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ABSTRACT. A knapsack equation in a group G is an equation of the form
gfl - ~g:k = g where g1,...,9k,g are elements of G and x1, ...,z are vari-
ables that take values in the natural numbers. We study the class of groups
G for which all knapsack equations have effectively semilinear solution sets.
We show that the following group constructions preserve effective semilin-
earity: graph products, amalgamated free products with finite amalgamated
subgroups, HNN-extensions with finite associated subgroups, and finite exten-
sions. Moreover, we study a complexity measure, called magnitude, of the re-
sulting semilinear solution sets. More precisely, we are interested in the growth
of the magnitude in terms of the length of the knapsack equation (measured
in number of generators). We investigate how this growth changes under the
above group operations.

1. INTRODUCTION

The study of algorithmic problems has a long tradition in combinatorial group
theory, going back to the work of Dehn [10] on the word and conjugacy problem
in finitely generated groups. Myasnikov, Nikolaev, and Ushakov initiated in [47]
the systematic investigation of a new class of algorithmic problems that have their
origin in discrete optimization problems over the integers. One of these problems
is the knapsack problem. Myasnikov et al. proposed the following definition for
the knapsack problem in a finitely generated group G: The input is a sequence of
group elements gi,...,gx,9 € G (specified by finite words over the generators of
G) and it is asked whether there exist natural numbers z1,...,2z; € N such that
gi'---g,F = g in G. For the particular case G = Z (where the additive notation
2191+ -+ 2k - gr = g is usually preferred) this problem is NP-complete if
the numbers g1, ..., 9k, g € Z are given in binary notation [32] 24]E| On the other
hand, if ¢1, ..., gk, g are given in unary notation, then the knapsack problem for the
integers was shown to be complete for the circuit complexity class TCY [18]. Note
that the unary notation for integers corresponds to the case where an integer is
given by a word over a generating set {¢,£71}. In one particular case, the knapsack
problem was studied for a non-commutative group before the work of Myasnikov et
al.: in [3], it was shown that the knapsack problem for commutative matrix groups
over algebraic number fields can be solved in polynomial time.

Let us give a brief survey of the results that were obtained for the knapsack
problem in [47] and successive papers:

e Knapsack can be solved in polynomial time for every hyperbolic group [47].
In [20] this result was extended to free products of any finite number of
hyperbolic groups and finitely generated abelian groups. A further general-
ization was obtained in [38], where the smallest class of groups that can be
obtained from hyperbolic groups using the operations of free products and

This work has been supported by the DFG research project LO 748/12-1.
1Karp in his seminal paper [32] defined knapsack in a slightly different way. NP-completeness
of the above version was shown in [24].
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direct products with Z was considered. It was shown that for every group
in this class the knapsack problem belongs to the complexity class LogCFL
(a subclass of P).

e There are nilpotent groups of class 2 for which knapsack is undecidable.
Examples are direct products of sufficiently many copies of the discrete
Heisenberg group H3(Z) [35], and free nilpotent groups of class 2 and suf-
ficiently high rank [46].

e Knapsack for H3(Z) is decidable [35]. In particular, together with the
previous point it follows that decidability of knapsack is not preserved under
direct products.

e Knapsack is decidable for every co-context-free group [35], i.e., groups where
the set of all words over the generators that do not represent the identity is
a context-free language. Lehnert and Schweitzer [37] have shown that the
Higman-Thompson groups are co-context-free.

e Knapsack belongs to NP for all virtually special groups (finite extensions
of subgroups of graph groups) [41]. The class of virtually special groups
is very rich. It contains all Coxeter groups, one-relator groups with tor-
sion, fully residually free groups, and fundamental groups of hyperbolic
3-manifolds. For graph groups (also known as right-angled Artin groups)
a complete classification of the complexity of knapsack was obtained in
[42]: If the underlying graph contains an induced path or cycle on 4 nodes,
then knapsack is NP-complete; in all other cases knapsack can be solved in
polynomial time (even in LogCFL).

e Knapsack is NP-complete for non-abelian free solvable groups [I9] and solv-
able Baumslag-Solitar groups BS(1,q) [43] with ¢ # 1. For Baumslag-
Solitar groups BS(p,q) with p # 1 # ¢ and ged(p, q) = 1, decidability of
knapsack was shown in [16].

e Decidability of knapsack is preserved under finite extensions, HNN-exten-
sions over finite associated subgroups and amalgamated free products over
finite subgroups [41].

e In [5], there is a characterization of those wreath products G ¢ H for which
the knapsack problem is decidable. The characterization is in terms of
(i) decidability properties of the groups G and H and (ii) whether G is
abelian.

In this work, we initiate the systematic study of solution sets of equations
gi' -+ gxF = g, which we call knapsack equations. The solution set of this equation
is {(n1,...,n,) € NF | g7 .. g = g in G}. In the papers [38, [35, 42] it turned
out that in many groups the solution set of every knapsack equation is a semilin-
ear set. Recall that a subset S C NF is semilinear if it is a finite union of linear
sets, and a subset L C N is linear if there a vectors vg,vy,...,v, € N¥ such that
L=Avo+ X v1i+---+Xwe | A,..., ¢ € N}, Semilinear sets play a prominent role
in many areas of computer science and mathematics, e.g. in automata theory and
logic. It is known that the class of semilinear sets is closed under Boolean opera-
tions and that the semilinear sets are exactly the sets that are first-order definable
in Presburger arithmetic (i.e., the structure (N, +)) [22].

We say that a group is knapsack-semilinear if for every knapsack equation the
set of all solutions is semilinear. Note that in any group G the set of solutions
on an equation ¢gf = ¢ is periodic and hence semilinear. Moreover, every finitely
generated abelian group is semilinear (since solution sets of linear equations are
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Presburger definable). Nontrivial examples of knapsack-semilinear groups are hy-
perbolic groups [38], graph groups [42], and co-context free groups [35]E|
Obviously, every finitely generated subgroup of a finitely generated knapsack-

semilinear group is knapsack-semilinear as well. Moreover, it was shown in [2I]
that the class of knapsack-semilinear groups is closed under wreath products. In
this paper we prove the closure of the class of knapsack-semilinear groups under

e finite extensions,

e graph products,

e amalgamated free products with finite amalgamated subgroups, and

e HNN-extensions with finite associated subgroups.

The operation of graph products interpolates between direct products and free
products. It is specified by a finite graph (V| E), where every node v € V is labelled
with a group G,,. One takes the free product of the groups G,, (v € V) modulo the
congruence that allows elements from adjacent groups to commute. Amalgamated
free products and HNN-extensions are fundamental constructions in combinatorial
group theory; see Section [6] for references.

In order to get complexity bounds for the knapsack problem, the sole concept
of knapsack-semilinearity is not useful. For this purpose, we need a quantitative
measure for semilinear sets; see also [9]: For a semilinear set

L= U {11@0 F v+ A Vi, | A1,..., A, € N}
1<i<n
we call the tuple of all vectors v; ; a semilinear representation for L. The magnitude
of this semilinear representation is the largest number that occurs in some of the
vectors v; ;. Finally, the magnitude of a semilinear set L is the smallest magnitude
among all semilinear representations of L.

Our proofs showing that the above group constructions preserve knapsack-semi-
linearity also yield upper bounds for the magnitude of solution sets in terms of (i)
the total length of the knapsack equation (measured in the total number of gen-
erators) and (ii) the number of variables in the knapsack equation. For this, we
introduce a function Kg(n, m) that yields the maximal magnitude of a solution set
for a knapsack equation over G of total length at most n and at most m variables.
Roughly speaking, it turns out that finite extensions, amalgamated free products
with finite amalgamated subgroups, and HNN-extensions with finite associated sub-
groups only lead to a polynomial blowup for the function Kg(n, m) (actually, this
function also depends on the generating set for G), whereas graph products can
lead to an exponential blowup. On the other hand, if we bound the number of
variables by a constant, then also graph products only lead to a polynomial blowup
for the function Kg(n,m).

2. WORDS, MONOIDS AND GROUPS

Fix a non-empty set X, which is also called an alphabet in the following. Its
elements are also called symbols. A word over ¥ is a finite sequence w = aias ... a,
of elements ay,...,a, € X. We write |w| = n for the length w and alph(w) =
{a1,a2,...,a,} for the set of symbols that occur in w. For a € X, we write |w|,
to denote the number of occurrences of a in w. The free monoid ¥* consists of all
finite words over ¥ and the monoid operation is the concatenation of words. The
concatenation of words u,v € ¥* is simply denoted with uv. The identity element
of the free monoid ¥* is the empty word, which is usually denoted with . Here,
we prefer to denote the empty word with 1 according to the following convention:

2Knapsack—semilinearity of co-context free groups is not stated in [35] but follows immediately
from the proof for the decidability of knapsack.
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Convention 2.1. For every monoid M we denote the identity element of M with
the symbol 1; even in cases where we deal with several monoids.

So intuitively, all monoids that we deal with share the same identity element 1.
This convention will simplify our notations.

For a set Q2 we denote with F'(Q2) the free group generated by 2. Formally, it can
be defined as follows: Let 27! = {a~! | a € Q} be a disjoint copy of Q (the set of
formal inverses) and let ¥ = QU Q~!. Then the free group F() can be identified
with the set of all words w € ¥* that do not contain a factor of the form aa~! or
a~ta for a € Q (so called irreducible words). The product of two irreducible words
u, v is the unique irreducible word obtained from wv by replacing factors of the form
aa~! or a~ta (a € Q) by the empty word as long as possible. For a set R C X* of
irreducible words (the relators) we denote with (Q2 | R) the quotient group F(2)/N,
where N is the smallest normal subgroup of F(2) that contains R. Every group is
isomorphic to a group (2 | R). If 2 is finite, then (Q | R) is called finitely generated.
In other words: a group G is finitely generated if there exists a finite subset ¥ C G
such that every element of G is a product of elements of X. If for every a € X
also a~! belongs to ¥ then ¥ is called a symmetric generating set for G. If ¥ is a
symmetric generating set and v € ¥* with v = uy -+ - up, u1,...,u, € 3, then by
u~!, we denote the word u, ' ---uj "

Let ¥ be an alphabet. An automaton over X is a tuple A = (Q, E, qo, q5), where
Q is a finite set of states, E C Q x (XU{1}) x Q is a finite set of edges, gy € Q is its
initial state, and gy € Q) is its final state. Note that here, 1 denotes the empty word
over Y. If there is an edge (p,w,q) € E, we also denote this by p “s q. A word
w € ¥* is accepted by A if we can write w = ay - - - a,, With ay, ..., a, € ZU{1} such
that there are states py,...,pp € Q, edges pi_1 —» p; for 1 < i < n, and py = qo
and p, = ¢5. By L(A), we denote the set of all words in ¥* accepted by A, which
is also called its language. The size of A is |@Q|, the number of its states.

3. SEMILINEAR SETS

Fix a dimension d > 1. For a vector v = (vq,...,v4)" € Z? we define its norm
|v| = max{|v;| | 1 <i < d} and for a matrix M € Z*¢ with entries m; ; (1 <i <c¢,
1 < j < d) we define the norm |M| = max{|m; ;|| 1 <i < ¢, 1 < j < d}. Finally,
for a finite set of vectors A C N? let |A| = max{|a| | a € A}.

We extend the operations of vector addition and multiplication of a vector by a
matrix to sets of vectors in the obvious way. A linear subset of N? is a set of the
form

L=L0b,P)=0b+P-NF
where b € N and P € N¥*_ We call a set S C N? semilinear, if it is a finite
union of linear sets. The class of semilinear sets is known be closed under Boolean
operations, a set is semilinear if and only if it is first-order definable in Presburger
arithmetic [22].

If a semilinear set S is given as a union Ule L(b;, P;), we call the tuple R =
(b1, P1,..., bk, Px) a semilinear representation of S. For a semilinear representa-
tion R = (b1, P1,..., bk, Py) we define |R| = max{|b1|, |P1]- -, |bl, | Px|}. The
magnitude of a semilinear set S, mag(S) for short, is the smallest possible value for
|R| among all semilinear representations R of S.

For a linear set L(b, P) C N¢ we can assume that all columns of P are different.
Hence, if the magnitude of L(b, P) is bounded by s then we can bound the number
of columns of P by (s + 1)? (since there are only (s 4+ 1)¢ vectors in N¢ of norm
at most s). No better upper bound is known, but if we allow to split L(b, P) into
several linear sets, we get the following lemma from [17]:
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Lemma 3.1 (c.f. [I7, Theorem 1]). Let L = L(b, P) C N¢ be a linear set of mag-
nitude s = mag(L). Then L = J;c; L(b, P;) such that every P; consists of at most
2dlog(4ds) columns from P (and hence, mag(L(b, P;)) < s).

