the full first-order theory of a virtually-free group is
decidable. One might try to extend the techniques developed by Kharlampovich
and Myasnikov in their solution of Tarski’s problem about the theory of a free
group [12] to the virtually-free case.

Underlying the definition of a t-system (resp. J-system) without long over-
lapping is a certain small cancellation condition. Similar conditions were also
used in the construction of SQ-universal HNN-extensions [21] and amalgamated
free products [22]. Recall that a group G is SQ-universal if every countable group
embedds into a quotient of G. One might ask, whether there is some relation
between SQ-universality and the positive theory of a group.

References

[1] R. V. Book and F. Otto. String—Rewriting Systems. Springer, 1993.

[2] D. E. Cohen. Groups of Cohomological Dimension One. Number 245 in
Lecture Notes in Mathematics. Springer, 1972.

[3] N. Dershowitz and J.-P. Jouannaud. Rewriting systems. In J. van Leeuwen,
editor, Handbook of Theoretical Computer Science, pages 243-320. Elsevier
Publishers, Amsterdam, 1990.

[4] W. Dicks and M. J. Dunwoody. Groups Acting on Graphs. Cambridge
University Press, 1989.

[5] V. Diekert and M. Lohrey. Word equations over graph products. In Pro-
ceedings of the 23rd Conference on Foundations of Software Technology and
Theoretical Computer Science (FSTTCS 2003), Mumbai (India), number
2914 in Lecture Notes in Computer Science, pages 156-167. Springer, 2003.
long version available from the authors.

[6] V. Diekert and M. Lohrey. Existential and positive theories of equations in
graph products. Theory of Computing Systems, 37(1):133-156, 2004.

[7] V. G. Durnev. Undecidability of the positive V33-theory of a free semi-
group. Sibirsky Matematicheskie Jurnal, 36(5):1067-1080, 1995. English
translation.

[8] Y. Ershov. Elementary group theories. Soviet Math. Dokl., 13:528-532,
1972. English translation.

36



[9]

[10]

[18]

[19]

[20]

[21]

E. R. Green. Graph Products of Groups. PhD thesis, The University of
Leeds, 1990.

B. Khan, A. G. Myasnikov, and D. E. Serbin. On positive theories of
groups with regular free length function. International Journal of Algebra
and Computation, 17(1): 1-26, 2007.

O. Kharlampovich and A. Myasnikov. Implicit function theorem over free
groups. Journal of Algebra, 290(1):1-203, 2005.

O. Kharlampovich and A. Myasnikov. FElementary theory of free non-
abelian groups. Journal of Algebra, 302(2):451-552, 2006.

M. Lohrey and G. Sénizergues. Equations in HNN-extensions. Manuscript,
2006.

M. Lohrey and G. Sénizergues. Rational subsets of HNN-extensions. to
appear in International Journal of Algebra and Computation, 2007.

R. C. Lyndon and P. E. Schupp. Combinatorial Group Theory. Springer,
1977.

G. S. Makanin. Equations in a free group. Izv. Akad. Nauk SSR, Ser.
Math. 46:1199-1273, 1983. In Russian; English translation in Math. USSR
Tzvestija 21, 19835.

G. S. Makanin. Decidability of the universal and positive theories of a free
group. Izv. Akad. Nauk SSSR, Ser. Mat. 48:735-749, 1984. In Russian;
English translation in Math. USSR Izvestija, 25, 75-88, 1985.

S. S. Marchenkov. Unsolvability of the positive V3-theory of a free semi-
group. Sibirsky Matematicheskie Jurnal, 23(1):196-198, 1982.

Y. I. Merzlyakov. Positive formulas on free groups. Algebra ¢ Logika Sem.,
5(4):25-42, 1966. In Russian.

E. Rips and Z. Sela. Canonical representatives and equations in hyperbolic
groups. Inventiones Mathematicae, 120:489-512, 1995.

G. S. Sacerdote and P. E. Schupp. SQ-universality in HNN groups and
one relator groups. Journal of the London Mathematical Society. Second
Series, 7:733-740, 1974.

P. E. Schupp. Small cancellation theory over free products with amalga-
mation. Mathematische Annalen, 193:255-264, 1971.

Z. Sela. Diophantine geometry over groups VIII: The elementary theory
of a hyperbolic group. Available via http://www.ma.huji.ac.il/z1il/,
2002.

J. R. Stallings. Group Theory and Three-Dimensional Manifolds. Number 4
in Yale Mathematical Monographs. Yale University Press, 1971.

37



