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ABSTRACT

We consider exponent equations in finitely generated groups. These
are equations, where the variables appear as exponents of group
elements and take values from the natural numbers. Solvability of
such (systems of) equations has been intensively studied for various
classes of groups in recent years. In many cases, it turns out that
the set of all solutions on an exponent equation is a semilinear set
that can be constructed effectively. Such groups are called knapsack
semilinear. The class of knapsack semilinear groups is quite rich and
it is closed under many group theoretic constructions, e.g., finite
extensions, graph products, wreath products, amalgamated free
products with finite amalgamated subgroups, and HNN-extensions
with finite associated subgroups. On the other hand, arbitrary HNN-
extensions do not preserve knapsack semilinearity. In this paper,
we consider the knapsack semilinearity of HNN-extensions, where
the stable letter t acts trivially by conjugation on the associated
subgroup A of the base group G. We show that under some addi-
tional technical conditions, knapsack semilinearity transfers from
the base group G to the HNN-extension. These additional technical
conditions are satisfied in many cases, e.g., when A is a centralizer
in G or A is a quasiconvex subgroup of the hyperbolic group G.

CCS CONCEPTS

« Theory of computation — Formal languages and automata
theory.

KEYWORDS

algorithmic group theory, equations in groups, HNN-extensions,
hyperbolic groups

ACM Reference Format:

Michael Figelius and Markus Lohrey. 2022. Exponent equations in HNN-
extensions. In Proceedings of (ISSAC 2022). ACM, New York, NY, USA,
9 pages. https://doi.org/XXXXXXX XXXXXXX

This work has been supported by the DFG research project LO 748/13-1.

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior specific permission and/or a
fee. Request permissions from permissions@acm.org.

ISSAC 2022, July 04-07, 2018, Lille, France

© 2022 Association for Computing Machinery.

ACM ISBN 978-1-4503-XXXX-X/18/06...$15.00
https://doi.org/XXXXXXX.XXXXXXX

1 INTRODUCTION

For an infinite finitely generated group G and so-called exponent
variables x1, . . ., x; we consider equations of the form

hogy' hgy” -+ - hk_1g by = 1 (1)

where the g; and h; are elements of G (given as words over a gener-
ating set) and the every x; ranges over N. Equations of this form are
known as knapsack equations and have received a lot of attention
in recent years, see e.g. [1-5, 8, 10-12, 22-25, 27, 28]. Note that
in a knapsack equation, the exponent variables are assumed to be
pairwise different. If this is not assumed, i.e., if x; = xj for i # j is
allowed, then one speaks of an exponent equation. Several variants
and problems have been studied in this context. The most general
decision problem is to decide whether a given system of exponent
equations has a solution where natural numbers are assigned to the
variables x;. This problem is known to be decidable in hyperbolic
groups [23], virtually special groups (finite extensions of subgroups
of right-angled Artin groups)! [24], co-context-free groups (groups
where the complement of the word problem is context-free) [22],
and free solvable groups [8]. A simpler problem is the so-called
knapsack problem, where it is asked whether a single knapsack
equation has a solution. There are groups, with a decidable knap-
sack problem, but an undecidable solvability problem for systems
of exponent equations. Examples are the discrete Heisenberg group
[22] and the Baumslag-Solitar group BS(1,2) [2, Theorem E.1]. Let
us also remark that the variants of these problems, where the vari-
ables x; range over Z are not harder (one can replace a power gf"
with x; € Zby g7 (¢;1) ¥ with x;,y; € N).

Another problem is to describe the set of all solutions of a knap-
sack equation. It turned out that for many groups this set is ef-
fectively semilinear for every knapsack equation;? such groups
are called knapsack semilinear. For instance, the above mentioned
groups (hyperbolic groups, virtually special groups, co-context-free
groups and free solvable groups) are knapsack semilinear and the
class of knapsack semilinear groups is closed under the following
operations: finite extensions [10], graph products [10], wreath prod-
ucts [12], amalgamated free products with finite amalgamated sub-
groups [10], and HNN-extensions with finite associated subgroups
[10]. For a knapsack semilinear group one can decide whether a
given system of exponent equations has a solution. Moreover, for

!Many groups are known to be virtually special, e.g., Coxeter groups, fully residually
free groups, one-relator groups with torsion, and fundamental groups of hyperbolic
3-manifolds.

2 A subset of N™ is semilinear if it is a finite union of sets of shifted subsemigroups of
(N™, +); see Section 2.1 for more details. Effectively semilinear means that the finitely
many vectors from a semilinear description of the solution set of (1) can be computed
from words representing the group elements g; and h; in (1).
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a knapsack semilinear group also the set of all solutions of an ex-
ponent equations is effectively semilinear; this follows easily from
well-known closure properties of semilinear sets.

In this paper we want to further elaborate HNN-extensions.
HNN-extension is a fundamental operation in all areas of geometric
and combinatorial group theory. A theorem of Seifert and van
Kampen links HNN-extensions to algebraic topology, see e.g. [34,
p. 407]. Moreover, HNN-extensions are used in all modern proofs
for the undecidability of the word problem in finitely presented
groups; see e.g. [36, Section 9.3]. For a base group G with two
isomorphic subgroups A and B and an isomorphism ¢: A — B, the
corresponding HNN-extension is the group

H=(G,t|t at = g(a) (a € A)). ()

Intuitively, it is obtained by adjoing to G a new generator ¢ (the
stable letter) in such a way that conjugation of A by ¢ realizes ¢.
The subgroups A and B are also called the associated subgroups.
Recall from the above discussion that if G is knapsack semilinear
and A and B are finite then also H is knapsack semilinear [10].
For arbitrary HNN-extensions, this is not true. For instance, the
Baumslag-Solitar group BS(1,2) = (a,t | t~*at = a®) is not knap-
sack semilinear [25] but it is an HNN-extension of the knapsack
semilinear group (a) = Z. This example shows that we have to
drastically restrict HNN-extensions in order to get a transfer re-
sult for knapsack semilinearity beyond the case of finite associated
subgroups. In this paper we study HNN-extensions of the form

H={(Gt |t at=a(acA)), 3)

where A < H is a subgroup. In other words, we take in (2) for
¢ : A — B the identity on A. Intuitively: we add to the group G
a free generator ¢t together with commutation identities at = ta
for all a € A. This operation interpolates between the free product
G * (t) = G = Z and the direct product G X (t) = G X Z.