We also need the following bound on the magnitude for the intersections of
semilinear sets:

Proposition 3.2 (c.f. [4, Theorem 4|). Let K = L(by, P1) and L = L(by, P;) C N¢
be semilinear sets of magnitude at most s > 1. Then the intersection K N L is
semilinear and mag(K N L) < (12d?log?(4ds)d?/?s%1 4 1)s < O(d¥/?+354+3),

Proof. By Lemmawe can write K = (J;¢; L(b1, Pr i) and L = J;c;, L(ba, P2i)
where every Py ; (Ps,;) consists of at most 2dlog(4ds) columns from P; (P2). We
have KNL = U(i,j)€I1><12 L(by1, P1,;) N L(ba, Py ;). From [4, Theorem 4| we get the
upper bound (12d? log?(4ds)d?/?s%t1 + 1)s for the magnitude of each intersection
L(bl,Pl,i)ﬂL(bQ,Pgﬂ‘). U

In the context of knapsack problems (which we will introduce in the next section),
we will consider semilinear subsets as sets of mappings f : {x1,...,24} — N for
a finite set of variables U = {x1,...,24}. Such a mapping f can be identified
with the vector (f(x1),..., f(zq4))T. This allows to use all vector operations (e.g.
addition and scalar multiplication) on the set NV of all mappings from U to N. The
pointwise product f-g of two mappings f, g € NV is defined by (f-g)(z) = f(z)-g(x)
for all z € U. Moreover, for mappings f € NV, g € NV with U NV = ) we define
foge NV by (fog)(z) = f(z) for z € U and (f @ g)(y) = g(y) fory € V.
All operations on NV will be extended to subsets of NV in the standard pointwise
way. Note that mag(K & L) < max{mag(K), mag(L)} for semilinear sets K, L.
If L C NY is semilinear and V C U then we denote with L[y the semilinear set
{flv | f € L} obtained by restricting every function f € L to the subset V of its
domain. Clearly, L[y is semilinear too and mag(L[y) < mag(L).

4. KNAPSACK AND EXPONENT EQUATIONS

Let G be a finitely generated group with the finite symmetric generating set .
Moreover, let X be a set of formal variables that take values from N. For a subset
U C X, we call a mapping o : U — N a wvaluation for U. An exponent expression
over Y is a formal expression of the form e = ui*viu3?vs - - - uiF vy, with k > 1, words
u;,v; € X and variables x1,...,z; € X. Here, we allow x; = x; for ¢ # j. The
words u; are called the periods of e, and we can assume that u; # 1 forall 1 <1i < k.
If every variable in an exponent expression occurs at most once, it is called a
knapsack expression. Let X, = {x1, ...,z } be the set of variables that occur in e.
For a valuation o : U — N such that X, C U (in which case we also say that o is a
valuation for ), we define o(e) = uJ ™ viud @y, .- ~uz(x’“)vk € X*. We say that
o is a G-solution of the equation e = 1 if o(e) evaluates to the identity element 1
of G. With solg(e) we denote the set of all G-solutions o : X, — N of e. We can
view solg(e) as a subset of N¥. The length of e is defined as |e| = Zle [us| + |val,
whereas k < |e| is its degree, deg(e) for short. We define solvability of exponent
equations over G as the following decision problem:

Input: A finite list of exponent expressions eq,...,¢e, over G.
Question: Is (!, sol¢(e;) non-empty?

The knapsack problem for G is the following decision problem:

Input: A single knapsack expression e over G.
Question: Is solg(e) non-empty?
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It is easy to observe that the concrete choice of the generating set X has no influence
on the decidability and complexity status of these problems.

One could also allow exponent expressions of the form e = voui™ viuz?vy - - - uy " vy.

. _ x x T . .
However, since then solg(e) = solg(ui'viuy*vs - - up vivg), this would result in
the same class of solution sets. Moreover, we could also restrict to exponent
3 — 1 ,,T2 Tk, —_ 1 T2 Tk
expressions of thle form e = ?1 ’lez ceup ks for e = 1{1 V1 Us 1112 ---uyFug and
/ z — -1, — - -

e/ = ui' (viugvy )2 (vivausvy vy )T - (V1 Up—1UgU, g - U] )R - Uk 1 Uk
we have solg(e) = solg(€’).

4.1. Knapsack-semilinear groups. The group G is called knapsack-semilinear if
for every knapsack expression e over X, the set solg(e) is a semilinear set of vectors
and a semilinear representation can be effectively computed from e. This implies
that for every exponent expression e over 3, the set solg(e) is semilinear as well
and a semilinear representation can be effectively computed from e. To see this,
consider an exponent expression e = ujviu3>vs - - - uj." v, over ¥. Choose pairwise
different variables y1,¥o,...,yr such that X, = {x1,...,2x} C {y1,...,yx} and
consider the knapsack expression € = u{'viuj*vs - --uj*v,. Moreover, define the

equivalence relation R = {(7,7) | 1 <4,j < k,z; = 2;}. We get
solg(e) = (solg(e')N{o | o : {y1,.. .,y } = N,V(i,j) € R:o(y:) = o(y;)}) I x.-

Since semilinear sets are effectively closed under intersection and restriction, the
effective semilinearity of solg(e’) yields the effective semilinearity of solg(e).

Also notice that solvability of exponent equations is decidable for every knapsack-
semilinear group. As mentioned in the introduction, the class of knapsack-semilinear
groups is very rich. An example of a group G, where knapsack is decidable but solv-
ability of exponent equations is undecidable is the Heisenberg group Hs(Z) (which
consists of all upper triangular (3 x 3)-matrices over the integers, where all diagonal
entries are 1), see [35]. In particular, Hs(Z) is not knapsack-semilinear in a strong
sense: there are knapsack expressions e such that solg,z)(e) is not semilinear.

Remark 4.1. The requirement that the semilinear representation of the solu-
tion set can be computed effectively is important: There are groups where every
knapsack equation has a semilinear solution set, but the semilinear representation
cannot be computed. For example, consider a finitely generated torsion group G
with an undecidable word problem [I]. Then every knapsack expression over G
has a semilinear solution set. However, computing a semilinear representation for
{n € N|u™ = 1} for a given word u would allow us to check whether u =1 in G.

For a knapsack-semilinear group G and a finite generating set ¥ for G we define
two growth functions. For n,m € N with m < n let Exp(n,m) be the finite set
of all exponent expressions e over ¥ such that (i) solg(e) # 0, (ii) |e|] < n and
(iii) deg(e) < m. Moreover, let Knap(n,m) C Exp(n,m) be the set of all knapsack
expressions in Exp(n,m). We define the mappings Eg s, : {(n,m) | m,n € N,m <
n} — Nand Kg s : {(n,m) | m,n € N,m <n} — N as follows:

o Eg »(n,m) = max{mag(solg(e)) | e € Exp(n,m)},

o Kg n(n,m) = max{mag(solg(e)) | e € Knap(n,m)}.
Clearly, if solg(e) # 0 and mag(solg(e)) < N then e has a G-solution o such
that o(z) < N for all variables € X,.. Therefore, if G has a decidable word
problem and we have a computable bound on the function E¢ 5, then we obtain a
nondeterministic algorithm for solvability of exponent equations over G: given an
exponent expression e we can guess o : X, — N with o(z) < N for all variables x
and then verify (using an algorithm for the word problem), whether o is indeed a
solution.
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Let 3 and ¥’ be two generating sets for the group G. Then there is a constant
¢ such that Eg x(n,m) < Eg s/ (en,m) and Kg n(n,m) < Kg s/ (en,m). To see
this, note that for every a € ¥’ there is a word w, € X* such that a and w, are
representing the same element in G. Then we can choose ¢ = max{|w,| | a € ¥'}.

5. PART 1: EXPONENT EQUATIONS IN GRAPH PRODUCTS

In this section we introduce graph products of groups (Section and show that
every graph product of knapsack-semilinear groups is again knapsack-semilinear
(Section . Our definition of graph products is based on trace monoids (also
known as partially commutative monoids), which we discuss first.

5.1. Trace monoids. In the following we introduce some notions from trace the-
ory, see [12] [I3] for more details. An independence alphabet is an undirected
graph (X,I) (without loops). Thus, I is a symmetric and irreflexive relation on
Y. The set ¥ may be infinite. The trace monoid M(X, I) is defined as the quotient
M(%,I) = ¥*/{ab = ba | (a,b) € I} with concatenation as operation and the empty
trace 1 as the neutral element. Its elements are called traces. We denote by [w]; the
trace represented by the word w € ¥*. Let alph([w];) = alph(w) and |[w];| = |w].
The dependence alphabet associated with (X, 1) is (3, D), where D = (¥ x )\ 1.
Note that the relation D is reflexive. For a € ¥ let I(a) = {b € ¥ | (a,b) € I} be
the letters that commute with a. For traces u,v € M(X, I) we denote with u I v
the fact that alph(u) x alph(v) C I. The trace u is connected if we cannot write
u=vw in M(3,T) such that v # 1 # w and v I w.

An independence clique is a subset A C ¥ such that (a,b) € I for all a,b € A
with a # b. A finite independence clique A is identified with the trace [a1as - - - ay];,
where ay,as,...,ay, is an arbitrary enumeration of A.

The following lemma, which is known as Levi’s lemma, is one of the most fun-
damental facts for trace monoids, see e.g. [13].

Lemma 5.1. Let uy,...,Upm,v1,...,0, € M(X,I). Then
ULUD * *  Upy, = V1V -+ - Uy
if and only if there exist w; ; € M(X,1) (1 <i<m, 1< j<n) such that
® U =W W Wiy, for every 1 < i <'m,
® Vj =Wy jWa - Wmy for every 1 < j < n, and

o (wij,wpe) €lifl<i<k<mandn>j>{>1.

The situation in the lemma will be visualized by a diagram of the following kind.
The i-th column corresponds to u;, the j-th row corresponds to v;, and the inter-
section of the i-th column and the j-th row represents w; ;. Furthermore w; ; and
wy, ¢ are independent if one of them is left-above the other one.

Up | Win | W2n | W3n | --- | Wnn
U3 wi,3 | W23 | W33 | ... Wm,3
V2 | W12 | W22 | W32 | ... | W2
U1 Wi, | W21 | W31 | .- Wm,1
(751 U2 us . Um

A consequence of Levi’s lemma is that trace monoids are cancellative, i.e., usv = utv
implies s =t for all traces s,t,u,v € M(3, I).

A trace rewriting system R over M(X,I) is just a finite subset of M(3, ) x
M(X,I) [12]. We define the one-step rewrite relation —r C M(X, 1) x M(3, 1)
by: © —g y if and only if there are u,v € M(X,I) and (¢,r) € R such that
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z = wlv and y = wrv. With =5 we denote the reflexive transitive closure of
—pg. The notion of a confluent and terminating trace rewriting system is defined
as for other types of rewriting systems [8]: A trace rewriting system R is called
confluent if for all u,v,v’ € M(X,I) with u =g v and u > v’ there exists a trace
w with v i>R w and v’ i>R w. It is called terminating if there does not exist an
infinite chain ug —g u1 —g us---. A trace u is R-irreducible if no trace v with
u —p v exists. The set of all R-irreducible traces is denoted with IRR(R). If R
is terminating and confluent, then for every trace u, there exists a unique normal

form NFg(u) € IRR(R) such that u = NFg(u) [29).

5.2. Graph products. Let us fix a finite independence alphabet (I', E') and finitely
generated groups G; for i € I'. Let « be the size of a largest clique of the indepen-
dence alphabet (T, E). As usual 1 is the identity element for each of the groups
G;. Let X, be a finite and symmetric generating set of G; such that ¥; N X; = ()
for i # j. We define a (possibly infinite) independence alphabet as in [14} [36]: Let

A =G\ {1} and A=|]A.
iel
We assume that A; N A; = 0 for ¢ # j. We fix the independence relation

(i,5)€E
on A. The independence alphabet (A, I) is the only independence alphabet in this
paper which may be infinite. Recall that for a trace t € M(A, I), alph(¢) C A is the
set of symbols that occur in ¢t. We definite the I'-alphabet of t as

alphp(t) = {i € T'| alph(t) N A; # 0}.

Note that whether u I v (for u,v € M(A, I)) only depends on alphy(u) and alphp(v).

Every independence clique of (A, I) has size at most a and hence can be identified
with a trace from M(A,I). Let C; and Cy be independence cliques. We say
that Cy and Cy are compatible, if alphp(C1) = alphp(Cs). In this case we can
write C1 = {a1,...,an,} and Cy = {b1,...,b,,} for some m < « such that for
every 1 < ¢ < m there exists j; € I' with a;,b; € A;,. Let ¢; = a;b; in the
group Gj,. If ¢; # 1 for all 1 < i < m, then C; and Cs are strongly compatible.
In this case we define the independence clique C1Cy = {c1,...,¢m}. Note that
alphp(Ch) = alphp(Cs) = alphp(C1C5).

We will work with traces t € M(A,I). For such a trace we need two length
measures. The ordinary length of ¢ is |¢| as defined in Section Ift=lar - agls
with a; € A then [t| = k. On the other hand, if we deal with computational
problems, we need a finitary representations of the elements a;. Assume that
aj € Ay;. Then, a; can be written as a word over the alphabet X;,. Let n; = |ay]|
denote the length of a shortest word over ¥; that evaluates to a; in the group
G, ; this is also called the geodesic length of the group element a;. Then we define
It] = n1 +ng + -+ ng.

A trace a € A (i.e., a generator of M(A,)) is also called atomic, or an atom.
For an atom a € A that belongs to the group G, we write a~! for the inverse of a
in Gy; it is again an atom. On M(A, I) we define the trace rewriting system

R= U ({([aalh, 1) ae A} U{(lab]s,[c1) | a,b,c € Aj,ab=cin Gi}) (1)
el
The following lemma was shown in [36]:

Lemma 5.2. The trace rewriting system R is confluent.
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Since R is length-reducing, it is also terminating and hence defines unique normal
forms. We define the graph product G(T, E, (G;);cr) as the quotient monoid

G(F’ E, (Gz)zEF) = M(A7 I)/R

Here we identify R with the smallest congruence relation on M(A, I') that contains
all pairs from R. In the rest of Section b, we write G for G(T', E, (G})ier). It is
easy to see that G is a group. The inverse of a trace t = [ajas - -ag]r € M(A,I)
with a; € A is the trace t! = [a; ' --ay'a;'];. Note that ¢ is well defined: If
[aras - -ag]r = [bibg---bg]; then [a;l _ a;lafl]l = [b,;1 e b;lbfl]l. We can
apply this notation also to an independence clique C' of (A, I) which yields the
independence clique C~! = {a~! | a € C}.

