Universitat Siegen Advanced Logic
Lehrstuhl Theoretische Informatik SS 2024
Markus Lohrey

Exercise 9

Task 1
Let ¥ = {a,b, c}. Find MSO-formulas corresponding the following regular languages:

(a) L ={w € X1 | The first and last letter of w are identical}
(b) L={a"b"c*|n>0,m>1,(>2}

(¢) L ={w € X" | w does not contain the word bab}

(d) L ={w € X" | w contains at most two distinct characters}

Solution:

(a) 323y (Vu(u < 2) AV2(z <y) A ((Falz) A Pa(y)) vV (By(2) A By(y)) V (Pe(2) A Pe(y)))
(b)
Va((Pa(r) = (Vu((u < ) — Pa(u)))) A (By(x) = (Vy((y < 2) = (Pa(y) vV Bo(v))))))
A JzBy(2) A FvFw((w # v) A P(w) A P.(v))
(c) "FzFyFz(y=2+1AN2z=y+1APF(x) N F(y) A\ Py(2))
(d) Va (Fa(x) vV Py(2)) V Vy(Paly) V Fe(y)) V Vz (Py(2) V Pe(2))

Task 2
Which regular languages over ¥ = {a, b, ¢} correspond to the following MSO formulas?

(a) VaVy(P.(x) A By(y) A (x <y) A (Vz(z < 2 <y) = 2Py(2)))
— (ElZElElJZQ(l' <T1 < T < y) VAN PC(Il) A Pc<x2))

(b) 3X(FzIWy(Vu(z <u<y) Az e X Aye X)A
VaVy(y=z+1— (z € X & —(y € X))))

Solution:

(a) A word w from the regular language corresponding to the MSO-formula satisfies: There
are at least two occurencences of the character ¢ between an occurrence of a and the
subsequent occurrence of b in w.

(b) The regular language contains all words of odd length.
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Task 3
A strategy to find a MSO-formula for a given regular language is given in the proof of
Biichi’s Theorem. Use this strategy to find a MSO-formula for the language

L ={w € {a,b,c}" | The number of a’s in w is odd}.

Solution:
We use the strategy from Biichi’s Theorem (slide 152):
The automaton ({1,2}, {a,b,c},0,1,{2}) with

d(l,a) =2
i(1,0) =1
i(1,c)=1
§(2,a) =1
5(2,b) =2
§(2,¢) =2

accepts the language L. We obtain the following formula:

X, 3X(X, N Xy = D AVz(z € X; Vo € Xo)
A (Vy(z <y) A (Palz) Ar e Xo) V (Bo(z) Ao € Xp) V (Pe(x) Ax € Xy)))
Az (Vy(y < z) Az € Xs)
ANV2Vy(ly =z +1— (x € X1 A Py(y) Ny € Xs)

V(ze X APy ANy € Xy)

(x € Xy AP.(y) Ny € Xy)
(x € Xo AN Pu(y) Ny € Xy)
(r € Xo AN Py(y) Ny € Xy)
(x € Xo A Pe(y) Ay € X2)))