Even HNN-extensions of the form (3) with f.g. A are too general
for our purpose: if the subgroup membership problem for A is
undecidable then H has an undecidable word problem. Hence, we
also need some restriction on the subgroup A < G.

Definition 1.1. We say that G is knapsack semilinear relative to
the subset S C G if for all ho, g1, h1, 92, - - ., Ag_1, Gk hi € G the set
of all tuples (n1,...,n;) € N" with hog}h1g}? - - ~hk_lgzkhk €S
is effectively semilinear (we are mainly interested in the case where
S is a subgroup of G). For sets S1,...,5;r € G we say that G is
knapsack semilinear relative to {Si,...,S;} if for every 1 < i < k,
G is knapsack semilinear relative to S;.

Note that G is knapsack semilinear iff it is knapsack semilinear
relative to 1. Our first main result is:

THEOREM 1.2. IfG is knapsack semilinear relative to {1, A} then
H=(G,t|t 'at = a(a € A)) is knapsack semilinear.

In some situations we can even avoid the explicit assumption
that G is knapsack semilinear relative to the subgroup A. HNN-
extensions of the form (3), where A is the centralizer of a single
element g € G are known as free rank one extensions of centralizers
and were first studied in [29] in the context of so-called exponential
groups. It is easy to observe that if G is knapsack semilinear and
A < G is the centralizer of a finite set of elements, then G is also
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knapsack semilinear relative to A. In particular the operation of free
rank one extension of centralizers preserves knapsack semilinearity.
A corollary of this result is that every fully residually free group
is knapsack semilinear. The class of fully residually free groups is
exactly the class of all groups that can be constructed from Z by
the following operations: taking finitely generated subgroups, free
products and free rank one extensions of centralizers. Knapsack
semilinearity of fully residually free groups also follows from the
fact that every fully residually free group is virtually special [37].

In the second part of the paper, we study HNN-extensions of the
form (3), where G is a hyperbolic group. A group is hyperbolic if
all geodesic triangles in the Cayley-graph are §-slim for a constant
. The class of hyperbolic groups has several alternative charac-
terizations (e.g., it is the class of finitely generated groups with a
linear Dehn function), which gives hyperbolic groups a prominent
role in geometric group theory. Moreover, in a certain probabilistic
sense, almost all finitely presented groups are hyperbolic [14, 31].
Also from a computational viewpoint, hyperbolic groups have nice
properties: it is known that the word problem and the conjugacy
problem can be solved in linear time [7, 18]. In [23] it was shown
that hyperbolic groups are knapsack semilinear. Here we extend
this result by showing the following:

THEOREM 1.3. Let G be hyperbolic and let H be a quasiconvex
subgroup of G. Then G is knapsack semilinear relative to H.

Quasiconvex subgroups in hyperbolic groups are known to
have nice properties. Many algorithmic problems are decidable
for quasiconvex subgroups, including the membership problem
[21], whereas Rips constructed finitely generated subgroups of
hyperbolic groups with an undecidable membership problem [33].

A more detailed version of this paper can be found in [9].

2 PRELIMINARIES

In the following three subsections we introduce some definitions
concerning semilinear sets, finite automata, and groups.

2.1 Semilinear sets

Fix a dimension d > 1. A linear subset of N is a set of the form
L(bo,...,b) = {bo + a1by + ---arbg | ai,...,ap € N} with
bo,....by € N9, A subset S € N9 is semilinear, if it is a finite
union of linear sets. The class of semilinear sets is known to be
effectively closed under boolean operations, projections, and point-
wise addition. For a semilinear set S = Uy <j<, L(bi0, . -, bik,), We
call the tuple (b;j)1<i<n1<j<k; @ semilinear representation of S.

The semilinear sets are exactly those sets that are definable in
first-order logic over the structure (N, +) (the so-called Presburger
definable sets). All the known closure properties of semilinear sets
follow from this characterization. A good survey on semilinear
results and Presburger arithmetic with references for the above
mentioned results is [15].

2.2 Regular languages and rational relations

More details on finite automata can be found in the standard text
book [20]. Let 3 be a finite alphabet of symbols. As usual, ¥* denotes
the set of all finite words over the alphabet 3. For a word w =
ajaz - --ap with ay, ..., a, € X we denote with |w| = n the length
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of w. We denote the empty word (the unique word of length 0) with
&; in group theoretic contexts we also write 1 for the empty word.

A finite automaton over the alphabet ¥ is a tuple A = (Q, I, 4, F),
where Q is a finite set of states, I C Q is the set of initial states,
d € Q XX X Q is the set of transitions, and F C Q is the set of
final states. A word w = ajay - - - ap is accepted by A if there are
transitions (gij—1,ai,q;) € 6 for 1 < i < n such that qo € I and
qn € F. With L(A) (the language accepted by A) we denote the
set of all words accepted by A. A language L is called regularif it
is accepted by a finite automaton.

We fix an arbitrary enumeration ay, . . ., ai of the alphabet X. For
w e X" and 1 < i < k let |w|g; be the number of occurrences of
a; in w. The Parikh image of w is P(w) = (|wlq,,...,|wlq) € Nk,

The Parikh image of a language L € 3% is P(L) = {P(w) | w € L}.
The following important result was shown by Parikh [32].

THEOREM 2.1. The semilinear sets are exactly the Parikh images
of the regular languages. From a given finite automaton A one can
compute a semilinear representation of P(L(A)).

We will also use the following simple lemma:

LEMMA 2.2 (C.F. [10, LEMMA 5.8]). Letp,q,r,s,u,v € X*. Then the
set {(x,y) € NXN | pg*r = suYv} is semilinear and a semilinear
representation can be computed from p, q,r, s, u, .

A finite state transducer T over the alphabet X is a tuple 7~ =
(Q,1,6,F) where Q, I and F have the same meaning as in a finite
automatonand d € Q X ((Zx{e})U({e} X £)) X Q. A pair (u,v) €
3" x 2" is accepted by 7~ if there are transitions (q;—1, ai, i, qi) € 6
for 1 < i < |ul + 0] (a;,b; € Z U {e}) such that u = ay - a4 o),
0 =Db1 by 90 € I and qp,|4|o| € F. With R(7") we denote
the set of all pairs accepted by 7. A relation R C * X3* is a rational
relation if it is accepted by a finite state transducer.