Note that G is finitely generated by ¥ = ;o Zi. If E = ), then G is the
free product of the groups G; (i € ') and if (T', E) is a complete graph, then G
is the direct product of the groups G; (i € I'). In this sense, the graph product
construction generalizes free and direct products.

For traces u,v € M(A, I) or words u,v € ¥* we write u =¢ v if u and v represent
the same element of the group G. In this case, we also say that u = v in G. The
following lemma is important for solving the word problem in a graph product G:

Lemma 5.3. Let u,v € M(A,I). Then u =g v if and only if NFr(u) = NFr(v).
In particular we have u =g 1 if and only if NFr(u) = 1.

Proof. The if-direction is trivial. Let on the other hand w,v € M(A, I') and suppose
that v = v in G. By definition this is the case if and only if « and v represent the
same element from M(A, I')/R and are hence congruent with respect to R. Since R
produces a normal form for elements from the same congruence class, this implies

that NFR(U) = NFR(U) O

Graph products of copies of Z are also known as graph groups or right-angled
Artin groups. Graph products of copies of Z/27Z are known as right-angled Coxeter
groups, see [15] for more details.

For the rest of the paper we fix the graph product G = G(T', E, (G;);cr). More-
over, ¥;, A; (1 €T), X, A, I, and R will have the meaning defined in this section.

5.3. Results from [42]. In this section we state a small modification of results from
[42], where the statements are made for finitely generated trace monoids M(X, I).
We need the corresponding statements for the non-finitely generated trace monoid
M(A, I) from Section The proofs are exactly the same as in [42], one only has
to argue with the '-alphabet alph(¢) instead the alphabet alph(t) of traces.

Note that all statements in this section refer to the trace monoid M(A, I) and
not to the corresponding graph product G. In particular, when we write a product
tits - - -t, of traces t; € M(A, I) no cancellation occurs between the ¢;. We will also
consider the case that E = () (and hence I = ), in which case M(4, ) = A*.

Let s,t € M(A,I) be traces. We say that s is a prefiz of ¢ if there is a trace
r € M(A,I) with sr = t. Moreover, we define p(t) as the number of prefixes of t.
We will use the following statement from [6].

Lemma 5.4. Lett € M(A, ) be a trace of length n. Then p(t) < O(n®) < O(nlT),
where « is the size of a largest clique of the independence alphabet (T, E).

Remark 5.5. It is easy to see that p(t) =n+1if £ = 0.

Lemma 5.6. Let u € M(A,I)\{1} be a connected trace and m € N, m > 2. Then,
for all x € N and traces y1, ..., ym the following two statements are equivalent:

(i) u® = y1y2 - Y-
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(1t) There exist traces p; ; (1 < j <i<m), s; (1 <i<m) and numbers z;,c; € N
(1<i<m, I_Sjgm—l) such that:

Yy, = (H;;ll pij)utis; for alll < i <m,

o pij Ipee if j <{<k<iandp;;I (u*sy) if j <k <if]
o s;, =1 and forall1 < j<m, s; Hﬁjﬂpi,j — u,

e« ¢;<IT| foralll <j<m-1,

o x =" i+ Z;’;}l ci.

Note that this implies alphp(p; ;) Ualphp(s;) C alphp(u) for 1 < j < i <m.

The proof of Lemma is the same as for [42] Lemma 3.3|, where the statement
is shown for the case of a finite independence alphabet (A, I). In our situation the
independency between traces only depends on their I'-alphabets. This allows to
carry over the proof of [42] Lemma 3.3| to our situation by replacing the alphabet
alph(t) of a trace t € M(A, I) by alphp(u).

Remark 5.7. In Section we will apply Lemma [5.6] in order to replace an
equation u® = y1y2 -+ Ym (Where z,y1,...,ym are variables and u is a concrete
connected trace) by an equivalent disjunction. Note that the length of all factors
pi,; and s; in Lemma is bounded by |T'| - |u| and that p; ; and s; only contain
symbols from u. Hence, one can guess these traces as well as the numbers ¢; < |T|
(the guess results in a disjunction). We can also guess which of the numbers z; are
zero and which are greater than zero (let K consists of those ¢ such that x; > 0).
After these guesses we can verify the independencies p; ; I pre (7 < € < k < 9)
and p;; I (u™sy) (j < k < i), and the identities s, = 1, s; [[}2,, pij = u
(1 < j < m). If one of them does not hold, the specific guess does not contribute
to the disjunction. In this way, we can replace the equation u* = y1y2 - - ym by a
disjunction of formulas of the form

Hxi>0(i€K):x:in+c/\/\yi:piu“si/\ /\ Yi = DiSi,
ieK €K i€[l,m]\K

where K C [1,m], ¢ < |T'| - (m — 1) and the p;, s; are concrete traces of length
at most |I'| - (m — 1) - |u|. The number of disjuncts in the disjunction will not be
important for our purpose.

Lemma 5.8. Let p,q,u,v,s,t € M(A,I) with u # 1 and v # 1 connected. Let
m = max{p(p), p(q), p(s), p(t)} and n = max{p(u), p(v)}. Then the set

L(p,u, s,q,v,t) = {(z,y) € Nx N | pu®s = qu¥t}

is a union of O(m® - n*T) many linear sets of the form {(a + bz, ¢+ dz) | z € N}
with a, b, c,d < O(m®-n). In particular, L(p,u, s, q,v,t) is semilinear. If |T| is a
fized constant, then a semilinear representation for L(p,u, s, q,v,t) can be computed
in polynomial time.

Again, the proof of Lemma is exactly the same as the proof of [42] Lemma
3.8]. One simply substitutes |A| by |I'| and alph(z) by alphp(z).

Remark 5.9. Let us consider again the case E = I = () in Lemma Let
m = max{|p|, |q,|s|, ||, |ul,|v|}. We can construct an automaton accepting pu*s
of size at most 3m and similarly for qv*t. Hence, we obtain an automaton of size
O(m?) accepting the language L = pu*snquv*t. We are only interested in the length
of words from L. Let A be the automaton obtained from the automaton for L by
replacing every transition label by the symbol a. The resulting automaton A is

3Note that since alph(p;,;) C alph(u), we must have p; j = 1 or z}, = 0 whenever j < k < i.
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defined over a unary alphabet. Let P = {n | a™ € L(A)}. By [49, Theorem 1], the
set P can be written as a union

=1

with 7 € O(m*) and b;,¢; € O(m*). For every 1 < i < r and z € N there must
exist a pair (z,y) € N x N such that

byt iz = Ips| + Jul - = lgt] + o] - .

In particular, b; > |ps|, b; > |qt|, |u| divides b; — |ps| and ¢;, and |v]| divides b; — |qt|
and ¢;. We get
z € N}

L(pvuasaqvvvt) = U {<|pS| + c— . Z,ﬁ + i . Z)
and all numbers that appear on the right-hand side are bounded by O(m?).

AT TR TR

5.4. Irreducible powers in graph products. In this section, we study powers
u™ for an irreducible trace u € IRR(R). We need the following definitions: A trace
u € M(A,T) is called cyclically reduced if u € IRR(R) and there do not exist a € A
and v € M(A, I) such that u = ava™!. A trace t € M(A,I) is called well-behaved if
it is connected and t™ € IRR(R) for every m > 0.

Lemma 5.10. Let u € IRR(R). If u* € IRR(R) then u™ € IRR(R) for all m > 0.

Proof. Assume that m > 3 is the smallest number, such that v™~! € IRR(R) and
u™ ¢ IRR(R). Hence we can write ™ = zaby with z,y € IRR(R) and a,b € A;
for some i € I'. Applying Levi’s lemma, we get factorizations x = z1xo - - - x,,, and
Y = Y192 - - - Ym and the following diagram:

Y1y [ Y2 |--- Ym—1 | Ym

b b

a a

X | 1 i) Tm—1 T,
u u N u u

This is in fact the only possibility for the positions of the atoms a and b: If @ and b
were in the same column then u would contain the factor ab and hence u ¢ IRR(u).
Also a and b are not independent, which means b has to be top-right from a. If a is
not in the first column or b is not in the last column, then «™ ! is reducible, which
contradicts the choice of m. Hence, we have u = ziay; = by, with a I z,,,
y1 Iz and b I y1. We get u? = 2101 TmbYm = T10T0mY10Ym = T1Tmay1bym =
21T aby1 Y. Hence u? ¢ IRR(R), which is a contradiction. O

Lemma 5.11. A trace u € M(A,I) is well-behaved if and only if it has the following
properties:
e u is irreducible,
e u s not atomic,
e wu is connected, and
e one cannot write w as u = avb such that a,b € A; for some i € T (in
particular, u is cyclically reduced).

Proof. Clearly, if one the four conditions in the lemma is not satisfied, then u is not
well-behaved. Now assume that the four conditions hold for u. By Lemma [5.10} it
suffices to show that u? € IRR(R). Assume that u? = xaby with a,b € A;. Applying
Levi’s lemma, and using u € IRR(R) and (a, b) ¢ I, we obtain the following diagram:
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Y19 | Y

b b

a a

| X1 | X2
u u

From Levi’s lemma we also get b I y; and a I zo. But a and b are in the same
group, hence a I y; and b I x5 also hold. The first property implies v = va with
v = z1y; and the seconds property gives us u = bw with w = xoy,. Since u is not
atomic, we have v # 1 # w. Now we apply Levi’s lemma to va = bw, which yields
one of the following diagrams:

wlv=w w|w | a
b

b a="b b
v a v |a

From the left diagram we get a I v. Hence u = wa is not connected, which is a
contradiction. From the right diagram we get v = va = bw’a for some trace w’,
which is a contradiction to our last assumption. This finally proves u? € IRR(R),
hence u is well-behaved. (]

Lemma 5.12. From a trace u € M(A,T) one can compute traces s,t,v1,...,v5 €
IRR(R), such that the following hold:

e cvery v; s either atomic or well-behaved,
o U =g svi"---vi't for allm >0,
k
o s+ It + 22imy sl < 3Jul,
o k< «, where « is the size of a largest clique in (I', E).

Proof. Let u € M(A,I). As an initial processing, we can replace every u by
NFgr(u) € IRR(R). So we can assume that « is already irreducible. In the next
step, we compute irreducible traces s, w,t, such that v™ =g sw™t for all m > 0
and w cannot be written as w = aw’b with a,b € A; for some j € I'. For this, we
will inductively construct irreducible traces s;,u;,t; (with 0 < ¢ < ¢ for some /)
such that u™ =g s;u™t; for all m > 0. Moreover, if 0 < i < £ then |u;| > |u;11].
We start with ug = u and sg = tg = 1. Assume that after ¢ steps we already found
irreducible traces s;, u;, t; with u™ =¢ s;ui*t; for all m > 0. If u; cannot be written
in the form aw’b with a,b € A; for some j, then we are done. Otherwise assume that
u; = av;b for some a,b € A;. Let ¢ € A;U{1} such that ¢ = ba in the group G;. So
we get ul" =g a(v;c)™a~! for all m > 0. This means u™ =¢g (s;a)(vic)™(a™t;).
Hence, we can set u;11 = vic, s;ir1 = NFg(s;a) and t;1; = NFg(a~'t;). Note
that Jussa| = fuil = 1, Juisal < Juil, Isisal < Isil + lal, and Jtisa] < 16l + lal.
This process is terminating after at most |u| steps. Note also that each u;4q is
irreducible. When our algorithm is terminating after step £, we set v = uy, s = sy
and t = t,. We have

Isll, 2], o] < Jul.- (2)
Finally, we split v into its connected components, i.e., we write v = v - - - v, where
every v; is connected and v; I v; for 7 # j. We obtain for every m > 0 the identity
u™ =g sv{"---v't as described in the statement of the lemma. If a v; is not
atomic then it cannot be written as v; = bvjc with b,c € A; (otherwise the above
reduction process would continue). Thus Lemma implies that the non-atomic
vj are well-behaved. Finally, we have Zle Jvi| = Jv] < Ju] by @). O

Remark 5.13. If £ = () then we must have ¥ = 1 in Lemma since a = 1.
Hence, we obtain s, t,v, where v is either atomic or well-behaved, such that u™ =

sv™t for every m > 0 and |s| + |v| + |¢] < 3|ul.
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5.5. Reductions to the empty trace. For the normal form of the product of
two R-irreducible traces we have the following lemma, which was shown in [14]
(equation (21) in the proof of Lemma 22) using a slightly different notation.

Lemma 5.14. Let u,v € M(A, I) be R-irreducible. Then there exist strongly com-

patible independence cliques C,D and unique factorizations u = pCs, v = s~ ' Dt
such that NFg(uv) = p(CD)t.

In the following, we consider tuples over IRR(R) of arbitrary length. We identify
tuples that can be obtained from each other by inserting/deleting 1’s at arbitrary
positions. Clearly, every tuple is equivalent to a possibly empty tuple over IRR(R)\

1.

