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Exercise 11

Task 1
Let f: R — R be a polynomial defined by

f(x) = 42 — 22* + 250 — 5z + 1.
Use Cauchy’s bound to find an interval which contains all real-valued zeros of f.

Solution:
All real roots of the polynomial f belong to an interval (—c, ¢), where

max{1,5, 25,2}

= 7.25.
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Task 2
Consider the structure (N, 0, s), where s is the successor function (s(n) = n+1). Formulate
the axiom of induction using an MSO-sentence!

Axiom of induction: Every subset of the natural numbers, which constains 0 and which
contains for every element of the subset also its successor, is equal to the set of natural
numbers.

Solution:

VS((0 € SAVz(z € S — s(z) €5)) = Va(x € 9))

Task 3
Consider the structure (R, <). Formulate the following statements using MSO-sentences:

(a) Every set is a subset of itself.
(b) Every open interval contains a closed subinterval.
Solution: (a) We first define X C Y as
Ve(re X -z €Y).
The formula for part (a) is now obtained as

VX (X C X).



(b) We first define interval(X') (for finite intervals) as
JaTVr(((x <a) > ~(z e X))A((a<z)AN(x <b) = (x € X)) AN ((b<z)— ~(xr € X)).

(In the same way, we could also check whether X is an unbounded interval). An open
interval does not contain a smallest or largest number. We thus define openinterval (X)
as

interval(X) AVz(z € X — (Jyly e X Nz <y)ATFz(z € X A (2 < 2)))).
In a similar way, we define closedinterval(.X) as

interval(X) Ada(a € X AVy(lye X - (a<yVy=a)))
ATb(b e X AVy(y € X = (y <bVy=b))).

We can now define the statement for part (b) as

VX (openinterval(X) — JY (closedinterval(Y) A Y C X)).