2.3 Groups

For more details on group theory we refer to [26]. Infinite groups
are usually given by presentations. Take a non-empty set Q and let
Q71 ={a7! | a € Q} beaset of formal inverses such that QNQ ! =
0.Let X = QUQ™L. On the set * there is a natural involution (-) !
defined by (a™!)"! =aforae Qand (a;---an) ' =a;!--- al_1
foray,...,an € 3. A word w € X is called reduced if it does not
contain an occurrence of a word aa~! or a”la (a € ). Applying the
cancellation rules aa™! — ¢ or a”'a — ¢ as long as possible, every
word w € ¥* can be mapped to a unique reduced word red(w).
The free group F(2) consists of all reduced words together with the
group multiplication u - v = red(uv) for reduced words u,v. The
mapping red can be also viewed as a monoid morphism from >*
to F(X). For a subset R C X* one defines the group (X | R) as the
quotient group F(X)/NRg, where N, is the intersection of all normal
subgroups of F(X) that contain red(R) (the normal closure of R).
Clearly, every group is isomorphic to a group of the form (X | R).

Let G = (2 | R) in the following. If ¥ is finite then G is called
finitely generated (f.g. for short) and X is called a finite symmetric
generating set for G. If both X and R are finite, then G is called
finitely presented. The surjective monoid morphism red: ¥* —
F(Z) extends to a surjective monoid morphism h: ¥* — G, called
the evaluation morphism. For two words u,v € ¥* we write u =g v
if h(u) = h(v). For a subset S € G we write u €g Sif h(u) € S.
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3 KNAPSACK AND EXPONENT EQUATIONS

Let G be a f.g. group with the finite symmetric generating set X.
Recall the notion of knapsack semilinearity relative to a subset
S € G from Definition 1.1. If G is knapsack semilinear relative to
1 then G is called knapsack semilinear. All group elements in a
knapsack (or exponent) equation will be given by words over the
alphabet X.

We introduce a few additional notations for knapsack and expo-
nent equations. Fix pairwise different exponent variables x1, . . ., x¢.
An exponent expression over ¥ is a formal expression of the form

e= voulylvlugz e vk_luzkvk (4)
with k > 1, words uj,0; € 2" and y1,...,yx € {x1,...,x¢}. We
also write e(x1,...,x¢) in order to make the exponent variables
explicit. For natural numbers ny,...,n, € Nlete(ny,...,ny) € *
be the word obtained by replacing in e every exponent variable
x; by nj. A tuple (ny,...,ne) is called a G-solution (or simply a
solution if G is clear from the context) of the knapsack equation
e=1life(ny,...,ns) =g 1 holds. We can assume that u; # ¢ for all
1 < i < k. If all exponent variable in (4) are pairwise different then
e is called a knapsack expression. If G is knapsack semilinear, then
also for every exponent expression e the set of all G-solutions of
e = 1is effectively semilinear. This is a consequence of the effective
closure properties of semilinear sets; see e.g. [10].

As mentioned in the introduction, the class of knapsack semi-
linear groups is very rich. Groups that are not knapsack semilin-
ear are the 3-dimensional Heisenberg group H3(Z) [22] and the
Baumslag-Solitar group BS(1, 2) [2, 25]. These groups are not knap-
sack semilinear in a strong sense: there are knapsack expressions e
such that the set of all H3(Z)-solutions (resp., BS(1, 2)-solutions)
of e = 1 is not semilinear.

4 HNN-EXTENSIONS

In this section we introduce HNN-extensions. Suppose G = (X | R)
is a f.g. group with the finite symmetric generating set > = QU Q™!
and R € X*. Fix two isomorphic subgroups A and B of G together
with an isomorphism ¢: A — B. Let t ¢ ¥ be a new letter. Then
the corresponding HNN-extension is the group

H=Eu{tt '} [RU{t la te(a) | a € A})

(formally, we identify here every element g € A U B with a word
over X that evaluates to g). This group is usually denoted by

H=(G,t|t " at = g(a) (a € A)). (5)

Intuitively, H is obtained from G by adding a new element ¢ such
that conjugating elements of A with t applies the isomorphism ¢.
Here, ¢ is called the stable letter and the groups A and B are the
associated subgroups. A basic fact about HNN-extensions is that the
group G embeds naturally into H [17].

In this paper, we consider HNN-extensions H = (G, ¢ | tlat =
¢(a) (a € A)), where A < G is a subgroup of G = (X | R) and
¢ : A — Ais the identity mapping. Thus, H can be written as

H=(Gt|t lat=a(acA)). (6)

Let us fix this HNN-extension for the further consideration. Let us
denote with i : (X U {t,t71})* — H the evaluation morphism.
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Awordu € (S U {t,t71})" is called Britton-reduced if it does not
contain a factor of the form t~*wt* with a € {-1,1}, w € ¥* and
w €g A. A factor of the form t *wt* witha € {-1,1}, w € Z*
and w €g A is also called a pin, which we can replace by w. Since
this decreases the number of t’s in the word, we can reduce every
word to an equivalent Britton-reduced word. We denote the set
of all Britton-reduced words in the HNN-extension (6) by BR(H).
Foru € (XU {t,t71})* we define m;(u) as the projection of the
word u onto the alphabet {t,t71} and s () as the projection of the
word u into the monoid *. Britton’s lemma states that if u =g 1
(u € (U {t,t71})*) then u contains a pin or u € * and u =g 1.
Note that a consequence of this is that if u €y G (which means
that uo =g 1 for a word v € £*), then u contains a pin or u €
¥*. In particular a Britton-reduced word that contains t*! cannot
represent an element of the base group G.

Note that H/N(t) = G, where N(t) is the normal subgroup
generated by t. By ng : H — G we denote the canonical projection.
We have 76(got% g1 -+ t%gk) = gogr -+ gk for go,....gk € G.
Hence, on the level of words, 7 is computed by the projection
ms  (SU{t, 71 — 3%

LEMMA 4.1. Letw € (2 U {t,t71})*. Then w = 1 if and only if
w €y G and s (w) =g 1.