Definition 5.15. We define a reduction relation on tuples over IRR(R) of arbitrary
length. Take wuy,us, ..., Uy € IRR(R). Then we have

o (Up, Uy ey Um) = (Wl ee ey U1y Ui 1y Uiy Ui 2y« oy Uy ) Iy T g (& swap-
ping step),
. —1 .
o (ur,ugy .. Um) = (Ut oo Uim1, Uig2, ooy W) if g = ug sy in M(A,T) (a
cancellation step),
o (Up, Uy .y Um) = (UL, ey Wim1, @y Uity ..., Uy) if there exists j € T' with

Ui, Uig1, 06 € Aj, and a = w;u;41 in G5 (an atom creation step of type j).

Moreover, these are the only reduction steps. A concrete sequence of these rewrite
steps leading to the empty tuple is a reduction of (uy, ua, ..., uy). If such a sequence
exists, the tuple is called 1-reducible.

A reduction of the tuple (u,us, ..., u,) can be seen as a witness for the fact that
ULU2 * + - Uy =g 1. On the other hand, ujus - - - uy =¢ 1 does not necessarily imply
that (uq,us,...,uy,) has a reduction. For instance, the tuple (a=1,ab,b~!) has no

reduction. But we can show that every sequence which multiplies to 1 in G can be
refined (by factorizing the elements of the sequence) such that the resulting refined
sequence has a reduction. We say that the tuple (v1, va, ..., v,) is a refinement of the
tuple (u1,us, ..., un) if there exists factorization w; = ;1 - - u;k, in M(A,I) such
that (v1,v2,...,Un) = (U115, UL kys UD1s--s U2 hgy oy Um,1s-- -5 Um, k). 1N the
following, if an independence clique C' appears in a tuple over IRR(R), we identify
this clique with the sequence aq,as, ..., a, which is obtained by enumerating the
elements of C in an arbitrary way. For instance, ([abed]r, {a,b, c}) stands for the
tuple ([abed]r, a, b, c). Let us first prove the following lemma:

Lemma 5.16. Assume that the tuple (vq,vs,...,v,) is 1-reducible with at most
m atom creations of each type. For all 1 < i < n let v; = p;D;t; be a fac-
torization in M(A,I) where D; is an independence clique of (A,I). By refining
P1,t1, .-, Pn, by into a total of at most 4n + Y1, |D;| traces, we can obtain a re-
finement of (p1,D1,t1,p2, Da,to, ..., Dn, Dy, tn) which is 1-reducible with at most
m atom creations of each type.

Proof. Basically, we would like to apply to (p1, D1,t1, p2, Do, ta, ..., Dn, Dy, ty) the
same reduction that reduces (v1,va, ..., v,) to the empty tuple. If we do a swapping
step v;,v; — vj,v; then we can swap also the order of p;, D;,t; and p;, D;,t; in
several swapping steps. Also notice that if v; is an atom, then the subsequence
pi, D;, t; is equivalent to the atom v;. The only remaining problem are cancellation
steps. Assume that v; and v; cancel, ie., v; = v;l. The traces t; and t; do not
necessarily cancel out, and similarly for p; and p; and the atoms in D; and D;.

Hence, we have to further refine p;,t;,p;,t; using Levi’s lemma. Applied to the
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identity p; D;t; = t;leflp;l it yields the following diagram:

—1
pp | @iy | Nij| 2
—1
Djl Wij | Ciy | Eiy
b | wiy | Siy | Y

pi | Di | &
Hence, we get factorizations
pi = wi ;Wi xi; (4)
ti = Yijlijzi; (5)
pj = ENigeis (6)
tj = yi_,jlsi_,jlwi_,jl' (7)

where D; = S; ; WC; ; W N; j and D = E;jl t Cijjl W ijl Using these facts and
the independencies obtained from the diagram shows that the tuple
(Wi Wiy @i g, Distig By 2igs 255 Nijo @i Doy S5 wi )

is 1-reducible. Hence, by refining p;, t;, p;j, and t; according to the factoriza-
tions 7 , @, and 7 respectively, we obtain a 1-reducible refinement of
(pl, Dy, t1,p2,Dasto, ... pn, Dn,tn). Note that |Wi’j U Ei7j| < |DJ| and |Ni’j U
Si.i| < |D;|. Hence, the 2n traces p1,t1,...,Pn,ty are refined into totally at most
dn+ 31 | |Dy| traces. a

As before, « denotes the size of a largest independence clique in (A4, I).

Lemma 5.17. Let m > 2 and uy,ug, ..., Uy, € IRR(R). If uyus - uy, =1 in G,
then there exists a 1-reducible refinement of (u1,us, ..., uy) that has length at most
(Ba+4)m? < Tam? and there is a reduction of that refinement with at most m — 2
atom creations of each type i € I

Proof. The proof of the lemma will be an induction on m. For this we first assume
that m is a power of 2. To make the induction work, we slightly strengthen the
claim: We will show that there exist factorizations of the u; with totally at most
f(m) = (2a+1)m? — (3a+ 1)m factors such that the resulting tuple is 1-reducible
and has a reduction with at most (m — 2) atom creations of each type 4 € I. This
implies the lemma for the case that m is a power of two.

The case m = 2 is trivial (we must have us = uy'). Let m = 2n > 4. Then by
Lemma we can factorize ug;_1 and ug; for 1 <1i < n as ug;_1 = p;Cs;_18; and
ug; = s; Coit; in M(A, I) such that Cy;_1 and Cy; are strongly compatible inde-
pendence cliques and v; = p;(Ca;—1C2;)t; is irreducible. Define the independence
clique D; = C5;_1C5. We have vjvy---v, = 1 in G. By induction, we obtain
factorizations p; D;t; = v; = v;1 -+ - vk, (1 < i < n) such that the tuple

(Vi1s- - Vik;)1<i<n (8)

is 1-reducible. Moreover,
" 3 3
;ki < <4a+1> n? — (2a+1> n

and there exists a reduction of the tuple with at most n — 2 atom creations of
each type. By applying Levi’s lemma to the trace identities p; Dit; = v; 1052 - Vi k;
we obtain factorizations Vi = mi,jDi,jyi,j in M(A, I) such that D,L' = E‘JlSjSki Di,ja
Di = Ti1 " Tiks ti = Yi,1 - Uik, and the following independencies hold for 1 <
J<l<kiiyijIxie, yijIaforalla€ Dy, al z;y for all a € D; ;. Note that
D; ; can be the empty set.

Let us now define for every 1 < i < n the tuples uo;_1 and uy; as follows:
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® Uyi1 = (i1, Tik;> Coiz1,8:)

o Uy = (s; ", Coi Yits - Yisk,)
Thus, the tuple @; defines a factorization of the trace u; and the tuple (1, g, . . ., Uap)
is a refinement of (ug, ..., us,) of length 2f(n)+2n(a+1). This tuple can be trans-
formed using n cancellation steps (cancelling s; and s; 1) and n atom creations of
each type into the sequence

(Ti1, s Tikes DisYi1y -+ Yisks ) 1<i<n.
Using swappings, we finally obtain the sequence
(xi,la Di,la Yidly oo Tikys Di7k1 s Yikq )1SZ§7L (9)

Recall that v; ; = x; ;D; ;y; ;. Hence, the tuple @D is a refinement of the 1-reducible
tuple (8). We are therefore in the situation of Lemma By further refining

the totally at most 2f(n) factors x; ; and y; ; of the traces uq, ..., us, we obtain a
1-reducible tuple. The resulting refinement of (uq,...,us,) has length at most
n n k;
i=1 i=1 j=1
< 4 §a+1 n? —4 §04—1—1 n—|—zn:|D'|—|—2n+2no<
- 4 2 il
< (Ba+4)n® — (6a+4)n+ (3a+2)n

(Ba+4)n* — (3a +2)n

3 9 3
<4a—|—1>m — <2a+1)m

Oor ki >, Z;C:l |D; ;| traces from the refinement of the traces x; ; and y; ;
by Lemma 2n traces s?[l, and 2na atoms from the independence cliques C;).
Finally, the total number of atom creations of a certain typeisn+n—2=2n—2 =
m — 2.

In the general case, where m is not assumed to be a power of two, we can
naturally extend the sequence to wuy, us, . .., uy by possibly adding u; = 1 for i > m
to the smallest power of 2. Hence ¢ < 2m. Substituting 2m for m yields the desired
bound. Note that by this process, the number of atom creations will not increase.
This concludes the proof of the lemma. O

Since by this result we also get a l-reducible tuple with at most O(m?) many

elements for equations ujus - - - 4, = 1 over a graph group, this improves the result
of [42].

Remark 5.18. The atom creations that appear in a concrete reduction can be
collected into finitely many identities of the form ajag---ar =¢, biba---bs (or
aijas - - - aka1 e b2_1bl_1 =q, 1), where aq1,as,...,ax,b1,ba,...,by are atoms from
the initial sequence that all belong to the same group G;. The new atoms ajas - - - ay,
and by1bs - - - by are created by at most m—2 atom creations. Finally, the two resulting
atoms cancel out. Note that k —1+/—1<m—2,ie, k+/{<m.

In case E = I = () the quadratic dependence on m in Lemma[5.17]can be avoided:

Lemma 5.19. Let m > 2 and uj,us, ..., U, € IRR(R). Moreover let E =1 = ).
If uyug -+ - Uy = 1 in the free product G, then there exists a 1-reducible refinement
of the tuple (uy,us, ..., uy) that has length at most Tm—12 and there is a reduction
of this refinement with at most m — 2 atom creations.
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Proof. We prove the lemma by induction on m. The case m = 2 is trivial (we must
have ug = ufl). If m > 3 then for the normal form of ujus there are two cases:
either ujus € IRR(R) or u; = pas and us = st for atoms a,b from the same
group G; that do not cancel out. We consider only the latter case. Let ¢ = ab
in Gy, i.e., ¢ € A;. By the induction hypothesis, the tuple (pct,us, ..., u,) has a
1-reducible refinement

(U1, vy Uy W1, ..y W) (10)
with kK + ¢ < 7(m — 1) — 12 and pct = vy --- vk, where the latter is an identity
between words from A*. Moreover, there is a reduction of with at most m —3
atom creations. Since pct = vy ---vg, one of the v; (1 < j < k) must factorize
as vj = v;,1¢cvj2 such that p = vy ---v;_1v;1 and ¢t = v; 2041 - - - Vg, which implies
up =1 - vj_1vj1a8 and ug = s 'bv; 90,41 - - v Therefore we have a 1-reducible
tuple of the form

—1 ~ ~
(’01,...,’0]‘_1,1}]'71,(1,878 ,b,vj72,vj+1,...,vk,wl,...,wg), (11)

where the sequence w; is w; unless w; cancels out with v; in our reduction of
(there can be only one such i), in which case w; is (v;2) ', ¢!, (v;,1) . It follows
that the tuple is a refinement of (u1, ug, ..., Uy,) with at most 7(m—1)—12+7 =
Tm — 12 words, having a reduction with at most m — 2 atom creations. (|

5.6. Graph products preserve knapsack semilinearity. In this section, we
assume that every group G; (i € T') is knapsack-semilinear. Recall that we fixed
the symmetric generating set ; for G, which yields the generating set ¥ = ;. Xs
for the graph product G. In this section, we want to show that the graph product
G is knapsack-semilinear as well. Moroever, we want to bound the function Eg 5
in terms of the functions K¢, 5,. Let K: N x N — N be the pointwise maximum of
the functions K¢, s, (n, m). We will bound E¢g x in terms of K.

Consider an exponent expression e = uj*v1u3%v2 - UL v,y,, where u;,v; are
words over the generating set 3. Let g; (resp., h;) be the element of G represented
by wu; (resp., v;). We can assume that all u; and v; are geodesic words in the graph
product GE| We will make this assumption throughout this section. Moreover,
we can identify each wu; (resp., v;) with the unique irreducible trace from IRR(R)
that represents the group element g; (resp., h;). In addition, for each atom a € A
(say a € A;) that occurs in one of the traces uy,us, ..., Um, V1, --,0m € IRR(R) a
geodesic word w, € X} that evaluates to a in the group G; is given. This yields
geodesic words for the group elements g1,...,9m,h1,...,hyn € G. The lengths of
these words are |ui|, ..., |uwmnl, |vil,- .-, |vm| and we have |e| = |ur|+-- -+ |um| +
[oal + -+ + Joml.-

We start with the following preprocessing step.

Lemma 5.20. Let e be an exponent expression over . From e we can compute a
knapsack expression €' with the following properties:
L4 Xe - Xe’7
le'] < 3el,
deg(e’) < a - deg(e),
every period of €' is either atomic or well-behaved, and
solg(e) = (K Nsolg(e))lx, for a semilinear set K of magnitude one.

Proof. Let uq,...,uy, € X* be the periods of e. We can view these words as traces
Uty .- Uy € M(A, I) that are moreover irreducible. We apply Lemma to each
power u? in e and obtain an equivalent exponent expression € of degree n < a-m

and |é] < 3|e|. We have Xz = X, and solg(e) = solg(€é).

4Since the word problem for every G; is decidable, also the word problem for G is decidable [23],
which implies that one can compute a geodesic word for a given group element of G.
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We now rename in € the variables by fresh variables in such a way that we
obtain a knapsack expression e¢’. Moreover, for every x € X, we keep exactly
one occurrence of x in € and do not rename this occurrence of . This implies
that there is a semilinear set K C NX¢ of magnitude one such that solg(e) =
(K Nnsolg(e))lx,- O

In case E = I = ) and that e is a knapsack expression, we can simplify the
statement of Lemma [5.20] as follows:

Remark 5.21. Assume that £ = I = () and that e is a knapsack expression as
in Lemma By Remark we can compute from e a knapsack expression e’
over X with the following properties:

o [e'] < 3lel,

o deg(e’) < deg(e),

e every period of ¢’ is either atomic or well-behaved, and

e solg(e) = solg(e).

