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Abstract. A fringe subtree of a rooted tree is a subtree consisting of
one of the nodes and all its descendants. In this paper, we are specifi-
cally interested in the number of non-isomorphic trees that appear in the
collection of all fringe subtrees of a binary tree. This number is analysed
under two different random models: uniformly random binary trees and
random binary search trees.

In the case of uniformly random binary trees, we show that the num-
ber of non-isomorphic fringe subtrees lies between ¢in/vInn(1 + o(1))
and con/vInn(1 + o(1)) for two constants ¢; ~ 1.0591261434 and c» ~
1.0761505454, both in expectation and with high probability, where n
denotes the size (number of leaves) of the uniformly random binary tree.
A similar result is proven for random binary search trees, but the order
of magnitude is n/Inn in this case.

Our proof technique can also be used to strengthen known results on the
number of distinct fringe subtrees (distinct in the sense of ordered trees).
This quantity is of the same order of magnitude in both cases, but with
slightly different constants in the upper and lower bounds.

Keywords: Uniformly Random Binary Trees - Random Binary Search
Trees - Fringe Subtrees - Tree Compression

1 Introduction

A subtree of a rooted tree that consists of a node and all its descendants is called
a fringe subtree. Fringe subtrees are a natural object of study in the context of
random trees, and there are numerous results for various random tree models,

see e.g. [3,9,11,13].
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Fringe subtrees are of particular interest in computer science: One of the
most important and widely used lossless compression methods for rooted trees
is to represent a tree as a directed acyclic graph, which is obtained by merging
nodes that are roots of identical fringe subtrees. This compressed representation
of the tree is often shortly referred to as minimal DAG and its size (number
of nodes) is the number of distinct fringe subtrees occurring in the tree. Com-
pression by minimal DAGs has found numerous applications in various areas of
computer science, as for example in compiler construction [2, Chapter 6.1 and
8.5, unification [24], symbolic model checking (binary decision diagrams) [7],
information theory [20,28] and XML compression and querying [8,19].

In this work, we investigate the number of fringe subtrees in random binary
trees, i.e. random trees such that each node has either exactly two or no children.
So far, this problem has mainly been studied with respect to ordered fringe
subtrees in random ordered binary trees: A wuniformly random ordered binary
tree of size n (with n leaves) is a random tree whose probability distribution is
the uniform probability distribution on the set of ordered binary trees of size n.
In [18], Flajolet, Sipala and Steyaert proved that the expected number of distinct
ordered fringe subtrees in a uniformly random ordered binary tree of size n is
asymptotically equal to c-n/ VInn, where ¢ is the constant 2+/In 4 /7. This result
of Flajolet et al. was extended to unranked labelled trees in [6] (for a different
constant ¢). Moreover, an alternative proof to the result of Flajolet et al. was
presented in [25] in the context of simply-generated families of trees.

Another important type of random trees are so-called random binary search
trees: A random binary search tree of size n is a binary search tree built by insert-
ing the keys {1,...,n} according to a uniformly chosen random permutation on
{1,...,n}. Random binary search trees naturally arise in theoretical computer
science, see e.g. [12]. In [16], Flajolet, Gourdon and Martinez proved that the
expected number of distinct ordered fringe subtrees in a random binary search
tree of size n is O(n/Inn). This result was improved in [10] by Devroye, who
showed that the asymptotics ©(n/Inn) holds. Moreover, the result of Devroye
was generalized from random binary search trees to a broader class of random
ordered binary trees in [26], where the problem of estimating the expected num-
ber of distinct ordered fringe subtrees in random binary trees was considered in
the context of so-called leaf-centric binary tree sources, which were introduced
in [22,28] as a general framework for modeling probability distributions on the
set of ordered binary trees of size n.