Proor. If w =g 1 then w ey G. Moreover, by Britton’s lemma,
w can be reduced to a word from X* using Britton reduction. But
this word must be 75 (w), which implies 75 (w) =G 1. On the other
hand, if w €y G and 75 (w) =g 1, then, again, w can be reduced to
75 (w) =G 1 using Britton reduction, which yields w =g 1. o

We will also need the following lemma; see [16, Lemma 2.3].

LEmMMA 4.2. Letu = ugtSiug - - - t5kuk andv = votfloy - - - t° vy be
Britton-reduced words with u;,v; € >* Let0 < r < max{k, ¢} be the
largest number such that

® Op_j=—¢iy1 forall0 <i <r—1and
® Up_; 1 UV - 0i—1 €G A forall0 < i < r (fori =0 this
condition is trivially satisfied).
Then w = ugtOiug - - ta’“ruk_r e URDQ c Op T Oy - tF0p S a
Britton-reduced word with w =g uv.

5 KNAPSACK SEMILINEAR HNN-EXTENSIONS

In this section we show that the HNN-extension (6) is knapsack
semilinear if G is knapsack semilinear relative to {1, A}. We first
introduce some concepts that can be found in a similar form in [10].

We call aword w € BR(H) well-behaved, if w™ is Britton-reduced
for every n > 0. Note that w is well-behaved if and only if w and

w? are Britton-reduced. Every word w € 2* is well-behaved.

LEMMA 5.1 (c.F. [10, LEMMA 6.3]). From a given word u € BR(H)
we can compute words s, p,v € BR(H) such that u™ =g so™p for
everym > 0 and v is well-behaved.

In the following we assume that G is knapsack semilinear relative
to {1,A}. Let e(x1,...,xn) = vouf1 ~--vk_1uzkvk be a knapsack
expression over the alphabet % U {t,t71}. We define the knapsack
expression 7, (e) = 75 (v0)7s (U1)™ - - 75 (0p—1) 75 (g ) ¥ 75 (01 )
over the alphabet 3. The assertion e(xy,...,x,) € G is called a
G-constraint. If e is a knapsack expression over the alphabet %, then

M. Figelius and M. Lohrey

e €g A is called an A-constraint. Since G is knapsack semilinear
relative to A, the set of solutions of an A-constraint is semilinear.

LEMMA 5.2. Letu,0 € BR(H) be well-behaved, u’ (resp., v’’) be
a proper prefix of u (resp., v) and u’’ (resp., v’) be a proper suffix of
u (resp.,v). Let e = e(z1,...,zx) be a knapsack expression over the
alphabet 3. Then the set of all (x,y,z1,...,2¢) € NK*2 such that the
G-constraint

u'vue(zy,...,z;) 0" 0% ey G (7)

holds is semilinear and a semilinear representation can be effectively
computed fromu,v,u’,u”’,v’, 0" e.

Proor. By cyclically rotating u and v we can assume that u”’ =
v”’ = ¢. Thus, we have to consider the set of solutions of the G-
constraint u*u’e(z1,...,z;) v'vY €y G. This equation holds (for
certain values of x, y, z1, . . ., 2 ) iff the word u*u’e(zy, ..., zx) v'0Y
can be Britton-reduced to a word from X* (this word must be
s (u¥u’e(z1, .. .,z;) v'0Y)). Since u* and 0¥ are Britton-reduced
for every x,y € N we can apply Lemma 4.2.

Let S, be the set of suffixes of u that start with t*! and let P,
be the set of prefixes of v that end with t*!. We define S, and P,
analogously. Then by Lemma 4.2 the following formula is equivalent
tou*u’e(zy,...,z4) 0"0Y € G:

m (') = m(0"0¥) 71 A

Vx' < xVy' <yVseS,VpeP,Vs' €Sy Vp €Py:
m(suXu) = m(0'0¥ p) Tt o mx(suF uen’vY p) eg A A
m(su¥u) =m(p’) " > mx(su¥u'ep’) g A A
m(s’) = nt(u’vy/p)_l — ms(s’e v/uy’p) EGA A
m(s) = m(p") - x(sep’) eg A

Note that Vs € S,Vp € PyVs’ € Sy Vp’ € Py can be writ-
ten as a finite conjunction. By Lemma 2.2 the solution set of the
equation 7; (u¥u’) = m;(v'0Y)~! (which is interpreted over the
free monoid {t,t~1}*) is semilinear. To see this let w = v™! and
w’ = (v/)7L. Then 7; (u¥u’) = 7;(v'0Y)~! is equivalent to the equa-
tion m; (u)*my (u’) = mp(w) Y (w’). For the same reason, also the
equations 74 (s ux/u’) =7 (U’vy/p)_1 is equivalent to a semilinear
constraint. The solution sets of the equations 74 (s) = m; (0”0 v p)!
and m;(s) = ﬂt(v’vy’p)_l are finite. Moreover, each of the A-
constraints (75 (s u*¥ u’ ev’v y/p) €G A etc.) is equivalent to a semi-
linear constraint because G is knapsack semilinear relative to A.
Hence, the above formula is equivalent to a Presburger formula
and therefore defines a semilinear set. O

REMARK 5.3. There are variations of Lemma 5.2, where in the
G-constraint (7), the subexpression u’’u*u’ or v’v¥%v”’ (or both of
them) is replaced by a single word from BR(H) (which does not
contain an exponent variable). In all cases, the set of solutions of
the G-constraint can be shown to be effectively semilinear using

the arguments from the proof of Lemma 5.2.

Definition 5.4. We define a reduction relation on tuples over
BR(H) of arbitrary length. A tuple (u1,...,um) withuy,...,um €
BR(H) can be rewritten into

(ut, .. ui—1, s (i), tig1, - Uj—1, T2 (U)), Ujds - - -, Um)
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if1 <i<j<mum(u) #e# m(uj), uipg---uj-1 € X and
Uiyl -+ Uj—1uj € G. Note that this implies

Uittjv -+ Uj—1uj =g os(Ui)uivr - uj-17s (4)).

A concrete sequence of such rewrite steps leading to a tuple of
words over X is a G-reduction of the initial tuple, and the initial
tuple is called G-reducible. We also say that u; and u; are matched
in a G-reduction.