We now come to the main technical result of Section As before, we denote
with « the size of a largest independence clique in (T, F).

Theorem 5.22. If each group G;, i € I', is knapsack-semilinear, then their graph
product G = G(T', E, (G;)ier) is knapsack-semilinear as well. Let K: NxN — N be
the pointwise mazimum of the functions Kg, x,(n,m) fori € I'. Then Eg x(n,m) <
max{Ky, Ko} with

K; < O((am)am/2+3 - K(6amn, am)*™*3),
Ky < (am)@@*m) . nO@?|Tim),

Proof. Consider an exponent expression e = uj'viuy>vs -+« - u=mv,,. Let us denote
with A(e) = alph(uivy - - - umvm,) C A the set of all atoms that appear in the traces
u;,v;. Finally let p(e) = max{|a| | @ € A(e)} and let A(e) be the maximal length
|t| where ¢ is one of the traces uy, ug, ..., Um, V1, ..., Vn. We clearly have u(e) < |e|
and A(e) < |e].

Let us first assume that e is a knapsack expression (i.e., z; # x; for i # j) where
every period u; is either an atom or a well-behaved trace (see Lemma [5.20)).

In the following we describe an algorithm that computes a semilinear represen-
tation of solg(e) (for e satisfying the conditions from the previous paragraph). At
the same time, we will compute the magnitude of this semilinear representation.
The algorithm transforms logical statements into equivalent logical statements (we
do not have to define the precise logical language; the meaning of the statements
should be always clear). Every statement contains the variables z1,...,z,, from
our knapsack expression and equivalence of two statements means that for every
valuation o : {z1,..., %, } — N the two statements yield the same truth value. We
start with the statement e = 1. In each step we transform the current statement
® into an equivalent disjunction \/!_; ®;. We can therefore view the whole process
as a branching tree, where the nodes are labelled with statements. If a node is
labelled with ® and its children are labelled with ®4,...,®,, then ® is equivalent to
Vi, ®;. The leaves of the tree are labelled with semilinear constraints of the form
(21,...,2m) € L for semilinear sets L. Hence, the solution set solg(e) is the union
of all semilinear sets that label the leaves of the tree. A bound on the magnitude of
these semilinear sets yields a bound on the magnitude of solg(e). Therefore, we can
restrict our analysis to a single branch of the tree. We can view this branch as a
sequence of nondeterministic guesses. Some guesses lead to dead branches because
the corresponding statement is unsatisfiable. We will speak of a bad guess in such
a situation.
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Let N, C [1,m] be the set of indices such that u; is atomic and let Nz = [1, m]\ N,
be the set of indices such that w; is not atomic (and hence a well-behaved trace).
For better readability, we write a; for the atom u; in case ¢ € N,. Define X, =
{z;|i € No} and Xg = {z; | i € Nz}. For i € N, let v(i) € T be the index with
U; € A’Y(i)'

Step 1: Eliminating trivial powers. In a first step we guess a set N7 C N, of indices
with the meaning that for ¢ € Ny the power a]’ evaluates to the identity element
of the group G ;). To express this we continue with the formula

O[Ny] = (e[M] =1 A N af =¢,, 1. (12)
1€Nq

where e[N7] is the knapsack expression obtained from e by deleting all powers a;*
with ¢ € Ny. Note that the above constraints do not exclude that a power ;" with
i € [1,m] \ Ny evaluates to the identity element. This will not cause any trouble
for the following arguments. Clearly, the initial equation e = 1 is equivalent to the
formula \/ . ®[N1].

In the following we transform every equation e[N;] = 1 into a formula W[N]
such that the following hold for every valuation o : {z; | i € [l,m]\ N1} = N:

(1) if U[NVy] is true under o then o(e[N]) =¢ 1,
(2) if a7 #a,.,, 1foralli e Ny \ Ny and o(e[N1]) =¢ 1 then W[N] is true under
o.

This implies that \/y . ®[N1] (and hence e = 1) is equivalent to the formula

V @INIA N 6 =a,, D).
N1CN, €N,
Step 2: Applying Lemma . We construct the formula ¥[Nj] from the knap-
sack expression e[N;] using Lemma More precisely, we construct ¥[Ny| by
nondeterministically guessing the following data:

(i) factorizations v; = wv;1---v;p, in M(A,I) of all non-trivial traces v;. Each
factor v; ; must be nontrivial too.

(i) “symbolic factorizations” u;* = y;1---y;k, for all i € Ngz. The numbers k;
and ¢; must sum up to at most 28am? (this number is obtained by replacing
m by 2m in Lemma . The y; ; are existentially quantified variables that
take values in IRR(R) and which will be eliminated later.

(iii) non-empty alphabets A;; C alph(u;) for each symbolic factor y; ; (i € Ng,
1 <j < k;) with the meaning that A, ; is the alphabet of atoms that appear
in Yi,jg-

(iv) areduction (according to Definition [5.15)) of the resulting refined factorization
of ui*v1u3?ve - - - uLm v, with at most 2m—2 atom creations of each type i € I'.

Note that every factor af* with ¢ € N, \ Ny evaluates (for a given valuation) either
to an atom from A, ;) or to the identity element. Hence, there is no need to further
factorize such a power a;‘. In our guessed reduction we treat a;® as a symbolic
atom (although it might happen that a?(z"’) =1 for a certain valuation o; but this
will not make the above statements (1) and (2) wrong).

We can also guess k; = 0 in (ii). In this case, we can replace u;* in e[N;] by
the empty trace and add the constraint z; = 0 (note that a well-behaved trace
u; # 1 represents an element of the graph product G without torsion). Hence, in
the following we can assume that the k; are not zero. Some of the y; ; must be
atoms since they take part in an atom creation in our guessed reduction. Such an
Yi,; is replaced by a nondeterministically guessed atom a; ; from the atoms in u;.
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The guessed alphabetic constraints from (iii) must be consistent with the inde-
pendencies from our guessed reduction in (iv). This means that if for instance y; ;
and yy ¢ are swapped in the reduction then we must have A; ; x A;, C I. Here
comes a subtle point: Recall that each power o™ (i € N, \ N7) evaluates for a given
valuation either to an atom from A, ;) or to the identity element. When checking
the consistency of the alphabetic constraints with the guessed reduction we make
the (pessimistic) assumption that every o™ evaluates to an atom from A, ;. This
is justified below.

For every specific guess in (i)—(iv) we write down the existentially quantified
conjunction of the following formulas:

o the equation u]* = y;1---yik, from (ii) (every trace-variable y; ; is exis-
tentially quantified),

e all trace equations that result from cancellation steps in the guessed reduc-
tion,

e all “local” identities that result from the atom creations in the guessed
reduction,

e all alphabetic constraints from (iii) and

e all constraints z; = 0 in case we guessed k; = 0 in (ii).

The local identities in the third point involve the above atoms a; ; and the powers
a;* for i € N, \ Ni. According to Remark they are combined into several
knapsack expressions over the groups G;.

The formula W[N] is the disjunction of the above existentially quantified con-
junctions, taken over all possible guesses in (i)—(iv). It is then clear that the above
points (1) and (2) hold. Point (2) follows immediately from Lemma[5.17 For point
(1) note that each of the existentially quantified conjunctions in W[N;] yields the
identity e[N1] = 1, irrespective of whether a power a;* is trivial or not.

So far, we have obtained a disjunction of existentially quantified conjunctions.
Every conjunction involves the equations u]" = y;1---y;, from (ii), trace equa-
tions that result from cancellation steps (we will deal with them in step 4 below),
local knapsack expressions over the groups G;, alphabetic constraints for the vari-
ables y; ; and constraints x; = 0 (if k; = 0). In addition we have the identities
a;’ =G, 1 (i € N1) from (I2). In the following we deal with a single existentially
quantified conjunction of this form.

Step 3: Isolating the local knapsack instances for the groups G;. In our existentially
quantified conjunction we have knapsack expressions ey, ..., e, over the groups G
(j € T'). These knapsack expressions involve the atoms a;; and the symbolic
expressions a;* with i € N,. Note that every identity aj" =¢_, 1 (i € N1) yields
the knapsack expression aj’. Each of the expressions e; is built from at most 2m
atom powers a;’ and atoms a;; (since for every j € I' there are at most 2m — 2
atom creations of type j) and its degree is at most m (since there are at most m
atom powers a;’). All atoms a; and a; ; belong to A(e). This yields the bound
lej| < 2mp(e) for 1 < j < ¢g. We can assume that each expression e; contains
at least one atom power wu;’ (identities between the explicit atoms a;; can be
directly verified; if they do not hold, one gets a bad guess). Moreover, note that
every atom power a;' with ¢ € N, occurs in exactly one e;. Assume that the
knapsack expression e; is defined over the group H; € {G; | i € I'}. The solution
sets sol; = soly, (e;) of these expressions are semilinear by the assumption on the
groups G;. Each sol; has some dimension d; < m (which is the number of symbolic
atoms in e;), where 3 %, d; = |N,| and the magnitude of sol; is bounded by
K(2mpu(e), m) < K(2m|e|, m). Finally, we can combine these sets sol; into the single
semilinear set S, = @?:1 sol; € N¥e« of dimension |N,| and magnitude at most
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K(2m|e|,m). Recall that the sets sol; refer to pairwise disjoint sets of variables.
For the variables z; € X, we now obtain the semilinear contraint (z;);en, € Sq.

Step 4: Reduction to two-dimensional knapsack instances. Let us now deal with
the cancellation steps from our guessed reduction. From these reduction steps we
will produce two-dimensional knapsack instances on pairwise disjoint variable sets.

If two explicit factors v; ; and v ¢ (from (i) in step 2) cancel out in the reduction,
;.7 > otherwise our previous guess was bad. If a symbolic factor
i,; and an explicit factor vy ¢ cancel out, then we can replace y; ; by vy, %. Before

we must have vy p = v

doing this, we check whether alph(v,; %) = A; ; and if this condition does not hold,
then we obtain again a bad guess. Let S be the set of pairs (7,j) such that the
symbolic factor y; ; still exists after this step. On this set S there must exist a
matching M C {(i,4,k,¢) | (4,7),(k,£) € S} such that y; ; and yi ¢ cancel out in
our reduction if and only if (7,4, k,¢) € M. We have (i,7,k,¢) € M if and only if
(kﬂgﬁi7j) E M'

Let us write the new symbolic factorization of u{* as uf’ = §; 1 - Ji r,, where
every ¥; ; is either the original symbolic factor y; ; (in case (7,j) € S) or a concrete
trace vk_} (in case y; ; and vy, ¢ cancel out in our reduction) or an atom a; ; € alph(u;)
(that was guessed in step 2). It remains to describe the set of all tuples (z1, ..., Zm)
that satisfy a statement of the following form: there exist traces y; ; ((¢,7) € S)
such that the following hold:

(@) wi* =9i1-- Uik, in M(A,TI) for all i € Ng
(b) alph(y; ;) = A; ; for all (4,5) € S,

(€) vij = yk_% in M(A,I) for all (z,7,k,£) € M
(d) (wi)ien, € Sa

In the next step, we eliminate the trace equations uf* = ;1 Jir, (i € Ng).
We apply to each of these trace equations Lemma (or Remark . For every
i € Ng we guess a subset K; C [1,k;], an integer 0 < ¢; < |I'| - (k; — 1) and traces
Pij»si,; with alph(p; ;) € alph(u;) 2 alph(s; ;) and [p; ;] [s; ;| < [T[- (ki —1) - |ui| <
IT'| - (ki — 1) - A(e), and replace ui* = ¢; 1 - - - ¥ir, by the following statement: there
exist integers x; ; > 0 (j € K;) such that

® T =Gt ek, Tigs
° zzi’j = pivjuiwi’jshj for‘allj S KZ‘,
® Yij = DijSij for all VS [1,]61] \Kl

At this point we can check whether the alphabetic constraints alph(y; ;) = A;;
for (i,5) € S hold (note that an equation y; ; = p; jsi; or yi; = piju; 7 s;; with
x;; > 0 determines the alphabet of y; ;). Equations §; ; = p; jsij, where g ;
is an explicit trace can be checked and possibly lead to a bad guess. From an
equation @; ; = pi,jufi'j 8;.5, where g; ; is an explicit trace, we can determine a
unique solution for x; ; > 0 (if it exists) and substitute this value into the equation
Ti = ¢+ e, Tij- Note that we must have z;; < [7;;] < A(e), since §; ; is an
atom or a factor of a trace v;, '. Similarly, an equation y; ; = p; ;s ; with (i,7) € S
allows us to replace the symbolic factor y; ; by the concrete trace p; ;s; ; and the
unique symbolic factor yy, with (4,7,k,¢) € M by the concrete trace s;jlpgjl.
If we have an equation yi¢ = pg ¢Sk, then we check whether s;jlp;jl = Dk.eSk.e
holds. Otherwise we have an equation yy ¢ = pyeu,"* sk, and we can compute
the unique non-zero solution for zy , (if it exists). Note that zy, < |52j1p51| <
27| - (ki — 1) - M) € O(T)> - m? - A(e)). We then replace z, in the equation
Ty = C + ZZeKk xy,¢ by this unique solution.
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By the above procedure, our statement (a)—(d) (with existentially quantified
traces y; ;) is transformed nondeterministically into a statement of the following
form: there exist integers x; ; > 0 (i € Ng, j € K) such that the following hold:
(a) i = ¢j+ X ex wiy for i € Na,

(b) piju;™s;j = s,;é(ugl)xk,ep;é in M(A,I) for all (i,5,k,¢) € M,

(¢) (xi)ien, € Sa-

Here, K/ C K; C [1,k;] is a set of size at most k; < 28am?, M’ C M is a
new matching relation (with (i,7,k,¢) € M’ if and only if (k,¢,4,5) € M'), and
c; <0+ (ki = 1) + ki - O(IT - m? - Ae)) < O(IT? - m™ - Ae)).

