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Exercise 13

Task 1
Find an MSO-formula corresponding to the regular language

L = {w € X" | The number of a’s in w is odd}.

Hint: Consider the technique from the proof of Biichi’s Theorem.

Solution:

(a) For simplicity, let ¥ = {a, b}. The automaton ({1,2}, {a,b},d,1,{2}) with

accepts the language L. Using Biichi’s Theorem, we obtain the following formula:

AX X (X1 N Xy =0 AVz(r € Xy V€ Xs)
Ax(Vy(x < y) A ((Pa(z) Nz € Xo) V (Py(z) Az € X4)))
ANz(Vy(y < x) ANz € Xy)

ANV2Vy(ly =z +1— (x € X1 A P,(y) Ny € X5)
V(zeXiANDB(y) ANy € Xy)
V(ze XoNP(y) Ny € X)
V(r e XoAB(y) ANy € X3)))



Task 2
Which regular languages over ¥ = {a, b, ¢} correspond to the following MSO formulas?

(a) VaVy(P.(x) A By(y) A (x <y) A (Vz(z < 2 <y) = 2Py(2)))
— (ElZElElJ]Q(l' <T1 < T < y) A PC(Il) A Pc<x2))

(b) IX(FaIy(Vu(z Su<y) Az e X Ay e X)A
VeVy(y=z+1— (z € X & —(y € X))))

Solution:

(a) A word w from the regular language corresponding to the MSO-formula satisfies: There
are at least two occurencences of the character ¢ between an occurrence of a and the
subsequent occurrence of b in w.

(b) The regular language contains all words of odd length.