A G-reduction of a tuple (uy, ..., un) can be seen as a witness
for the fact that ug - - - u;, €y G. On the other hand, ug - - - u;, €y G
does not necessarily imply that (uy, ..., u;;) has a G-reduction. But
we can show that u; - --u, €y G implies that (ug,...,un) can
refined (by factorizing the u;) such that the resulting refined tuple
has a G-reduction. Moreover, it is important that the length of the
refined tuple only depends on m and not in the words u, ..., upn.

We say that the tuple (v1, 02, ...,vy) is a refinement of the tuple
(u1,u, ..., um) if there exist factorizations u; = u;1 - - - u;k, in the
free monoid (X U {t,+71})* such that k; = 1 whenever u; € * and
(v1,02,...,0n) = (ul,l,,..,uljkl,,..,um,l,...,um’km).

LEMMA 5.5. Assume that m > 2 and uy,up,...,u;m € BR(H).
Ifujug - - -um €g G, then there exists a G-reducible refinement of
(u1,ug, ..., um) that has length at most 4m.

PrROOF. Letu = (u1,uy,...,Un). Letus define y(u) as the number
of pairs (i, j) with 1 < i < j < m such that u;u;y1 - - - uj is not
Britton-reduced and u;11---uj—; € X*. Note that m;(u;) # ¢ #
¢ (uj) for such a pair (i, j). Moreover, if we have two pairs (i, j)
and (k, ¢) of this form, then either j < k or £ < i. Let 7(u) be the
number of i such that 7; (u;) # «.

We prove by induction over y(%) + 7(u) that there exists a G-
reducible refinement of u of length at most 2y (u) + r(u) + m < 4m.

The case m = 2 is trivial: either y(uj,up) = t(ug,uz) = 0
and uy,up € X or y(ug,u2) = 1, 7(ug,uz) = 2 in which case
(u1, uz) must reduce in one step to (7y (u1), 75 (u2)). If m > 3 then
uiuy - - - Uy must contain a pin. Since every u; is Britton-reduced,
there must exist i < j such that u;u;41 - - - uj is not Britton-reduced
and ujy1---uj—1 € X*. By Lemma 4.2 we can factorize u; and u;
in(CU{tt ') asu; = ulrand u; = su;. such that rs €y G
and Wiy - ujoruy =g wjms ()i - '-uj_17rz(s)u} is Britton-
reduced. Note that r and s must contain t or t~1. Moreover, we can

assume that either ulf =¢or ulf ends with ¢! and, similarly, either
’r _

u
J

¢ or u]; begins with t*1,
Case 1. u] and u]'. both contain t*!. Let

@ = (i, U s (1), Uity - U1, 75 (8), W U U).

We then have y(u’) < y(u) since u]ms (r)ujsy - - uj_lnz(s)u;. is
Britton-reduced and u; and u;. both contain t*1. Moreover, 7(7’) =
7(%). Hence, we can apply the induction hypothesis to the tuple u’.

It must have a G-reducible refinement of length at most
2@ - 1)+ (@) +m+2=2y(u) +v(u) + m.

In this refinement 73 (r), 7z (s) € X* will not be factorized into
more than one factor. We therefore can take the refinement of @’
and replace 7z (r) and n5(s) by r and s, respectively. This leads
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to a G-reducible of our original tuple u having length at most
2y(w) + 7(u) + m.

Case 2. u] = ¢ and u} begins with t*1. Let

= (Ut ity 2 (Ui), Uit - U1, T3 (), U Ujd, -y Unm).

We have y(u’) < y(u) and t(%’) < 7(u). We can therefore apply
the induction hypothesis to the tuple u’ and obtain a G-reducible
refinement of length at most 2y (w)+7(u) —1+m+1 = 2y (u)+7(u)+m.
Replacing 7 (u;) by u; and 75 (s) by s in this refinement yields a
G-reducible refinement of u.

The remaining cases where (i) u; = ¢ and u ends with t*1 or (ii)
ul = u;. = ¢ are analogous to case 2. O

Now we are able to prove Theorem 1.2.

Proor oF THEOREM 1.2. The proof is based on ideas from [10].
Consider a knapsack expression

— X2 X4 X;
e(x2, X4, - - -, Xm) = UrUy Usty” + + - Um—1Up" Um+1

with m even (later it will convenient to have only variables with
an even index). We can assume that all u; are Britton reduced.
Moreover, by Lemma 5.1, we can assume that every u; with i even
is well-behaved and non-empty (otherwise we can remove u;ci).

In the following we describe an algorithm that computes a semi-
linear representation for the set of all H-solutions of e = 1. The al-
gorithm transforms logical statements into equivalent logical state-
ments (we do not have to define the precise logical language; the
meaning of the statements should be always clear). Every statement
contains the free variables xo, x4, . . ., xp, from our knapsack expres-
sion and equivalence of two statements means that for all values in
N that xg, x4, . . ., X, can take, the two statements yield the same
truth value. We start with the statement e(x2, x4,...,%m) =g 1
and end with a Presburger formula. In each step we transform the
current statement @ into an equivalent disjunction \/I; ®;. In the
next step, we will then concentrate on a single ®;.

Let Ny C [1,m + 1] be the set of indices such that u; € * and
let Ny = [1,m + 1] \ N3 be the set of indices such that 7; (u;) # ¢.
Moreover, let us define w; = u; for i odd and w; = u;"' for i even.

By Lemma 4.1, e = 1 is equivalent to e €g G A mx(e) =g 1.
Since G is knapsack semilinear, the set of all solutions of 75 (e) =g
1 is semilinear. It therefore suffices to show that the set of all
(X2, X4, ..., Xm) € N™/2 with e(x2,x4...,xm) €y G is semilin-
ear. Here, we will use the assumption that G is knapsack semilinear
relative to A.

Step 1: Applying Lemma 5.5. We construct a disjunction ¥ from
the knapsack expression e using Lemma 5.5. More precisely, ¥ is
obtained by taking the disjunction over the following choices:

(i) symbolic factorizations w; = y;;1 - y;, in (XU {t, t~1})* for
all i € [1,m + 1]. Here the y; ; are existentially quantified
variables that take values in BR(H). Later, these variables will
be eliminated. The k; must satisfy k; > 1 for all i, k; = 1 for
alli € Ny, and ) 1<j<me1 ki < 4(m+1).