In this work, we focus on estimating the number of non-isomorphic fringe
subtrees in random ordered binary trees, where we call two binary trees non-
isomorphic if they are distinct as unordered binary trees. This question arises
quite naturally for example in the context of XML compression: Here, one distin-
guishes between so-called document-centric XML, for which the corresponding
XML document trees are ordered, and data-centric XML, for which the cor-
responding XML document trees are unordered. Understanding the interplay
between ordered and unordered structures has thus received considerable atten-
tion in the context of XML (see, for example, [1,5,29]). In particular, in [23], it
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was investigated whether tree compression can benefit from unorderedness. For
this reason, so-called unordered minimal DAGs were considered. An unordered
minimal DAG of a binary tree is a directed acyclic graph obtained by merging
nodes that are roots of isomorphic fringe subtrees, i.e. of fringe subtrees which
are identical as unordered trees. From such an unordered minimal DAG, an un-
ordered representation of the original tree can be uniquely retrieved. The size of
this compressed representation is the number of non-isomorphic fringe subtrees
occurring in the tree. So far, only some worst-case estimates comparing the size
of a minimal DAG to the size of its corresponding unordered minimal DAG are
known: Among other things, it was shown in [23] that the size of an unordered
minimal DAG of a binary tree can be exponentially smaller than the size of the
corresponding (ordered) minimal DAG.

However, no average-case estimates comparing the size of the minimal DAG
of a binary tree to the size of the corresponding unordered minimal DAG are
known so far. In particular, in [23] it is stated as an open problem to estimate
the expected number of non-isomorphic fringe subtrees in a uniformly random
ordered binary tree of size n and conjectured that this number asymptotically
grows as O(n/vInn).

In this work, as one of our main theorems, we settle this open conjecture
by proving upper and lower bounds of order n/vInn for the number of non-
isomorphic fringe subtrees which hold both in expectation and with high prob-
ability (i.e., with probability tending to 1 as n — oo). Our approach can also
be used to obtain an analogous result for random binary search trees, though
the order of magnitude changes to @(n/Inn). Again, we have upper and lower
bounds in expectation and with high probability. Our two main theorems read
as follows.

Theorem 1 Let F, be the total number of non-isomorphic fringe subtrees in
a uniformly random ordered binary tree with n leaves. For two constants ¢, =~
1.0591261434 and co =~ 1.0761505454, the following holds:

(i) e1—m=(1+0(1)) < E(F,) < e
(’LZ) C1

T 1nn(l +o(1)),

" (1+0(1) <F,<c " (1+ o(1)) with high probability.

Vinn Vinn
Theorem 2 Let G, be the total number of non-isomorphic fringe subtrees in a

random binary search tree with n leaves. For two constants c3 ~ 1.5470025923
and cq =~ 1.8191392203, the following holds:

(i) es—(1+0(1)) < E(Gn) < cap—(1+0(1)),

(i) 03%(1 +0(1)) <G, < 04%(1 + o(1)) with high probability.

To prove the above Theorems 1 and 2, we refine techniques from [25]. Our
proof technique also applies to the problem of estimating the number of distinct
ordered fringe subtrees in uniformly random binary trees or in random binary
search trees. In this case, upper and lower bounds for the expected value have
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already been proven by other authors. Our new contribution is to show that they
also hold with high probability.

Theorem 3 Let H, denote the total number of distinct fringe subtrees in a

uniformly random ordered binary tree with n leaves. Then, for the constant ¢ =
Ind/7 =~ 1.3285649405, the following holds:

(i) E(H,) = c

n
) H, =c
(i) Vinn

Here, the first part (i) was already shown in [18] and [25], part (ii) is new.
Similarly, we are able to strengthen the results of [10] and [26]:

(1+0(1)),

Inn

(14 o(1)) with high probability.

Theorem 4 Let J, be the total number of distinct fringe subtrees in a random
binary search tree with n leaves. For two constants cs =~ 2.4071298335 and cg ~
2.7725887222, the following holds:

(i) es (14 0(1)) < E(Jn) < com—(1+0(1)),

(i) csli(l +o(1) < J, < cGIL(l + o(1)) with high probability.
nn nn

The upper bound in part (i) can already be found in [16] and [10]. Moreover,
a lower bound of the form E(J,) > £2(1 4 o(1)) was already shown in [10]
for the constant o = (In3)/2 ~ 0.5493061443 and in [26] for the constant o ~
0.6017824584. So our new contributions are part (ii) and the improvement of the

lower bound on E(.J,,).