Step 5: Elimination of two-dimensional knapsack instances. The remaining knap-
sack equations p; ju; s, ; = 5;7}5(%:1)”*1);}3 in (b) are two-dimensional and can
be eliminated with Lemma [5.8] By this lemma, every trace equation

o, T, —1 —I\zk o, —1
Piju; 7S5 = Sk,z(uk )T D¢
(recall that all u; are connected, which is assumed in Lemma|5.8]) can be nondeter-
ministically replaced by a semilinear constraint
(@i, 2h.0) € {(@igjhe+bijhe 20k 06+ breij-2)| 2N}

For the numbers a; ; k¢, b k.6, k0,55, Ok,0,5,; We obtain the bound

8 4|
i ot Di ke s Ot iseig € O(p® - 41T,

where, by Lemma

p = max{p(pi;), p(Pr,0); p(5i,5); plsk,e)} < O(TP* - 28% -m>* - A(e)™)  (13)
and
v = max{p(us), plur)} < ON(e)*). (14)
Note that p(t) = p(t~!) for every trace t. Moreover, note that we have the con-
straints x; j,zr¢ > 0. Hence, if our nondeterministic guess yields a; ;¢ = 0 or
are¢q,; = 0 then we make the replacement a; ;¢ = @i j ke + bijre and apes; =
k0,55 + brgij. 1f after this replacement we still have a; jr¢ = 0 or agei; = 0
then our guess was bad.
At this point, we have obtained a statement of the following form: there exist
Zijke €N (fOI‘ (i,j, k,@ S M’) with Zi k0 = Zk,0,,j and such that
(a) @, =c + Z(i,j,k,é)eM’ (aid,k’e +bi ke Zz‘,j,k,é) for i € Nz, and
(b) (xi)ien, € Sa-
Note that the sum in (a) contains |K!| < 28m%a many summands (since for every
j € K| there is a unique pair (k,¢) with (7,7, k,¢) € M’). Hence, (a) can be written
as T = ¢ + 3 jmoyenr Digk.t - Zijke With

¢ = 4 Y aije

(i,5,k, L)€M’
O(T)? - m* - Me)) + O - m? - p® - 4T
O(|F‘16a+1 . 288a . m16a+2 . )\(6)804+4a\1“|)

< O(|F‘16a+1 . 288a A ml6o¢+2 . "€”8a+4a|I‘\)

IN N

(since A(e) < |e|]). The bound in the last line is also an upper bound for the
numbers b; j r¢. Hence, we have obtained a semilinear representation for solg(e)
whose magnitude is bounded by max{Kj, Ko}, where

Ky <K(2mle],m)
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(this is our upper bound for the magnitude of the semilinear set S,) and
Ky < O(‘F|16a+1 . 288a .m16a+2 . ”6"8a+4a\F|)'

Step 6: Integration of the preprocessing step. Recall that so far we only considered
the case where e is a knapsack expression having the form of the ¢’ in Lemma [5.20
Let us now consider an arbitrary exponent expression e of degree m. By Lemma/5.20
we have solg(e) = (K Nsolg(e'))]x, where K is semilinear of magnitude one and e’
has degree at most « - m and satisfies |¢/| < 3|e|. We can apply the upper bound
shown so far to ¢’. Hence, the magnitude of solg(e’) is bounded by max{Kj}, K.},
where
K| < K(6amle|,am)
and
K/2 < O(‘F|16a+1 . 288a . (am)16a+2 . (3”6H)8a+4a\F|)'

It remains to analyze the influence of intersecting with K. For this, we can apply
Proposition which yields for the magnitude the upper bound max{Ki, Kz},
where

Ki < O((am)*™/*T3 . K(6aml|e|, am)>™*3)

and
Ky < O((am)am/2+3 . O(|1—\|32a+3 . 288a . (am)16a+2 X (3”6”)8a+4a|ﬂ)0‘m+3)
< (am)P@’m) e O@*Tim),
This concludes the proof of the theorem. O

Remark 5.23. Assume that G is a fixed graph product (hence, |T'| is a constant).
Consider again the case that e is a knapsack expression (i.e., z; # x; for i # j)
where every period u; is either an atom or a well-behaved trace. Let m = deg(e).
In the above proof, we show that the set of solutions solg(e) can be written as a

finite union
P qi

solg(e) = U @ soly, ;(eij) @ Li
i=1j=1
such that the following hold for every 1 < i < p:

e every H; ; is one of the groups G}, and e, ; is a knapsack expression over
the group H; ;. The variable sets X, ; (1 < j < ¢;) form a partition of the
set X, (the variables corresponding to atomic periods).

e Every e; ; is a knapsack expression of size at most 2m|e| and degree at
most m (see step 3 in the above proof).

e The set L; is semilinear of magnitude O (|['|!62+128816a+2|¢|Satdalll) —
O (m16a+2|e|Ba+4alll) (see step 5 in the above proof).

Here, the indices i € [1,p] correspond to the guessed data in the above prove.
Moreover, given ¢ € [1,p] (i.e., a specific guess), one can compute the knapsack
expressions e; ; (1 < j < ¢;) and a semilinear representation of L; in polynomial
time. This yields a nondeterministic reduction of the knapsack problem for the
graph product G to the knapsack problems for the groups G; (i € T'), assuming
the input expression e satisfies the above restriction. Recall that in general, direct
products do not preserve decidability of the knapsack problem.

The reader might wonder, whether we can obtain a bound for the function K¢ 5
in terms of the function Kg, s,, which is better than the corresponding bound for
E¢ s from Theorem This is actually not the case (at least with our proof
technique): a power of the form u® where u = ujug € M(A, ) with uy I ug is
equivalent to ufu3. Hence, powers u* with v a non-connected trace naturally lead
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to a duplication of the variable z (and hence to an exponent expression which is no

longer a knapsack expression). This is the reason why we bounded the (in general

faster growing) function E¢ x; in terms of the functions Kg, s, in Theorem
An application of Theorem [5.22]is the following:

Theorem 5.24. Let G be a graph product of hyperbolic groups. Then solvability of
exponent equations over G belongs to NP.

Proof. For a hyperbolic group H (with an arbitrary generating set 3') it was shown
in [38] that the function Kg s (n) = Kg,x/(n,n) is polynomially bounded. Theo-
rem yields an exponential bound for the function Eg x(n) = Eg n(n,n) (note
that |T'| and « are constants since we consider a fixed graph product G). A nondeter-
ministic polynomial time Turing machine can therefore guess the binary encodings
of numbers o(z) < Kg n(|e]) for each variable z of the input exponent expression
e. Checking whether o is a G-solution of e is an instance of the compressed word
problem for G. By the main result of [28] the compressed word problem for a hy-
perbolic group can be solved in polynomial time and by [26] the compressed word
problem for a graph product of groups G; (i € T') can be solved in polynomial time
if for every ¢ € I' the compressed word problem for (G; can be solved in polynomial
time. Hence, we can check in polynomial time if ¢ is a G-solution of e. (]

Let us now consider the special case where the graph product is a free product
of two groups G and Gbs.

Theorem 5.25. If the groups G, and G5 are knapsack-semilinear, then G * Go is
knapsack-semilinear as well. Let K(n,m) be the pointwise mazimum of the functions
Ka, s, and Kg,s,. Then for G = G1 x Go we have Kg x(n,m) < max{Ki, Ks}
with

Ky = K(6mn,m) and Ky < O(mn?).

Proof. The proof is similar to the one from Theorem[5.22] We first consider the case
where every period u; is either an atom or a well-behaved word (see Remark [5.21)).
Let us go throw the six steps from the proof of Theorem [5.22}

Step 1. This step is carried out in the same way as in the proof of Theorem [5.22

Step 2. Here we can use Lemma instead of Lemmal[5.17] which yields the upper
bound of 14m on the number of factors in our refinement of uf'viui?ve - - ufmoy,
(where powers u;* with ¢ € N7 have been replaced by single atoms). The number
of atom creations (of any type) is at most 2m — 2. We do not have to guess the
atom sets A; ; C alph(u; ;) since there are no swapping steps in Lemma m

Step 8. This step is copied from the proof of Theorem We obtain for the
variables x; with ¢ € N, the semilinear constraint (z;);en, € S, where S, is of
magnitude at most K(2m|e|, m).

Step 4. Also this step is analogous to the proof of Theorem [5.22] Recall that
we have the better bound 14m on the number of factors in our refinement of
uytviuzvg - - - ulm vy, Eliminating the equations u* = ¢;.1 - - - ik, (¢ € Ng), which
are interpreted in A*, is much easier due to the absence of commutation. For every
i € Nz we obtain a disjunction of statements of the following form: there exist
integers x; ; > 0 (1 < j < k;) such that

e T =¢Ci+ Z?Ll Ti s

° gi,j = pi’jufi"jsi’j forall 1 < _j < k;.
Here, every p; ; is a suffix of u;, every s;; is a prefix of u; and ¢; < k; < 14m.

Basically, ¢; is the number of factors u; that are split non-trivially in the factor-
ization ui* = §;1 - Yik,- We can then carry out the same simplifications that we
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did in the proof of Theorem If g ; is an explicit word vy 113 then we determine
the unique solution z; ; (if it exists) of §; ; = p; ju; s, ; and replace z; ; by that
number, which is at most A(e). We arrive at a statement of the following form:
there exist integers z; ; > 0 (i € Ng, j € K;) such that the following hold:

(a) @i =)+ > ek, Tij for i € Ng,

(b) piju;™s;j = s,;é(ugl)“vfp,;é in A* for all (¢,7,k,¢) € M,

(¢) (zi)ien € Sq.

Here, K; C [1, k;] is a set of size at most k; < 14m, M is a matching relation (with
(1,7,k,£) € M if and only if (k,¢,4,j) € M), and ¢, < 1dm+k;-Ae) < O(m- A(e)).
The words p; ; and s; ; have length at most A(e).

Step 5. The remaining two-dimensional knapsack equations from point (b) are
eliminated with Remark Every equation

Tl 01
"Pre

can be nondeterministically replaced by a semilinear constraint

Ti,j _ 1/ -1
pigu; 7 sig = spe(uy )

(@35, 2k.0) € {(@igjhe +bijhe 20k 0+ breij-2)|2€N}
where the numbers a; j k¢, bi j k.0, Qk.0,ij+ b,e,i,j are bounded by O(A(e)?).
At this point, we have obtained a statement of the following form: there exist
zijke €N (for (i,4,k,0) € M) with z; j g ¢ = 2k, ; and such that
() @i =ci+ 33 jkeem(@ijke + bijke - Zijke) for i € Nz, and
(b) (zi)ien, € Sa-
The sum in (a) contains |K;| < 14m many summands. Hence, (a) can be written
as &; = ¢ + 3. i k.oyem bigikt * Zige,e With
¢ = g+ D aijike
(i,4,k,6)eM
< O(m-Xe)) +14m - O(A\(e)h)
= O(m-Ae)b).

We therefore obtained a semilinear representation for solg(e) whose magnitude is
bounded by max{Kj, Ky}, where

Ky = K(2mle|, m) and Ky < O(mle|?).

A

Step 6. For the preprocessing we apply Remark[5.21] Hence, we just have to replace
le| by 3|e| in the above bounds, which yields the statement of the theorem. O

Remark 5.26. By Theorem Kg,» is polynomially bounded if K¢, s, and
Kg, s are polynomially bounded. This was also shown in [42].

Remark 5.27. Analogously to Remark [5.23] the above proof shows that the set
of solutions solg(e) for G = G * G can be written as a finite union

P 4
solg(e) = U @ solu, ;(eij) ® Ly

i=1j=1
such that the following hold for every 1 < i < p:

e every H;; is either G; or G2 and e;; is a knapsack expression over the
group H; ;. The variable sets X, ; (1 < j < ¢;) form a partition of the set
X, (the variables corresponding to atomic periods).

e Every e; ; is a knapsack expression of size at most 6m|e| and degree at
most m.

e The set L; is semilinear of magnitude O(mn?*).
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Here, the indices i € [1,p] correspond to the guessed data in the above prove.
Moreover, given ¢ € [1,p], one can compute the knapsack expressions e; ; (1 < j <
¢;) and a semilinear representation of L; in polynomial time.

The above remark immediately yields the following complexity transfer result.
A language A is nondeterministically polynomial time reducible to a language B if
there exists a nondeterministic polynomial time Turing-machine M that outputs on
each computation path after termination a word over the alphabet of the language
B and such that z € A if and only if on input x, the machine M has at least one
computation path on which it outputs a word from B.

Theorem 5.28. The knapsack problem for G1 x G is nondeterministically poly-
nomial time reducible to the knapsack problems for G1 and Gs.

The consequence of Theorem that solvability of the knapsack problem in NP
is passed on from G; for i = 1,2 to the free product G;1*G5 was shown using different
methods in the extended abstract [41] (see also the comment after Theorem [6.10)).