(ii) a G-reduction (according to Definition 5.4) of the tuple

Y11 Yy YmaLl* Ymad ko) -
For every specific choice in (i) and (ii) we write down the conjunc-

tion of the following formulas:
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e the equation w; = y;;1 - - y; i, from (i) (every variable y; ; is
existentially quantified) and

e all G-constraints that result from G-reduction steps in the
G-reduction from (ii) (this will made precise in Step 2 below).

The formula ¥ is the disjunction of the above existentially quanti-
fied conjunctions, taken over all possible choices in (i) and (ii). This
formula is equivalent to the G-constraint e €y G.

Step 2: Eliminating the equations w; = y;;1 - y; ,- Foran odd i (i.e,
w; = u;) we can eliminate this equation by taking a disjunction
over all concrete factorizations u; = u; 1 - - - u; k, and then replace
the equation w; = y; 1 - - y; x, by the conjunction of all equations
yij = ujj for 1 < j < k;. For an even i (ie, w; = u;ci) we can
eliminate the equation w; = y;1---y;, by taking a disjunction
over all symbolic factorizations of ufi into k; factors. A specific
factorization leads to a formula

k; ki

/\ yij = u{,}uf”]u{,ﬁ_l A Xi=ci+ Z Xi,j. (8)

Jj=1 Jj=1
Here, every ul’] (2 < j < kj) is a proper prefix of u; and every ul”j
(2 < j £ ki) is a proper suffix of u; such that either u; = ul’]ul”j
or ul’] = ul”] =¢forall 2 < j < kij. We set uz{,k,»+1 = “{,,1 =¢in
the above formula. Moreover, ¢; is the number of 2 < j < k; for
which u] JEEF ul”j holds. The disjunction has to be taken over all
choices for the u] ; and ul”] The x;, j are new existentially quantified
exponent variables.

We also take for every x; ; a disjunction over the two choices
xij = 0and x;; > 0.If x;; = 0, then we replace x; ; in (8) by 0.
This yields the equation y; ; = ul"]ul’] +1- I xij > 0, then we add
this constraint to (8). After this step, it is determined whether a y; ;
contains t or t~! (for i even as well as for i odd). Those y;,j must
be matched by G-reduction steps in the G-reduction from Step 1.

In fact, the disjunction in Step 1 is taken over all such matchings.

Step 3: Eliminating G-constraints. Assume that y; ; and yi , are
matched in the G-reduction from Step 1. W.l.o.g. assume that i < k
ori=kandj<¢,ie, (i, j) is lexicographically before (k,¢). Then
our formula contains the G-constraint

Yi,j ( l_[

(L) <(p.q) <(k,0)
where < is the strict lexicographic order on pairs of natural num-
bers. In this constraint, we can replace every y,;, with a even by
wlu g orulu
with a odd can be replaced by the concrete word u, ;. This leads
either to a G-constraint of the form (7) (if y; j and yj , both contain
an exponent variable) or to a simpler G-constraint, where y; j or
Yk¢ is a concrete word. In the former case the set of solutions of the
G-constraint is semilinear by Lemma 5.2. The latter case is covered
by Remark 5.3. In this way we finally obtain a Presburger formula

equivalent to e(x2,x4 ..., Xm) €y G. This concludes the proof. O

”Z(yp,q))yk,[ €n G,

" in case xj,; = 0), whereas every v,

For a subset S C G of the group G one defines the centralizer of
S as the subgroup C(S) ={h € G | gh=hgforallg € S} < G. The
HNN-extension H = (G, t | t"lat = a (a € C(S))) is an extension of
the centralizer C(S). Extensions of centralizers were first studied in
[29] in the context of exponential groups.
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THEOREM 5.6. IfG is knapsack semilinear and H is an extension
of a centralizer C(S) with S finite, then also H is knapsack semilinear.

Proor. We show that G is knapsack semilinear relative to C(S).
Let e = e(x1, ..., xpn) be a knapsack expression. Then e €g C(S) is
equivalent to A ,cg ea =g ae. Note that ea =g ae is equivalent to
eae la™! =g 1 and eae™'a"! is an exponent expression. Since G
is knapsack semilinear and semilinear sets are closed under finite
intersections, the set of solutions of A ,cg ea = ae is semilinear. O

REMARK 5.7. Theorem 1.2 can be generalized to multiple HNN-
extensions H = (G, t1,...,ty | ti_lat,- =af(a €Ayl <ic<n).
If G is knapsack semilinear relative to {1, Ay,...,A,} then H is
knapsack semilinear.

6 APPLICATION TO HYPERBOLIC GROUPS

In this section we show that hyperbolic groups are knapsack semi-
linear relative to quasiconvex subgroups. We start with the defini-
tion of hyperbolic groups.

6.1 Cayley-graphs and hyperbolic groups

Let G be a f.g. group with the finite symmetric generating set ¥ and
let b : * — G be the evaluation morphism. The Cayley-graph of
G with respect to X is the undirected graph I' = I'(G) with node
set G and all edges (g,ga) forg € Ganda € . We view I' as a
geodesic metric space, where every edge (g, ga) is identified with a
unit-length interval. It is convenient to label the directed edge from
g to ga with the generator a. The distance between two points p, g
is denoted with dr(p, q).

Paths can be defined in a very general way for metric spaces, but
we only need paths that are induced by words over 2. Given a word
w = aiaz---ap (with a; € X), one obtains a unique path P[w] :
[0,n] — T, which is a continuous mapping from the real interval
[0,n] to T'. It maps the subinterval [i,i + 1] C [0, n] isometrically
onto the edge (h(a; - - - a;), h(ay - - - ai+1)) of . The path P[w] starts
in 1 and ends in h(w) (the group element represented by w). We
also say that P[w] is the unique path that starts in 1 and is labelled
with the word w. More generally, for g € G we denote with g- P[w]
the path that starts in g and is labelled with w. When writing
u - P[w] for a word u € £*, we mean the path h(u) - P[w]. A path
P : [0,n] — T of the above form is geodesic if dr (P(0), P(n)) = n
and itis a (A, €)-quasigeodesic if for all points p = P(a) and q = P(b)
we have |[a —b| < A-dr(p,q) +e¢.