2 Preliminaries

Let 7 denote the set of ordered binary trees, i.e. of ordered rooted trees such
that each node has either exactly two or no children. We define the size |t| of a
binary tree t € T as the number of leaves of ¢t and by 7 we denote the set of
binary trees of size k for every integer k > 1. It is well known that | 7| = Ck_1,
where C}, denotes the k-th Catalan number [17]: We have

1 [(2k 4+
0 =131 (%) ~ et + ot/ )
where the asymptotic growth of the Catalan numbers follows from Stirling’s
Formula [17]. Analogously, let ¢ denote the set of unordered binary trees, i.e. of
unordered rooted trees such that each node has either exactly two or no children.
The size |u| of an unordered tree u € U is again the number of leaves of u and
by Uy, we denote the set of unordered binary trees of size k. We have |Uy| = Wy,
where Wy, denotes the k-th Wedderburn-Etherington number. Their asymptotic
growth is

Wi~ A k32 .0k, (2)
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for certain positive constants A, b [4,15]. In particular, we have b ~ 2.4832535362.

A fringe subtree of a binary tree is a subtree consisting of a node and all
its descendants. For a binary tree ¢ and a given node v € t, let t(v) denote the
fringe subtree of ¢ rooted at v. Two fringe subtrees are called distinct if they are
distinct as ordered binary trees.

Every tree t € T can be considered as an element of U by simply forgetting
the ordering on t’s nodes. If two binary trees ti,ty correspond to the same
unordered tree u € U, we call them isomorphic: Thus, we obtain a partition of
T into isomorphism classes. If two binary trees t1,t2 € T belong to the same
isomorphism class, we can obtain ¢; from ¢s and vice versa by reordering the
children of some of t1’s (respectively, t3’s) inner nodes. An inner node v of an
ordered or unordered binary tree ¢ is called a symmetrical node if the fringe
subtrees rooted at v’s children are isomorphic. Let sym(¢) denote the number
of symmetrical nodes of ¢. The cardinality of the automorphism group of ¢ is
given by |Aut(t)] = 2%™®). Thus, by the orbit-stabilizer theorem, there are
2k=1=sym(t) many ordered binary trees in the isomorphism class of ¢t € Ty, and
likewise 25~1=5ym(*) many ordered representations of t € Uy,.

We consider two types of probability distributions on the set of ordered binary
trees of size n:

(i) The uniform probability distribution on Ty, that is, every binary tree of size
n is assigned the same probability ﬁ A random variable taking values
in 7, according to the uniform probability distribution is called a uniformly
random (ordered) binary tree of size n.

(ii) The probability distribution induced by the so-called Binary Search Tree
Model (see e.g. [12,16]): The corresponding probability mass function Pt :
Tn — [0,1] is given by

Pbst (t) = H W ) (3)

vEt
lt(o)I>1
for every n > 1. A random variable taking values in 7, according to this
probability mass function is called a random binary search tree of size n.

Before we prove our main results, we need two preliminary lemmas:

Lemma 1. Let a,e be positive real numbers with € < ;’ For every positive
integer k with alnn < k < n®, let S, C Tr. be a set of ordered binary trees with
k leaves. We denote the cardinality of Si by si. Let X, i denote the (random)
number of fringe subtrees with k leaves in a uniformly random ordered binary tree
with n leaves that belong to Si. Moreover, let Y, . denote the (random) number
of arbitrary fringe subtrees with more than n® leaves in a uniformly random

ordered binary tree with n leaves. We have

(1) E(Xni) = sx4Fn(1 + O(k/n)) for all k with alnn < k < n®, the O-
constant being independent of k,
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(2) V(X 1) = sk *n(1+ O(k=Y?)) for all k with alnn < k < n®, again with
an O-constant that is independent of k,
(8) E(Ypne) = O(n'=¢/2) and
(4) with high probability, the following statements hold:
(1) 12k Xnk — E(Xni)| < D24 s,lg/22*kn1/2+5, where the sums are taken
over all k with alnn < k < nf,
(ii) Yy < ni=e/3,

Lemma 2. Let a,e be positive real numbers with € < % and let n and k denote
positive integers. Moreover, for every k, let S C Ty be a set of ordered binary
trees with k leaves and let py denote the probability that a random binary search
tree is contained in Sk, that is, pr = > Post(t), where the sum is taken over
all binary trees in Si. Let X, i, denote the (random) number of fringe subtrees
with k leaves in a random binary search tree with n leaves that belong to Sk.
Moreover, let Y, . denote the (random) number of arbitrary fringe subtrees with
more than n® leaves in a random binary search tree with n leaves. We have
(1) B(Xpp) = % for1 <k <n,
(2) V(X 1) = O(pin/k?) for all k with alnn < k < n®, where the O-constant
is independent of k,
(3) E(Yye) =2n/[n] —1=0(n'"¢) and
(4) with high probability, the following statements hold:
(1) |3 Xnk — E(Xp k)| < kai/zk’lnl/zﬁ, where the sums are taken
over all k with alnn < k < nf,
(ii) Yy < ni=e/2,

For the proofs of Lemma 1 and Lemma 2, see the long version of the paper [27].