6. PART 2: KNAPSACK IN HNN-EXTENSIONS AND AMALGAMATED PRODUCTS

In this section we deal with two constructions that are of fundamental impor-
tance in combinatorial group theory [44], namely HNN-extensions and amalga-
mated products. In their general form, HNN-extensions have been used to con-
struct groups with an undecidable word problem, which means they may destroy
desirable algorithmic properties. We consider the special case of finite associated
(resp. identified) subgroups, for which these constructions already play a promi-
nent role, for example, in Stallings’ decomposition of groups with infinitely many
ends [48] or the construction of virtually free groups [I1]. Moreover, these construc-
tions are known to preserve a wide range of important structural and algorithmic
properties |2} [7, 25 30, 311, 33 [34] [39, 40, [45].

6.1. HNN-extensions preserve knapsack semilinearity. Suppose G = (X |
R) is a finitely generated group with the finite symmetric generating set ¥ = QUQ !
and the set of relators R C ¥*. Fix two isomorphic subgroups A and B of G
together with an isomorphism ¢: A — B. Let t ¢ ¥ be a fresh generator. Then
the corresponding HNN-extension is the group

H=(QuU{t} | Ru{t " a  tp(a) | a € A})

(formally, we identify here every element ¢ € A U B with a word over ¥ that
evaluates to ¢). This group is usually denoted by

H= (G, t|t  at = p(a) (a € A)). (15)

Intuitively, H is obtained from G by adding a new element ¢ such that conjugating
elements of A with ¢ applies the isomorphism ¢. Here, t is called the stable letter
and the groups A and B are the associated subgroups. A basic fact about HNN-
extensions is that the group G embeds naturally into H [27].

Here, we only consider the case that A and B are finite groups, so that we may
assume that (AU B)\ {1} is contained in the finite generating set X. To exploit the
symmetry of the situation, we use the notation A(+1) = A and A(—1) = B. Then,
we have p®: A(a) = A(—a) for a € {4+1,—1}. We will make use of the (possibly
infinite) alphabet T' = G\{1}. By h: (T U{t,t7'})* — H, we denote the canonical
morphism that maps each word to the element of H it represents.

A word u € (TU{t,t~1})* is called Britton-reduced if it does not contain a factor
of the form c¢d with ¢,d € T or a factor t~%at® with a € {—1,1} and a € A(«).
A factor of the form ¢~ %*at® with o € {—1,1} and a € A(a) is also called a
pin. Note that the equation t~*at® = ¢*(a) allows us to replace a pin t~“at®
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t%

g2

t%s

t61 g1 gs t64
90 94
C1 C2 C3 Cq Cs Cg Cr Cs
ho h4
o to
i 192 hy % ha

FIGURE 1. A van Kampen diagram witnessing the equality of two
Britton-reduced words in the HNN-extension H.

by ¢*(a) € A(—«). Since this decreases the number of ¢’s in the word, we can
reduce every word to an equivalent Britton-reduced word. We denote the set of all
Britton-reduced words in the HNN-extension by BR(H).

In this section, let v be the cardinality of A. A word w € BR(H) \ T is called
well-behaved, if w™ is Britton-reduced for every m > 0. Note that w is well-behaved
if and only if w and w? are Britton-reduced. Elements of T' are also called atomic.

The length of a word w € (' U{¢,t71})* is defined as usual and denoted by |w|.
For a word w = ajas -+ - ax with a; € T'U {t, til} we define the the representation
length of w as |w| = Zle ni, where n; = 1 if a; € {t,t='} and n; is the geodesic
length of a; in the group G if a; € T'. Note that |a| =1 for a € (AU B) \ {1}.

The following lemma provides a necessary and sufficient condition for equality
of Britton-reduced words in an HNN-extension (cf. Lemma 2.2 of [25]):

Lemma 6.1. Let u = got® gy ---t% g, and v = hot®' hy - - - t*¢hy be Britton-reduced
words with go, . .., gk, ho,...,he € G and 61,...0k,e1,...,60 € {1,—1}. Thenu =
in the HNN-extension H of G if and only if the following hold:
e k=Clandd; =¢; for1 <i<k
e there exist ¢y, ..., Com € AU B such that:
— giC2i+1 = c2:hy in G for 0 < i <k (here we set co = cop11 =1)
— i1 € A(0;) and co; = % (coi_1) € A(—6;) for 1 <i < k.

The second condition of the lemma can be visualized by the diagram from Fig-
ure (also called a van Kampen diagram, see [44] for more details), where k = £ = 4.
Light-shaded (resp. dark-shaded) faces represent relations in G (resp. relations of
the form ct® = t°¢%(c) with ¢ € A(5)). The elements cy, ..., co in such a diagram
are also called connecting elements.

For our purposes, we will need the following lemma (cf. Lemma 2.3 of [25]),
which allows us to transform an arbitrary string over the generating set of an
HNN-extension into a reduced one:

Lemma 6.2. Assume that u = got‘slgl-~t5kgk and v = hgt*thy---t*hy are
Britton-reduced words (g;,h; € G). Let m(u,v) be the largest number m > 0
such that

(a) A(Ok—m+1) = A(—em) (we set A(dk+1) = A(—e0) =1) and
(b) there is ¢ € A(—ep,) such that
Ok —mrrgy gt g hottY -
(for m = 0 this condition is satisfied with ¢ =1).
Moreover, let c(u,v) € A(—¢em) be the element c in (b) (for m = m(u,v)). Then

hm_ltgm =y C

got6191 . ték—m,(u,u)v(u’ U)tem(u,v>+1 hm(u,u)+1 SoLgte hg

is a Britton-reduced word equal to uv in H, where y(u,v) € G such that y(u,v) =g
gkfm(u,v)c<ua U)hm(u,v)-
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FIGURE 2. The situation from Lemma [6.2]

The above lemma is visualized in Figure [2|

Lemma 6.3. From a given word u € BR(H) we can compute words s,p,v € BR(H)
such that u™ =g sv™p for every m > 0 and either v € G or v is well-behaved and
starts with t¥1. Moreover, ||s| + |p| + |v| < 3|u].

Proof. Let u € BR(H). Assume that u is not atomic; otherwise we are done. Let
us now consider the word 2. If 42 is not Britton-reduced, we can do the following:
using Britton-reduction we compute a factorization u = zyz such that zx =g g € G
and hence u? =g zygyz, where moreover x and y are chosen such that the sum
|z| + || is maximal. Note that either y = 1 or y begins and ends with ¢ or ¢t1
(otherwise we could make x or z longer). Moreover, |g| < |u|. We obtain the
equality u™ = (2yz)™ =g z(yg)™g 'z for every m > 0. We set s = x, v = yg,
and p = g7 '2z. If y = 1, we have v = g € G. Now assume that y begins and
ends with ¢ or t~!. Since y as a factor of v must be Britton-reduced, also v = yg
is Britton-reduced. Moreover, v? = ygyg must be Britton-reduced, otherwise we
could extend the length of x and z in the factorization v = xyz. Finally, we have
Isl + ol + ol = l=] + [yl + =] + 2lg] < 3[ul. 0

Lemma 6.4. Let u,v € BR(H)\G be well-behaved, both starting with t*', a,b €
AUB, v (resp., v') be a proper suffix of u (resp., v) and v (resp., v"") be a proper
prefix of u (resp., v). Let i = max{|ul|,|v|}. Then the set

La, v u,u” ;0" v,0",0) = {(z,y) € Nx N | av/vu"v" =5 v'v¥0"b}

is semilinear. Moreover, one can compute in polynomial time a semilinear repre-
sentation whose magnitude is bounded by O(y?u*).

Proof. The proof is inspired by the proof of [38, Lemma 8.3] for hyperbolic groups.
The assumptions in the lemma imply that for all z,y € N the words av/u*u” and
v'v¥v”b are Britton-reduced (possibly after multiplying a and b with neighboring
symbols from I'. For a word w € (I' U {t,t71})* we define |w|;+1 = |w|; + |w|;—1
(the t*1-length of w). Clearly, for Britton-reduced words w,w’ with w =g w’ we
have |w|j£1 = |w'|441.
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/ "

/ v v v V"

FIGURE 3. In the proof of Lemma [6.4] the automaton stores the
connecting elements, i.e. checks the rectangles.

We will first construct an automaton A over the unary alphabet {#}, where #
is a fresh letter, such that

L(A) = {#° | 32,y € N: av/uu" =5 v'v90"b, € = |av/u"u |21 }.

Moreover, the number of states of A is O(u?-v). Roughly speaking, the automaton
A verifies from left to right the existence of a van Kampen diagram of the form
shown in Figure [l Thereby it stores the current connecting element (an element
from AU B). By the assumptions on v and v we can write both words as u =
UQUL * * * Upy—1, UV = VU1 - - - U1 Where n and m are even, u; € {t,t71} for i even
and u; € G for ¢ odd, and analogously for v. Let us write v’ = upupi1 - Um—1,
= uguy - Ug—1, V= UpUpgr U1, U7 = vur - vs—1. We set p = m if v/ is
empty and ¢ = 0 if v” is empty and similarly for r and s. We will first consider the
case that p = rmod 2 and ¢ = smod 2; other cases are just briefly sketched at the
end of the proof.
The state set of A is

Q={(e,4,j) | c€e AUB,0<i<m,0<j<n,i=jmod2}.

The initial state is (a, p mod m, r mod n) and the only final state is (b, g mod m, s mod n).
Finally, A contains the following transitions for ¢;,co € AU B such that ciu; =g
vjcg (in case ¢ and j are odd, this must be an identity in G since u;,v; € G):

o (c1,1,7) #, (c2,i+ 1modm,j+ lmodn) if ¢ and j are even,
o (c1,1,7) EN (c2,i+ 1modm,j+ 1modn) if ¢ and j are odd.
The number of states of A is O(v - u?). If p = rmod 2 does not hold, then we have

to introduce a fresh initial state gg. Assume that for instance p is odd and r is
even. Thus u, belongs to G whereas v, is ¢ or ¢*. Then we add all transitions

q0 1 (¢,p + 1modm,rmodn) for every ¢c € AU B with au, =¢ c¢. If ¢ = smod 2
does not hold, then we have to add a fresh final state gy.

The rest of the argument is the same as in Remark [5.9] we only have to replace
the length of words by the t*'-length. We obtain a semilinear representation of
L(a,u,u,u” v, v,0",b) of magnitude O(y2 - ut). O

We now define 1-reducible tuples for HNN-extensions similar to the case of graph
products. Again we identify tuples that can be obtained from each other by insert-
ing/deleting 1’s at arbitrary positions.

Definition 6.5. We define a reduction relation on tuples over BR(H) of arbitrary
length. Take uy,us,...,u, € BR(H). Then we have

® (U, U2y ey Uy Ay Uiy e+ ey Upn) —> (Upy e ey U1, Dy Usg2y o Upy) 1 DOth uy
and ;41 contain ¢ or t~! and w;au;;, =g b for a,b € AUB (a generalized
cancellation step),

o (up, Uy yUm) = (Uly. ey Uis1, Gy Uigy - oy U) if us, w41 € T and g =¢
UiU;r1 € G
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If g # 1 then we call the last rewrite step an atom creation. A concrete sequence
of these rewrite steps leading to the empty tuple is a reduction of (uy,us, ..., Um).
If such a sequence exists, the tuple is called 1-reducible.

A reduction of a tuple (ug,usg,...,u,) can be seen as a witness for the fact
that uqusg - -u,, =g 1. On the other hand, ujus---u,,, =g 1 does not necessar-
ily imply that wy,us,...,u, has a reduction (as seen for graph products). But

we can show that every sequence which multiplies to 1 in H can be refined (by
factorizing the elements of the sequence) such that the resulting refined sequence
has a reduction. We say that the tuple (vi,ve,...,v,) is a refinement of the tuple
(u1,us2, ..., uy) if there exist factorizations w; = u; 1 -+ u; g, in (T U{t,¢71})* such
that (’Ul, V2,..., Un) = (u171, sy Ul ke ey Um 1y e - ,umkm).

Lemma 6.6. Let m > 2 and uy,us,...,u, € BR(H). If ujus---u, =1 in H,
then there exists a 1-reducible refinement of (uy,us, ..., uy) that has length at most
Tm—12 < Tm and there is a reduction of this refinement with at most 4m —8 atom
creations.

Proof. We prove the lemma by induction on m. The induction is similar to the one
of Lemma The case m = 2 is trivial (we must have uy = u;'). If m >3
then by Lemmawe can factorize u; and ug in (DU {t,t71})* as u; = ujg;r and
us = sgoub, such that rs =g ¢ € AUB, g1,92 € G and uyug =g ujguy € BR(H)
for ¢ = g1cga € G. The words r and s are either both empty (in which case we
have ¢ = 1) or r starts with some ¢° and s ends with ¢~¢.

By induction hypothesis, for the tuple (u}guj,us, ..., u,,) there is a 1-reducible
refinement

(V15 ey Vs UB, 15 v o s U Jegs - -y U1y - -+ s Urn Koy )5 (16)
with 4(m — 1) — 8 atom creations, where k + >."".k; < 7(m — 1) — 12 and
uhguly = v1---vg in (DU {t,t71})*. Since g € G, there exists 1 < i < k, such
that v; = v;19v52, U} = v1---v;_1v;1 and uh = ;20,41 - --vk. Now we replace
v; by vi1,9,v;,2 in the above refinement . If there exists u;, such that v; and
u; ¢ cancel out in a generalized cancellation step in the 1-reduction of then
there exist a,b € AU B such that v; 1gv; 2au; ¢ = viau; e =g b. The generalized
cancellation replaces v;, a,u; ¢ by b.