A word w € X* is geodesic if the path P[w] is geodesic, which
means that there is no shorter word representing the same group ele-
ment from G. Similarly, we define the notion of (4, €)-quasigeodesic
words. A set of words L € X is called ((4, €)-quasi)geodesic, if ev-
ery w € L is ((4, €)-quasi)geodesic.

A geodesic triangle in T is a triangle whose three sides are geo-
desic paths. A geodesic triangle is §-slim for § > 0, if every point
on each side of the triangle has distance at most § to a point that
belongs to one of the two other sides. The group G is called §-
hyperbolic, if every geodesic triangle is §-slim. Finally, G is hy-
perbolic, if it is §-hyperbolic for some § > 0. This property is
independent of the chosen generating set X. Finitely generated free
groups are for instance 0-hyperbolic. The word problem for every
hyperbolic group can be decided in real time [18].
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6.2 Asynchronous biautomatic structures

Let G be a f.g. group with the finite symmetric generating set >
and let & : * — G be the evaluation morphism. An asynchronous
biautomatic structure for G consists of a regular language L C X*
such that G = h(L) and for all a,b € ¥ U {¢} with |ab|] < 1 the
relation {(u,v) € LXL | aub =g v} is rational; see also [6, 30]. If we
only require rationality of {(u,v) € LXL | ua =g v} fora € ZU{¢},
then L is an asynchronous automatic structure for G. A f.g. group
G is called asynchronously (bi)automatic if it has an asynchronous
(bi)automatic structure. We need the following lemma.

LEMMA 6.1. Let L be an asynchronous biautomatic structure for
G, let L1 and Ly be regular subsets of L and let v1, v € 3*. Then the
relation {(u1,u2) € L1 X Ly | v1ug =G ugvy} is rational. Moreover, a
finite state transducer for this relation can be effectively computed
from the words v1,v2 and finite automata for L1 and Ly.

Proor. It suffices to show that the relation
R:={(u1,uz) € L XL | v1u1 =G u02}

is rational. The corresponding finite state transducer can in addition
simulate the automaton for L; (resp., L) on the first (resp., second)
tape. Rationality of the relation R can be shown by induction on
[o1] + |vz]. The case v = vy = ¢ is clear. Assume w.l.o.g. that
v1 # ¢and let 01 = U{a with a € 3. By induction, the relation
Ry = {(uf,u2) € LXL | vju] =G upv2} is rational. Moreover, the
relation Ry = {(uy,u;) € L X L | au; =g uj} is rational as well.
Finally, we have R = Ry o Ry, where o is relational composition. The
lemma follows since the class of rational relations is closed under
relational composition [35]. o

We also need the following result from [19]:

LEMMA 6.2. Let G be a hyperbolic group and let ¥ be a finite
symmetric generating set for G. Let A and € be fixed constants. Then
the set of all (A, €)-quasigeodesic words over the alphabet 3. is an
asynchronous biautomatic structure for G.

In [19] it is only stated that the set of all (A, €)-quasigeodesic
words is an asynchronous automatic structure for G. But since
for every (A, €)-quasigeodesic word w € 2* also w™! is (4,¢)-
quasigeodesic, it follows easily that the set of all (4, €)-quasigeodesic
words is an asynchronous biautomatic structure for G. Lemma 6.1
yields the following lemma.

LEMMA 6.3. Assume that A and € are fixed constants, L1, Ly C X*
are (A, €)-quasigeodesic regular languages, and v1, vy € X*. Then the
relation {(u1,u2) € L1 X Ly | v1uy =g ugva} is rational. Moreover, a
finite state transducer for this relation can be effectively computed
from the words v1,v2 and finite automata for Ly and L.

6.3 Parikh images in hyperbolic groups

Let us fix a hyperbolic group G with the finite symmetric generating
set X for the rest of the section. We fix an arbitrary enumeration
ai, ..., ay of the alphabet ¥ in order to make Parikh images well-
defined. Recall that the semilinear sets are exactly the Parikh images
of regular languages; see Theorem 2.1. Together with Lemma 6.3
we obtain the next result.
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LEMMA 6.4. Assume that A, € are fixed constants, L1, L, C 3* are
(A, €)-quasigeodesic regular languages, and v1, v € E*. Then the set

{(P(u1), P(u)) € N% | 4y € Ly, up € Ly, 01u1 =G uz02}  (9)

is semilinear and a semilinear representation can be effectively com-
puted from the words v1,v2 and finite automata for L1 and Ly.

Proor. Let 3/ = {a’ | a € 2} be a disjoint copy of the alphabet
3. By Lemma 6.3 there is a finite state transducer 7~ for the relation
{(u1,u2) € L1 X Ly | v1u; =g ugvz}. From 7 we obtain a finite
automaton A over the alphabet X UX’ by replacing every transition
(p,a, & q) by (p, a, q) and every transition (p, ¢, a, q) by (p, a’, q). For

the alphabet 3 U 3’ we take the enumeration ay, . .., ai, ai, e a]'c.
With this enumeration, the set (9) is the Parikh image of the lan-
guage L(A). Hence, the lemma follows from Theorem 2.1. O

6.4 The main result

We now come to the main technical result of this section.

THEOREM 6.5. Let G be a hyperbolic group with the finite symmet-
ric generating set ¥ = {ay, . .., a }. Fix constantse,A. For1 <i <n
let L; C X* be a regular (A, €)-quasigeodesic language. Then, the set

{(P(w1),...,P(wp)) e N"™* | w; € Li (1 < i < n),wi- wp =g 1}

is semilinear and a semilinear representation of this set can be com-
puted from finite automata for Ly, ..., Ly.

Proor. Let G be §-hyperbolic. For 1 < i < nletL; C X" be a
regular (4, €)-quasigeodesic language. We want to show that the
subset of N"X is semilinear. For this, we prove a slightly more

general statement: For words vy, . ..,v, € 2* we consider the set
{(P(w1),...,P(wp)) eN"™ | w; e L 1 < i <n),
W101 * - - WpUp =G 1}.

By induction over n we show that this set is semilinear. For the
case n = 2 we can directly use Lemma 6.4. This also covers the case
n = 1 since we can take Ly = {1}.