3 Fringe Subtrees in Uniformly Random Binary Trees

3.1 Ordered Fringe Subtrees

We provide the proof of Theorem 3 first, since it is simplest and provides us with
a template for the other proofs. Basically, it is a refinement of the proof for the
corresponding special case of Theorem 3.1 in [25]. In the following sections, we
refine the argument further to prove Theorems 1, 2 and 4. For further details,
see the long version of the paper [27].

Proof (Proof of Theorem 3). We prove the statement in two steps: In the first
step, we show that the upper bound H, < en/vInn(1 + o(1)) holds for ¢ =
24/In4 /7 both in expectation and with high probability. In the second step, we
prove the corresponding lower bound.

The upper bound: Let ko = log, n. The number H,, of distinct fringe subtrees
in a uniformly random ordered binary tree with n leaves equals (i) the number
of such distinct fringe subtrees of size at most ko plus (ii) the number of such
distinct fringe subtrees of size greater than ky. We upper-bound (i) by the number
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of all ordered binary trees of size at most ko (irrespective of their occurrence as
fringe subtrees) and (ii) by the total number of such fringe subtrees occurring in
the tree to obtain, using the notation of Lemma 1,

Hn < Z Ok'—l + ( Z Xn,k) +Yn,€~

k<ko ko<k<ne

Here, Sy, is the full set 7z, so that s = Cx_;. The first sum is O(n/(Inn)3/?)
by (1). This upper bound holds deterministically. In order to estimate the other

two terms, we apply Lemma 1 with a = ﬁ and € = % We thus find that the

two terms are bounded from above by L\lﬁ;“l 7=+ 0(n/(In n)%/2), both in

expectation and with high probability.

The lower bound: Again, let kg = log,n and € = #. In order to lower-bound
the number H, of distinct fringe subtrees in a uniformly random ordered tree
with n leaves, we only count distinct fringe subtrees of sizes k with ky < k < n®.
To this end, let Xff,)c denote the number of pairs of identical fringe subtrees of
size k in a uniformly random ordered binary tree of size n. Each such pair can
be obtained by taking an ordered tree with n — 2k + 2 leaves, picking two leaves,
and replacing them by the same ordered binary tree of size k. The total number
of such pairs of identical fringe subtrees of size k is thus

n—k
Cn—2k+1- (n 2; - 2) Cp—1 = ﬁ(n — 2k + 1)'2(1+ 0(1/k)).

By dividing by C},_1, i.e. the total number of binary trees of size n, we thus obtain
the expected value: E(Xff,)c) = O(47*n?k=3/2) and consequently ZE(XS,)C) =
O(n/(Inn)3/2), where the sum is taken over all k with kg < k < n®. If a binary
tree of size k occurs m times as a fringe subtree in a uniformly random binary
tree of size n, it contributes m — (”2””) to the random variable X, , — Xr(fl)c Since

m— (Tg) < 1 for all non-negative integers m, we find that X, j — Xff,)c is a lower

bound on the number of distinct fringe subtrees with k leaves. Hence, we have
2
He Y X Y X0
ko<k<n® ko<k<nc

The second sum is O(n/(Inn)3/2) in expectation and thus with high probability
as well by the Markov inequality. As the first sum is 2¥84. —_ (14 0(1)), both

N Vinn
in expectation and with high probability by our estimate from the first part of
the proof, the statement of Theorem 3 follows. [

As the main idea of the proof is to split the number of distinct fringe subtrees
into the number of distinct fringe subtrees of size at most k¢ plus the number of
distinct fringe subtrees of size greater than ky for some suitably chosen integer
ko, this type of argument is called a cut-point argument and the integer kg is
called the cut-point (see [16]). This basic technique is applied in several previous
papers to similar problems (see for instance [10], [16], [25], [26]). Moreover, we
remark that the statement of Theorem 3 can be easily generalized to simply
generated families of trees.
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3.2 Unordered Fringe Subtrees

In this subsection, we prove Theorem 1. For this, we refine the cut-point argu-
ment we applied in the proof of Theorem 3: In particular, for the lower bound
on F,,, we need a result due to Béna and Flajolet [4] on the number of auto-
morphisms of a uniformly random ordered binary tree. It is stated for random
phylogenetic trees in [4], but the two probabilistic models are equivalent.