Recall that v; and u;, are both Britton-reduced. By Lemma we can factorize
uje in (TU{t,t71})* as uj = wig'ws such that there exist connecting elements
a/,b € AU B with v; sawy =g d/, v;1b'ws =g b, and ga'g’ =g V'; see Figure
This yields the refined tuple

(U17 sy Vi—1,Y1,91,7, 5,92, V5 2, Vi1 - - - 7’Uk7ﬂ3,17 v 7113,/63’ v aam,la s aam,km)v
of (u1,ug,...,upy), where @, = wi,g’,ws and @y 4 = upq in all other cases. The
length of this tuple is at most k + 7 + 27;3 k; < 7m — 12. The above tuple is also
1-reducible: First, r,s is replaced by c in a generalized cancellation step. Then,
after at most two atom creation we obtain the tuple

(1}1, ce ey Vi—1,V401,9,V3,2, Vi1« - 3 Uk, U3 15 - -« 3 US kgy v - - s Um, 1y - - - ,’LL7,L7;§M).

At this point, we can basically apply the fixed reduction of . The generalized
cancellation v;, a,u;, — b is replaced by the sequence

/ i / / ! /
Vi1,9,Vi2,6,W1,9 , W2 = V;1,9,a,9 , W2 = V; 1,90 ,G , W2 —> V3 1,b,we — b

which contains at most two atom creations. Hence, the total number of atom
creations is at most 4 + 4(m — 1) — 8 = 4m — 8. This concludes the proof of the
lemma. U

5Note that each of ¢, g1,92 can be 1, in which case the number of atom creations is smaller
than two.
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FIGURE 4. The generalized cancellation step for v; and u;, =
w1g'ws in the proof of Lemma [6.6}

Now we can prove the next main theorem.

Theorem 6.7. Let A, B be finite subgroups of G and let ¢: A — B be an iso-
morphism. If G is knapsack-semilinear, then the HNN-extension H of G (with
respect to the isomorphism @) is knapsack-semilinear as well. Moreover, we have
KH,g(n,m) S max{K1, KQ} with

Ki = Kg.s(24mn, m) and Ky < O(y*mn?).
where v = |A|.

Proof. We will follow the idea of the proof of Theorems [5.22 and [5.25] respectively.
We first consider the case where every period u; is either an atom or well-behaved
and starts with t*1. Again we are going through the six steps. For simplicity, we
write K instead of Kg x.

Step 1. This step is carried out in the same way as in the proof of Theorem [5.22

Step 2. Here we can use Lemma [6.6] instead of Lemma[5.17} which yields the upper
bound of 14m on the number of factors in our refinement of ui*viu3vy - - - uLm vy,
(where powers w;* with ¢ € N7 have been removed). The number of atom creations
is at most 8m — 8.

Step 3. This step is copied from the proof of Theorem We obtain for the
variables z; with ¢ € N, the semilinear constraint (z;);en, € S, where S, is of
magnitude at most K(8m|e|, m).

Step 4. This step is analogous to the proof of Theorem [5.25] The only difference
is that the 2-dimensional knapsack instances are produced by the generalized can-
cellation steps from Definition [6.5] We arrive at a statement of the following form:
there exist integers x; ; > 0 (i € Ng, j € K;) such that the following hold:

(a) &, =c, + ZjeKi x;,; for i € Ng,

(b) ai,jpi,jufi‘j Si,j =H S;j(u;l)mk’(p;jbi?j for all (i,j, k,g) S M,

(C) (xi)iENa € S,.

Here, K; C [1, k;] is a set of size at most k; < 14m, M is a matching relation (with
(,j,k,0) € M if and only if (k, £,4,5) € M), a;j,b; ; € AUB, and ¢, < O(m-A(e)).
Every word p; ; is a suffix of u; ; and every s; ; is a prefix of u; ;. In particular, p; ;
and s; ; have length at most A(e).

Step 5. The remaining two-dimensional knapsack equations from point (b) are
eliminated with Lemma Every equation

aijpigiu; " sig =n s ()™ Py i
can be nondeterministically replaced by a semilinear constraint for x; ; and xy ¢ of
magnitude O(7y?\(e)?). By substituting these semilinear constraints in the above
equations (a) for the z; (as we did in the proof of Theorem [5.22)), we obtain for the

variables x; (i € Ng) a semilinear constraint of magnitude O(m - 42 - A(e)*). This
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leads to a semilinear representation for sol (e) of magnitude at most max{Kj, K2},
where

Ky = K(8mle|,m) and Ky < O(m - 4% - |e|?).
Step 6. For the preprocessing we can apply Lemma to each period u;. Hence,
we just have to replace |e| by 3|e| in the above bounds, which yields the statement
of the theorem. O

The following result is obtained analogously to Theorem [5.28]

Theorem 6.8. The knapsack problem for (Gt | t~tat = p(a) (a € A)) (with A
finite) is nondeterministically polynomial time reducible to the knapsack problem

for G.

The consequence of Theorem [6.8] that solvability of the knapsack problem in
NP is passed on from G to H was shown using different methods in the extended
abstract [41].

6.2. Amalgamated products preserve knapsack semilinearity. Using our
results for free products and HNN-extensions, we can easily deal with amalgamated
products. For i € {1,2}, let G; = (¥; | R;) be a finitely generated group with
Y1 NYy = () and let A be a finite group that is embedded in each G; via the
injective morphism ¢;: A — G, for i € {1,2}. Then, the amalgamated product with
identified subgroup A is the group

<21 I | RiWRyU {gol(a) = (pg(a) | a € A}>
This group is usually written as

(G1xGa | p1(a) = p2(a) (a € A)).

or just G1 x4 Go. Note that the amalgamated product depends on the morphisms
©;, although they are omitted in the notation Gy x4 Gs.

From Theorem we can easily deduce a similar result for amalgamated prod-
ucts:

Theorem 6.9. Let G1 and G be finitely generated groups with a common subgroup
A. Let K(n,m) be the pointwise maximum of the functions Kg, », and Kg, 5,-
Furthermore, let v = |A] and let G be the amalgamated product Gy x4 Go. Then
with ¥ = X1 U Xy we have Kg x(n, m) < max{Kj, Kq, K3} where

Ky = Ka.s(144m?n,m), Ky < O(mn*) and Kz < O(m -~v* - n?).

Proof. For the proof we will make use of the previous theorem and Theorem [5.25
for free products.

It is well-known [44] Theorem 2.6, p. 187] that G; x4 G5 can be embedded into
the HNN-extension

H = (G % Go,t |t p1(a)t = pa(a) (a € A))
by the morphism ®: G; x4 Go — H with

t~lgt ifge @G
b(g)=4 I I
g if g € Go.

Obviously we have Kg xn(n,m) < Kg x(n,m). Hence we can calculate the bound
by first getting the bound for the free product G; * G5 and then proceeding with
the HNN-extension. Theorem tells us that J(n,m) = Kgvq,n(n,m) <
max{K}, K5}, where K| = K(6mn,m) and K, < O(mn*). To obtain Ky x(n,m),
we make use of Theorem [6.7 We have Ky x(n,m) < max{Ji,J2}, where J; =
J(24mn,m) and Jo; < O(y*mn?*). Since the function J(n,m) appears in Ji, we
have to substitute by what we calculated before. More precisely we have to make
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the substitution n — 24mn for the values K} and K. This yields Ky n(n,m) <
max{K1, Ka, K3}, where

Ky = K(144m?n, m),
Ky < (’)(m5n4),
Ks = Jo < O(y*mn?).
This finishes the proof of the theorem. O

From Theorems and [6.8)and the above embedding of G1#4 G in (G1xGa,t |
t~1p1(a)t = p2(a) (a € A)) we obtain:

Theorem 6.10. The knapsack problem for Gy x4 Go (with A finite) is nondeter-
ministically polynomial time reducible to the knapsack problems for Gy and Gs.

As before, the consequence of Theorem [6.10] that solvability of the knapsack
problem in NP is passed on from G; for i = 1,2 to the amalgamated product
G1 *4 G2 was shown using different methods in the extended abstract [41].

7. PART 3: KNAPSACK IN FINITE EXTENSIONS
We say that H is a finite extension of G if G is a finite-index subgroup of H.

Theorem 7.1. Let G be a finitely generated group with a finite symmetric gener-
ating set ¥ and let H be a finite extension of G (hence, it is finitely generated too)
with the finite symmetric generating set X' = X U (C'\ {1}) U (C\ {1})~1, where
C' is a set of coset representatives with 1 € C. Let £ = |C| be the index of G in
H. If G is knapsack-semilinear then H is knapsack-semilinear too and we have the
bounds

l- EGVZ(O(KQTL), m) + 2¢, (17)
0K s(OWn),m) + 2¢. (18)

EH72/ (TL, m)

<
Kas(n,m) <

Proof. Suppose we are given an exponent expression
e=u'vy Ut oy, (19)

in H where the u; and v; are words over ¥'. Let n be the length of e. As a first
step, we guess which of the variables x; assume a value smaller than ¢. For those
that do, we can guess the value and merge the resulting power with the v; on the
right. This increases the size of the instance by at most a factor of ¢, which is a
constant. At the end we will compensate this by applying the substitution n +— /n.
Hence, from now on, we only look for H-solutions ¢ to e = 1 where o(z;) > ¢ for
1< <m.

Next we guess the cosets of the prefixes of uj*vy - - - uZm vy, i.e., we guess coset
representatives c1,dy, ..., Cm—1,dm—1,cm € C and restrict to H-solutions o toe = 1
such that u‘;(m)vl . ~uf(xi) € Gc¢; and u({(zl)vl . ~-u?(zi)vi € Gd; for 1 < i < m.
Here, we set d,, = 1. Equivalently, we only consider H-solutions o where d;_1u;"c; !
and cividi_l all belong to G for 1 < i < m. Here, we set dy = 1. We can verify in
polynomial time that all c;v;d; ' (1 <4 < m) belong to G. It remains to describe
the set of all H-solutions o for e = 1 that fulfill the following constraints for all
1< <m:

di,luf(zi)cfl € G and o(z;) > L. (20)
For 1 <i < m consider the function f;: C' — C, which is defined so that for each
c € O, fi(c) is the unique element d € C with cu;d~! € G. Note that we can
compute f; in polynomial time if G and H are fixed groups (all we need for this is a
table that specifies for each ¢ € C and a € ¥’ the coset representative of ca; this is a
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fixed table that does not depend on the input). Then there are numbers 1 < k; < ¢
such that fi“kl (di—1) = f,f(di,l). With this notation, we have di,lufc;l e G if
and only if f#(d;—1) =¢; for all z € N.

We may assume that there is a z > ¢ with f?(d;—1) = ¢;; otherwise, there is
no H-solution for e = 1 fulfilling the above constraints and we have a bad
guess. Therefore, there is a 0 < r; < k; such that fi””(di_l) = ¢;. This means
that for all z > ¢, we have di_lufcfl € G if and only if f#(d;—1) = ¢; if and only if
z =L+k;-y+r; for some y > 0. This allows us to construct an exponent expression
over (3.

Let e; = ff(di,l). Then, the words di,lufefl, eiuf"egl, and eiuzicfl all repre-
sent elements of G. Moreover, for all y; > 0 and z; = £+ k; -y; +7; (1 < i < m),
we have
L4-E;i-yi+r; C_lcﬂ)idi_l

z21 z p—
uitvr U Uy, = di—1u, -

s

1

.
Il

(di—vufe; M) (equlie; )i (equlic; ' civid; )

L

&
Il
—

and each word in parentheses represents an element of G. Hence, we can define the
exponent expression
m
¢ = [[(diaulfe; V) (eiwfie; )™ (equjivid; ")
i=1
over the group G. From the above consideration we obtain
solg(e) N{o : X. — H | o satisfies the constraints (20)} =
{o|o(x;) =k;i-o'(x;) + (£ +r;) for some o’ € solg(e')}. (21)

The set in is semilinear by assumption and since all k; and r; are bounded
by ¢, we can bound its magnitude by ¢ - mag(solg(e’)) + 2¢. Moreover, we have
deg(e’) = deg(e). It remains to bound |e’|. For this, we first have to rewrite the
words di,lufejl, eiufiefl, and eiu:ividfl (which represent elements of G) into
words over Y. This increases the length of the words only by a constant factor:
for every ¢ € C and every generator a € ¥’ there exists a fixed word w., € ¥*
and d., € C such that ca = w,qdcq holds in H. After this rewriting we have
le’| < O(én), which implies mag(solg(e’)) < Eg = (O(¢n), m). This yields the bound
(- Eg,x(O(tn), m) + 2¢ for the magnitude of the semilinear set in (2I). Applying
the substitution n — ¢n from the first step finally yields . The corresponding
bound for knapsack expressions can be shown in the same way: Note that in
the above transformation of e into ¢’ we do not duplicate variables. O

From the above proof we also obtain the following result (similarly to Theo-
rem [5.28]).

Theorem 7.2. The knapsack problem for a finite extension of a group G is non-
deterministically polynomial time reducible to the knapsack problem for G.

The consequence of Theorem that solvability of the knapsack problem in NP
is passed on from G to finite extensions of G has also appeared in the extended
abstract [41].

8. FUTURE WORK

In |21] it was shown that the class of knapsack-semilinear groups is also closed
under restricted wreath products. It remains to bound the function Kgm(n,m)
in terms of the functions Kg(n,m) and Ky (n,m). Looking into the proof in [21]
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reveals that the Presburger formula that describes the solution set for a knapsack
equation over G{H involves a quantifier alternation. One therefore has to investigate
to what extent quantifier alternations blow-up the magnitude of semilinear sets.
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