Now assume that n > 3. We can assume that the words v; are
geodesic. We can also assume that there is a single finite automaton
A with state set Q such that for every L; there are subsets S;, T; € Q
such that L; is the set of all words that label a path from a state in S;
to a state in T;. Let us denote for p, g € Q with L, 4 the set of all finite
words that label a path from p to g in the automaton A. We can
assume that all these languages are (A, €)-quasigeodesic. Note that
Li = Upes,.qet; Lp.q- Since the semilinear sets are effectively closed
under union, it suffices to show for states p;,q; € Q (1 < i < n)
that the following set is semilinear:

{(P(W1),...,P(wn)) € N | w; € Ly, 0, (1< i <),
w101 - Wpop =G 1}

We denote this set with P(p1, 41,01, - - -, Pn, qn, vn) and construct a
Presburger formula with free variables x; ; (1 <i<n,1< j<k)
for it. The variables x; ; with 1 < j < k encode the Parikh image of
the words from Ly, ;. Let us write %; = (xi,j)1<j<k-

Consider (w1,...,wn) € [1%; Lp, q; With wio -+ wyop =g 1
and the corresponding 2n-gon that is defined by the (4, €)-quasi-
geodesic paths P; = (wqo; - - - wi—10;—-1) - P[w;] and the geodesic
paths Q; = (wjog ---w;) - Plo;], see Figure 1 for the case n = 3.
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03

Figure 1: The 2n-gon for n = 3 from the proof of Theorem 6.5

Since all paths P; and Q; are (A, €)-quasigeodesic, we can apply
[28, Lemma 6.4]: every side of the 2n-gon is contained in the x-
neighborhoods of the other sides, where k = ¢ + £log(2n) for a
constant ¢ that only depends on the constants J, A, ¢. This allows
to cut the 2n-gon into several 2m-gons (for values m < n) along
paths of length at most k. To each of these smaller 2m-gons we can
then apply the induction hypothesis. The end points of the paths,
along which we cut the 2n-gon, have to be carefully chose in order
to ensure that the resulting 2m-gons satisfy m > n. This leads to
several cases. A systematic consideration of all cases can be found in
[9]; it follows the proof of the knapsack semilinearity of hyperbolic
groups from [23]. Here, we only want to consider one typical case:
Assume there is a path P of length at most x connecting a point a
on P, (1 < i < n) with a point on Q; with 3 < i < n. Assume that
the path P is labelled with the word w € X*. The situation is shown
in Figure 2 for n = i = 3. Let T be the set of all tuples (r,v; 1,02, W)
such that r € Q, v; = v;10;2, and w € X" is of length at most «.
By induction, the following two sets are semilinear for every tuple
t=(r,vi1,02,w) €T:
St1 = P(p1,q1,01, P2, 1, WUi2, i1, i1, Vi1, - - -» Py G, Un)
St = P(r,q2,02,03,43,03 ... i qi 0iaW )

Intuitively, S; 1 corresponds to the 2(n — 1)-gon (when wo; 3 is
viewed as a single side) on the left of the w-labelled edge in Figure 2,

whereas S; 2 corresponds to the 2(n — 1)-gon on the right of the
w-labelled edge. We then define the formula

A = \/ b0, 22 : (X1, G2, Xiw1,- .., Xn) € Sp1 A

teT (’22,9?3, .. .,J?i) € St,g A Xo =12 + 2.

Here g and Z; are k-tuples of new variables.

In [9], five more cases are considered, which lead to similar
formulas Ay, ..., Ag. Finally, a tuple (x1,...,%,) € N7k belongs to
the set P(p1,91,01, .., Pn> qn, 0n) iff V1<ij<¢ Ai holds. This yields
a Presburger formula for P(p1,q1,01, . . ., Pn, qn, On)- m]

Let us derive some corollaries from Theorem 6.5.

THEOREM 6.6. Let G be hyperbolic and let S C =* be a regular
geodesic language. Then G is knapsack semilinear relative to h(S),
where h : 3* — G is the evaluation morphism.

Proor. Consider the knapsack expression

— X1 X1 Xn
e =00U; 01U " Vn-1Uy"Un
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Figure 2: A typical case from the proof of Theorem 6.5

over the alphabet 3. We want to find a semilinear representation for
the set of all G-solutions of e = 1. In a first step, one modifies e in
such a way that for every power u;‘i that appears in e the language
u} is (A, €)-quasigeodesic for fixed constants A, € that only depend
on the group G. This is done exactly in the same way as in the proof
of [23, Proposition 8.4]. Clearly, we can also assume that every u;
is non-empty and every v; is geodesic. Moreover, since S is regular
and geodesic, it is easy to see that also S~! is regular and geodesic.
Let r = 2(n + 1) and define the tuple of languages

(L1, ..., L) = ({vo} . {01} - . gy, {on 1, S71).
All the languages L; are regular and (4, €)-quasigeodesic. By Theo-
rem 6.5, the set
{(P(w1),...,P(wp)) €K | a; € Ly (1 < i <7),wp--wp =G 1)
is semilinear and a semilinear representation can be computed.
Applying a projection yields a semilinear representation of the set
{(P(w1),...,P(wp)) e N"™F | w; cuf for1 <i<n,
Iw € S :vgw101 - - - Wy =G W}
Choose for every u; a symbol aj, € X such that ¢ := |”i|a,—i >0
(recall that u; # ¢). Then we project every P(w;) in the above set
to the ji-th coordinate. The resulting projection is
{(tx1,...,8n-xp) eN"| FweS: Uoufl U U on =G W)
The semilinearity of this set easily implies the semilinearity of the

set {(x1,...,xp) EN" | Jwe S: uouflvl e uton =G wh. O

A subset A C G is called quasiconvex if there exists a constant
Kk > 0 such that every point on a geodesic path from 1 to some
g € A has distance at most x from A. The following result can be
found in [13] (h denotes the evaluation morphism):

LEmMMA 6.7. A subset A C G is quasiconvex if and only if the
language of all geodesic words in h™'(A) is regular.

Theorem 6.6 and Lemma 6.7 imply Theorem 1.3 from the intro-
duction. Finally, Theorems 1.2 and 1.3 yield the following result:

COROLLARY 6.8. If A is a quasiconvex subgroup of the hyperbolic
group G then {(G,t | t lat = a (a € A)) is knapsack semilinear.
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