Theorem 5 ([4], Theorem 2) Consider a uniformly random ordered binary
tree Ty, with k leaves, and let Ap = |Aut(Ty)| be the cardinality of its auto-
morphism group. The logarithm of this random variable satisfies a central limit
theorem: For certain positive constants v and o1, we have

1 * 2
]P(Ak < 2’yk+01\/Egg) kj)oo L et /2 dt
B V21 J_so

for every real number x. The numerical value of the constant v is 0.2710416936.

With Theorem 5, we are able to upper-bound the probability that two fringe
subtrees of the same size are isomorphic in our proof of Theorem 1:

Proof (Proof of Theorem 1). We prove the statement in two steps: First, we show
that the upper bound on F,, stated in Theorem 1 holds both in expectation and
with high probability, then we prove the respective lower bound.

The upper bound: The proof for the upper bound in Theorem 1 exactly
matches the first part of the proof of Theorem 3, except that we choose a dif-
ferent cut-point: Let ko = log, n, where b ~ 2.4832535362 is the constant in the
asymptotic formula (2) for the Wedderburn-Etherington numbers. We then find

2VInb n
Fo< S Wit (Y X)) +Yoe= "0 + O(n(lnn)=3/?),
k<ko (kogkgne ) \/7? Inn

both in expectation and with high probability, where the estimates for X, , and
Y. follow again from Lemma 1. We have 2v/Inb/\/7 ~ 1.0761505454.

The lower bound: As a consequence of Theorem 5, the probability that the
cardinality of the automorphism group of a uniformly random binary tree T}
of size k satisfies |Aut(T})| < 27k k" tends to 0 as k — 0o. We define Sy, as
the set of ordered trees with k leaves that do not satisfy this inequality, so that
sk = |Sk| = Ck—1(1 4+ 0o(1)). Our lower bound is based on counting only fringe
subtrees in Sy for suitable k. The reason for this choice is that we have an upper
bound on the number of ordered binary trees in the same isomorphism class
for every tree in Si. Recall that the number of possible ordered representations
of an unordered binary tree t with k leaves is given by 2*~1/|Aut(t)| by the
orbit-stabiliser theorem. Hence, the number of ordered binary trees in the same
isomorphism class as ? tree t € Sy, is bounded above by ok —1=yk+k?/"

14+ 2

Now set k1 = 7 = log, n for some positive constant § < %, and consider

only fringe subtrees that belong to S, where k1 < k < ns/2. By Lemma 1, the
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number of such fringe subtrees in a random ordered binary tree with n leaves
is spd'~Fn(1 + O(k/n + slzl/Qan(‘S*l)ﬂ)) both in expectation and with high
probability. Since s = Ck_1(1+0(1)), the number of fringe subtrees that belong
to Sk in a random ordered binary tree of size n becomes \/7(1 +0(1)). We show

that most of these trees are the only representatives of their isomorphism classes
as fringe subtrees. To this end, we consider all fringe subtrees in Sy for some k
that satisfies k1 < k < n%/2. Let the sizes of the isomorphism classes of trees
in S be r1,r9,...,71¢, so that 71 + 79 + -+ + 1y = si. By definition of Sy, we
have r; < 2’“*1’7’“*’“3/4 for every i. Let us condition on the event that their
number X, j is equal to IV for some N < n. Each of these N fringe subtrees
51,59, ..., SN follows a uniform distribution among the elements of Si, so the
probability of being in an isomorphism class with r; elements is r; /sx. Moreover,

the N fringe subtrees are also all independent. Let X (2) be the number of pairs
of isomorphic trees among the fringe subtrees with & leaves We have

(2 _ N n 3/4
E(X®)|Xop = N) = (2)2(8k) 25227“ Tk

Since this holds for all IV, the law of total expectation yields
2 ,
E(X0}) < T2t = yrah gk (1 o)),

Since k > k1 = H“S 10g2 n, we find that

E(X7(12I)€) < n227(1+fy)k+0(k3/4) < pl-? exp (O((ln n)3/4)).
Thus
Z IE(XT(Lz,l) <n'792exp (O((lnn)3/4)) =o(n/VInn).
k1 <k<nd/2
2)

As in the previous proof, we see that X, , — X T(L %, is a lower bound on the number
of non-isomorphic fringe subtrees with k leaves. This gives us

Fo> Y Xew— > X2

k1§k§n5/2 k1§k§n5/2

The second sum is negligible since it is o(n/vInn) in expectation and thus also
with high probability by the Markov inequality. For the first sum, a calculation
similar to that for the upper bound shows that it is

2\/(14+~)In2
V(14 9) VInn
both in expectation and with high probability. Since § is arbitrary, we can choose

any constant smaller than 27&2/)1& ~ 1.0591261434 for c;. [ ]

(14 0(1)),
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4 Fringe Subtrees in Random Binary Search Trees

In order to show the respective lower bounds of Theorem 2 and Theorem 4, we
need two theorems similar to Theorem 5: The first one shows that the logarithm
of the random variable Bj, = P (7))~ !, where Ty denotes a random binary
search tree of size k, satisfies a central limit theorem and is needed to estimate
the probability that two fringe subtrees in a random binary search tree are
identical. The second one transfers the statement of Theorem 5 from uniformly
random binary trees to random binary search trees and is needed in order to
estimate the probability that two fringe subtrees in a random binary search tree
are isomorphic. The first of these two central limit theorems is shown in [14]:

Theorem 6 ([14], Theorem 4.1) Consider a random binary search tree T
with k leaves, and let By = Pos(Ty) ™. The logarithm of this random variable
satisfies a central limit theorem: For certain positive constants p and oz, we have

1,
P (B < 2erenie) Ko / e 12 dt
b= V2T J s

for every real number x. The numerical value of the constant  is

o0

2logy k
~ 1.7363771368.
r= ; k+1)(k+2)

The second of these two central limit theorems follows from a general theorem
devised by Holmgren and Janson [21]: The proof of Theorem 7 can be found in
the long version of the paper [27].

Theorem 7 Consider a random binary search tree Ty with k leaves, and let
Ay, = |Aut(Ty)| be the cardinality of its automorphism group. The logarithm of
this random variable satisfies a central limit theorem: for certain positive con-
stants v and o3, we have

1T
P(Ay < vhtoavhey R0 — [ o2 gy
B V2r

for every real number x. The numerical value of v is v = 0.3795493473.

For the proofs of Theorems 2 and 4, we refer to the long version of the
paper [27]: The techniques used in the proofs are mostly the same as in the
proof of Theorem 1. In order to show the corresponding upper bounds, we make
use of the cut-point technique presented in the proofs of Theorems 3 and 1,
combined with Lemma 2. For the lower bounds, we suitably define, as in the
proof of Theorem 1, respective sets Si using Theorems 6 and 7. We then lower-
bound the number of distinct (non-isomorphic, respectively) fringe subtrees by
the number of such fringe subtrees of size k that belong to the respective set
Si. The sets S and the range of k are again chosen in a way that allows us
to bound the probability that two fringe subtrees from the set Sy are identical
(isomorphic, respectively).
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Open Problems

The following natural question arises from our results: Is it possible to determine
constants aq, g, a3 with ¢ < a3 < ¢g, c3 < ay < ¢4 and ¢5 < ag < cg, such

that
an Qomn asgn
E(F,) = 1 1)), E(G,) = 1 1), E(J,) = 1 1)),
(Fn) T)gn( +o(1)), E(Gn) logn( +0(1)), E(Jn) 1Ogn( +o(1))
respectively, and
F, G, JIn
L £>042,aund7Po¢3?

J— % , —
n/y/logn “ n/logn

In order to prove such estimates, it seems essential to gain a better understanding
of the random variables Pg;(T%) " and |Aut(7%)|, in particular their distribu-
tions further away from the mean values, for random binary search trees or
uniformly random ordered binary trees T} of size k.
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